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ABSTRACT. In this paper we prove that any II;-subfactor of finite index in the
interpolated free group factor L(Ft) is prime for any 1 < t < oo i.e., it is not
isomorphic to tensor products of II;-factors.

1. INTRODUCTION

In [8] S. Popa asked the question of whether the II;-factors L(F},), 2 < n < co
are prime i.e., nonisomorphic to tensor products of II;-factors. An example of
a prime II;-factor had been given in [7]; this is L(Fs) where Fs is a free group
with uncountably many generators, suggesting a positive answer. Liming Ge ([3])
has recently solved the problem affirmatively for 2 < n < oo, using Voiculescu’s
free entropy ([12], [13]). We will show in the present paper how Ge’s result can
be extended to subfactors of finite index in the free group factor L(F,), for 3 <
n < oo, n an integer. As a corollary, one obtains that the subfactors of finite
index in the interpolated free group factors L(F;) are prime for 1 < ¢t < oo. In
particular, the interpolated free group factors are prime themselves. Recall that
the interpolated free group factors were introduced independently by K. Dykema
([1]) and F. Radulescu ([9]) as a continuation of the discrete series L(F},), n > 2.

It is still unknown what are the subfactors of finite index in the free group
factors. F. Rédulescu proved in [9] that for 1 < N < co and A~ € {4 cos® Z|n > 3}
the interpolated free group factor L(F(y_1)x-141) can be embedded in L(Fy) with
finite index A~!. In this context, the following question is natural: is it true that
the subfactors of finite index in the free group factors are also (interpolated) free
group factors? Let us mention here that the free group factors have the Haagerup
approximation property ([5]) as well as all their subalgebras, and this could be
the first evidence that the answer to the above question is affirmative. The result
obtained in this paper also supports this conjecture.

In obtaining the estimation of the free entropy we benefit from Ge’s idea ([3])
of approximating the matrix approximants of the self-adjoint generators by non-
commutative polynomials in the elements of a certain Grassmann manifold. We
approximate the matrix approximants of the generators by noncommutative poly-
nomials in the elements of some Grassmann manifold and in one more variable
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(matrix). The specific way (Jones’ basic construction) in which the subfactor of
finite index and the Jones projection generate the factor makes it possible to choose
the polynomials to be of first degree in the new variable. We use this fact to gener-
alize Ge’s result to subfactors of finite index. Also compare this estimation of the
free entropy with the similar ones in [13] and [2].

The main result we get states that if a II;-factor is finitely generated as a von
Neumann algebra and if it has a subfactor of finite index that is not prime, then
any finite set of at least 3 generators has infinite free entropy. The primality of
the subfactors of finite index in the interpolated free group factors is obtained as a
corollary, the case ¢t = co being treated separately.

2. THE ESTIMATION OF THE FREE ENTROPY

For completeness we first give the definition of the free entropy ([12], [13]). In the
following, M},(C) is the set of k x k complex matrices, M* = Mj*(C) is its subset
consisting of self-adjoint matrices, and 75 is the normalized trace on My (C). If M

is a IIj-factor with the unique normalized trace 7 and z1,... ,Zpyp,n > 1,p > 0,
are self-adjoint elements of M, then one defines first
FR(Zlil, ey T P T4l e s Tngpy T, k, 6) = {(Ah A ,An) S (M]Sa)n|

4| < RVI<I<n, I(Ant1,--.,Ant+p) € (MZ*)P such that
|Anp|| SRVI<I<p and |7(2; ... x;,) — Th(Asy - - Ag,)| <€

Vije{l,....n+p}1<j<qgl<g<m}
for R,e > 0 and m, k € N, and then, successively,

XR(T1, - s Tn P Tng1s .o e s Tngp; M, K, €)
= log(volpk2 (Tr(T1, .., Tn  Togl, - s Tngp; My K €))),
XR(xla R ER 7xn+1);m7€)
, 1 1
=limsup | 5xr(Z1,--- ) Tn  Tpt1,--- , Tntp; M, k,€) + —nlogk |,
b—oo  \ k2 2
XR(T1, . . s Tn t Tngly-e e, Tntp)
=inf{xr(Z1,- .-, Tn : Tnt1s.-- s Tntp;m,€)jm € Ny e > 0},
X(Z1, oo, Tn t Tngl, - e, Trgp) = SUP XR(Z1, -+, Tr * Togds - oo 5 Tigp)-
R>0
The quantity x(21,...,%n : Tnt1,--- ,Tntp) is the free entropy of x1,... , 2, in
the presence of Tp41,... ,Tntp. If p =0, then x(z1, ... ,Zp : Tpg1,... , Tnyp) IS
simply called the free entropy of z1,... ,x, and it is denoted by x(z1,... ,Zn)-

Let N C M be an inclusion of IIj-factors with [M : N] < oco. According to
[6] there is a subfactor P of N such that M = (N,ep), where ep is the Jones
projection, that is, ep acts on L?(N,7) and it is defined by ep(x€¢) = Ep(x)¢ for
x € N. Here Ep : N — P is the conditional expectation from N onto P and £ is
the canonical cyclic trace vector in L?(N, 7). Moreover, operators of the form

n
ag + E a;epb;
=1

with a;,b; € N give a dense x-subalgebra of M, and [M : N] =[N : P] = 7(ep) L.
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Next we will estimate the free entropy of certain self-adjoint generators of M in
the presence of ep, some projections that generate P; and P, and certain matrix
units, under the hypothesis that N ~ P ® P5.

Suppose that there are polynomials gbg»o) = (;5;-0)*, (bgl), wj(l), 1<j<n1<Il<n;,

in C(X1,...,X,+s) (the x-algebra of complex polynomials in r + s self-adjoint
noncommutative indeterminates), so that one defines

d)j(Xla s 7X’I“+S+1)
= (b;O) (X17 s aXT+S)

l l
+ Z((b; )(le s 7XT+5) ! Xr+s+11/)J(‘ )(Xla s aXT+S)

1)* 1)*
+1/’3() (le-” aXr+s)Xr+s+l¢_§) (le"' ’X’”+5))'

In this situation the following lemma holds.

Lemma. Let N C M be an inclusion of type II;-factors, and let Ry and Ry be
IT; -subfactors of N such that N = (R1, R2) ~ R1 ® Rs.

Let x1,... .2y, n > 1, be self-adjoint generators of M and let p1,...,pr € Ra
and q1, ... ,qs € Ry be projections, r,s > 1, such that
1
) =...=71(p) =7(@) = ... =7(6s) = 5
and

||x] _¢](p17 yPryq1y .- 7(137€P)||2 < w, .7: 17 , 1,

where w is a positive number, w < min(%,a). Then

8a2C

(1) X(T1,. ., xy) < glog(367re) + log + (n—2)logw,

where a = max{||z;|]a +1|j =1,... ,n} and C > 0 is a universal constant.

Proof. Let kg > 1 be a fixed integer. Then there are von Neumann subalge-
bras M; and Ms of Ry and Rs respectively, both *-isomorphic to My, (C). Let
{eji}j1,{fji}j, be matrix units for M; and M respectively. We shall estimate

XR(xla vy S Py P41, -2 5 (s, {ejl}jJa {fjl}j,la ep;m, ka 6)
for some large R > 0 (it suffices, though, to assume that R < a, see [13]), large
integers m, k and small € > 0.
If (Ay,...,A4,,G1,...,G,Hy,... ,Hs,{Eji};1,{Fji}ji, E) is an element of
PR(xla coe T DPLy s 3 Prsqly - e 5 (s, {ejl}j,la {fjl}j,la ep;m, ka 6)7 then
||AJ _¢j(G1a-~ ,Gr,Hl,... ,HS,E)HQ < w, j: 1,...,n,
provided that m is large enough and ¢ is sufficiently small. Also, for any § > 0
there is an injective x-homomorphism «y, : (M7, M3) — M} (C) such that

lla(ejt) = Ejlle <0, |lan(fi) = Full2 <6, 1< 4,1 < ko,

provided that m is large enough and e is sufficiently small, but independently of
k. Eventually, further restricting m and e, we have that ay(ej;fi) are projections
of trace k(%tﬁ = % for 1 < j,1 < kg, if § is small enough and k = k(z)t + w,0 <
w < k§ — 1. Let U be unitary in U(k) and such that Uay(ej; fu)U* are diagonal
projections for all 1 < j,1 < k. In particular, Uax(1)U* is a diagonal projection



2302 MARIUS B. STEFAN

of trace 1 — ¢ = %'z—t The commutant of Uay(M;)U* in My(C) will then be
*-isomorphic to M, (C) & My,:(C) for j =1,2.
The conditional expectation from M onto M; N M is given by

ko
1
Eniom(x) = T > enwer; = n(x, {eji}i0),

Jil=1
and n € C(Xq,... ,ngJrl) is a self-adjoint polynomial in k% + 1 self-adjoint inde-
terminates. With a similar argument we also get that G| := n(G1,{ar(eji)};1)

is in the relative commutant of oy (M) in My(C). From py = Enyan(pr) =
n(p1,{eji};1) we obtain
(@) = )| < 81, 1< LS,

provided that € and ¢ are small and m is large enough. Using Lemma 4.3 in [12]
and the fact that G} € ap(M1) N My(C), we get for any dy > 0, if §; is small
enough and m; is sufficiently large, a projection P| € ay(M;)" N My (C) such that
rank(P{) = [ELE2] and ||P] — G}||> < 2. We have
G} = G1ll3 = T((G} = G1)* (G} = G1)) = (G} — G1)?)
= 7,((G1 = n(G1, {ar(en)}j0))?)-
Also 7((p1 —n(p1, {eji}j1))?) = 0, so that |Gy — Gi||2 < 02 if €, are small enough
and m is sufficiently large. Hence one obtains
IG1 = P{|l2 < ||G1 = Gill2 + [|G} — P{]|2 < 22.

In the same way we can find projections Py, ..., P. € ap(M1) N Mi(C) and
heoooy QL € ap(Ms)' N My(C) of rank [ELE2] such that [|G; — P/||2 < 202 and
[H; — Q]2 < 20 for each i and j. If J is small enough, we have, moreover,
||A‘7 —¢j(P1/,... ,PT/,Qll,... ,Q;,E)Hz < w, j: 17... , M.

Now, UP{U*,... ,UP/U* are in the commutant of Ucay(M7)U* in M;(C), and
since this is x-isomorphic to M, (C) & Mk,:(C) C M+ (C) and all these pro-

jections are of rank [EeLEw] it follows that UP{U*,... ,UP.U* are contained
in Gi(k), a copy of the Grassmann manifold G (kot +w, [£EE2]). Similarly,
UQU*,... ,UQLU* are contained in G5(k), another copy of the same Grassmann

manifold. Also,
|UA;U* — ¢;(UPLU*,... ,UPU* UQ,U",... .UQ.U*\UEU*)||» < w
for 1 < j < n. For v > 0 we can consider a minimal y-net {U; };crx) in U(k) with
2

k
respect to the operator norm. From [10] we have that |T'(k)| < (%) , where C' is
a universal constant. If one takes v := £, then [|UA,;U; — UA;U*||2 < w and

2a°
||UA; U — ¢;(UPU*,... . UPU*, UQ\U*,... , UQ.U*,UEU")||2 < 2w
for1 <j<n.
M, ., can be embedded in Mg® so that the euclidean norm || - || on M;¢

induces a U (kot + w)-invariant metric on the Grassmann manifold

e (k0t+ w, {kot; “’D .
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Let py denote this metric and let {P,}.c A(k) be a minimal f-net in the manifold
G (kot + w, [252]) with respect to py,. From [10] we have that [A(k)| < (S2x)”",
where C' is a universal constant, g, = 2 [k“t%} < (kot +w — [k“t%]) is the dimen-
sion of G (kot + w, [W#]) and hy, < V2k is the diameter of G (kot + w, [kot%])
in MZ*.

Consequently, there are P,,,... , P, ,,
ar+s € A(k), such that

| Po, —UPU"|| <0, ||P.

Ar+j

eq (k0t+w [kot"’w}) for some aq, ...,

~UQiU|l. <0, 1<i<r, 1<j<s.
Since ¢1, ... , ¢, are polynomials, there is D > 0 such that

@ (Viseoo s Vigsyr) — (W oo, Wi |le
< D||(V17 7‘/1”+S+1) - (W17-~- ;Wr+s+1)||e

forany 1 < j <mnand any Vi,... ,Vigsi1, Wi,... ,\Wrist1 € {V € M| ||V]] <
R}. Tt follows that

U+ A;U; = ¢i(Pays- -+ s Par ., UEU)||.
< 2wVk + D||(UPU*,... ,UQU*, UEU*) = (Pay, ... , P, UEU")]|.

< 20V + DOvr+s;

hence ||U;A;Uf — ¢j(Payy ..., Pa,, ., UEU")||c < 3wVk if one takes 0 := o)A
So, if we define Fy, ... a,., : M;* — (M;*)" by

Fa1;~~~;llr+s( ) (¢1( a17"'7Par+s7 )77¢’I’L( al?"'?PaT+S7W))

then
(2)
diste ((A1,...,An), (UF, ..., U) (Range (Fu,.... i) (Us, ... Up)) < 3wVnk .

Given the particular form of the polynomials ¢;, Fy,. ... 4,,. is an affine function
and di := dim (Range (F 17,“,,17‘“)) < k% The set of all (Ay,...,A,) with the
property (2) and |[(Ay, ..., Ay)l[e < av/nk is contained in the cartesian product of
a certain ball of radius 3wv/nk + avnk in the affine subspace

(Uf, ... Uf) (Range (Fua,.... a,s.)) U, .. Uy)

of dimension dj,, and the ball of radius 3wv/nk in dimension nk? — d;. Hence we
have the evaluation

vOlnk2(FR($17-~- s Tn *Ply--- s Pryqly - - - aQSa{ejl}j,lv{fjl}j,laep;mvkae))

< (YY) ot (1 V) e, (3

74+3)gk
B CDhy |r+s ()
- w k

. <2ac>‘“2 (k)% (ot (ank) o (30)
L(1+%) r (1 + &;dk>

w
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But
1
he < V2k,  w < min (g,a) , dp < k?
kot kot
gr =2 ot +w kot + w — of +w
2 2
kot +w kot +w (kot +w)?  (k + kow — w)?
<2. | kot — = =
= 2 (0 T 2 ) 2 2k2 ’
and
1 1 g 215"
d ’ _ — nk?
I (1+%) F(1+—”’“22dk) L (1+25)
so that
’UOlnk2(FR(ZIJ1,... s Tn *Ply--- s Pryqly - - - 7an{ejl}j,lv{fjl}j,laep;mvkae))

2
(k+kgw—w) (T+S)

- <CD,/2(T n s)> 2+

)

w

(2a0>k2 2% (k) *F (40" (30) O
I (14 2k

since we can assume D > \/? Further,
’I‘ S

1 n
ﬁxR(zla' ce s Tpn P1ye s 5Pyl - 7QSa{ejl}j,lv{fjl}j,lvep;ma k,E) + Elogk

ko—1 \> CDy2 2aC
< L +28 1+ 2 w | log (r+ ) + log n log2 + n log(mnk)
2k k w w 2 2

1 k2
+log(4a) + (n — 1) log(3w) — e logT’ (1 + nT) + glogk

r+s ko—1 \>, CD\2(r+s)
= 2k2 <1+ 3 w) logT—knlogk

kQ
kQ logT <1 + %) +10g(8a*C) + (n — 2)logw + (n — 1) log 3 + glog(%m)

(1), we get

so that, by using Stirling’s formula, 1%2 logT’ (1 + "Qiz) =1

XR(xlu"' yLn P PLye e 5 Pryqly .- 7q87{ejl}j,l7{fjl}j7l7ep;m7€)
r+s, CDy2(r+s) n n n

1 — —log — + —log(2

= T2 %8 w 3 08 5 + 5 loa(2mn)

+ 1og (8a23”_10) (n—2) logw

= 2/€2 (C’Dm) — log(4me)

+ log (8a%3"'C) + (n -2- 1"24];23) log w.
0
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Taking m — oo and € \, 0, we get, if R > 0 is large enough,

X(xla"' sy Tp *P1y--- s Pryql, - - 7an{ejl}jJa{fjl}jJ,@P)
= XR(xla"' yTn ~Ply-v- s Pryqly- - 7q87{ejl}jJa{fjl}j,laeP)

(3) < 7‘2—11;251 og (CD\/ (r+s ) —log (4me)

+ log (8a23”_1C)+ n—2—i28 logw.
2kg
But
X(@15e 5 T0) = X(T1, e T P Dy QL - 5 sy €510 L )i ep)

since {p1,... ,Prsq1,--- ,qs,eprU{et; i U{fi}in C{z1, ... ,xn}’ = M (see [13]).

Hence
X1, ) < 2k2 log (C’D\/ r+s ) log (4me)
+ log (8(123"_10) +{n—-2-— @ log w.
2k;
Since kg is an arbitrary positive integer, the proof is completed. O

3. THE MAIN RESULT

The next theorem shows that the free entropy is —oo if the generators can be
approximated arbitrarily closely by polynomials as in the lemma.

Theorem. If N C M is an inclusion of I -factors with [M : N] < 0o, Z1,... ,Zn
are self-adjoint generators of M, n > 3, and N ~ P; @ Py for some II;-factors
Pl, PQ, then

X(xla' B al‘n) = —00.

Proof. M = (N,ep), and the set {ag + Y i aiepb;|a;,b; € N} is a dense *-
subalgebra of M. Since z; = z for 1 < j < n, each z; can be approximated in the
[| - [|2-norm by elements of the form

n
ag + Z (aiepbi + bfepaf)
i=1
for some ag = ag, a;,b; € N. Now, any II;-factor with separable predual is gener-
ated by its projections of trace %—say pi’s generate P, and g;’s generate P;—so
we can find polynomials ¢; as in the lemma such that

||xj - (bj(pla ey Pryqly .. 7qS7eP)||2 < w, 1 S] S n,
for any given w > 0. Taking w \, 0 in (1), we obtain that the free entropy of

(T1,...,x,) is —00. O

Corollary. For any 1 <t < oo every IIj-subfactor N C L(F}) of finite index is
prime. In particular the interpolated free group factors are prime for any 1 <t < oo.

Proof. For n an integer, L(F,) = (x1,...,2,) with (z1,...,2,) a semicircular
system ([11]). But any finite semicircular system has finite entropy ([12]), so the
conclusion holds for any integer n > 3.



2306 MARIUS B. STEFAN

Now consider 1 < t < oo and let N C L(F}) be such that [L(F}) : N] < co and
N ~ P, ® P; for some II;-factors P; and P». There is a projection p = p; @ ps € N

such that
[t—1
T(p) = m .

pNp C pL(Fy)p = L(Fy)7(p) ~ L (F1+A) = L (Figs2) s

Then

7(p)?

according to the compression formula in [1] and [9]. Moreover, [pL(F;)p : pNp|] =
[L(F;) : N] < oo and pNp ~ p1Pip1 ® paPapa, so L (F[t]+2) would have a finite
index II;-subfactor that is not prime, a contradiction.

If t = co then L(F}) = L(Fw) = {(x1,2,...) with (z1,2z2,...) an infinite semi-
circular system. Also if Ay, := (z1,... ,&m), then A,, /" L(Fs) and (Ea,, (x))m>1
converges in distribution to z for any « € L(F). For a fixed integer n > 3 we can
approximate each x;, 1 < 7 < n, by polynomials in p1,p2,... ,q1,q2,... and ep
as in the lemma. Since x(z1,...,x,) is finite, one obtains by taking w \, 0 and
ko — oo in (3) that

X(Z1, oo T i P P Qs 5 Gsy €t A fit i, ep) < x(@, .., T)

for some projections py,... ,pr € P, and ¢1,... ,qs € P;, and certain matrix units
{ej}ia {fitir Now,

(1'1, R EAm (pl)a cee 7EAm (pT)7 EAm (q1)7 cee 7EAm (qs)7

{Ea,.(ej)}i0 {EA, (fi)}in Ea,(ep))m=1
converges in distribution to
(@1, s Ty D1y s D Q1 -+ 5 Gsy L5150, {fi1}i0s ep);
hence ([13])
X1, sxn:Ea, (p1)s---,Ea, (pr), Ea, (q1),---,Ea, (qs),

{Ea,, ()i {E, (fi)}in Ea,,(ep)) < x(x1,...,2n)
for some integer m > n. Therefore
X1,y xm) =x(@1, - T Ea,(p1),.-.,Ea,, (pr), Ea, (1),
oo B (05) A B, (€)Y, {Ea,, (fi)}it, Ea,,(ep))
<x(x1,...,2n: Ea, (p1),...,Ea,, (pr), Ea,, (1),
3 Ba,(4s) A B, (€0)} i A Ea,, (fi) Y1, B, (ep))
+ X(Tnt1, - s Tn)
< x(x1ye oy @n) + X(@ng1y s Tm) = X(T1, -0 Zm),
and this is impossible. We used previously the fact that ([12])
X( @iy, @i,) = X(@iy) + -+ x(5,)
for any 1 <i; <... <1, <m, if the system (z1,... ,xy,) is free. O
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