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SPECTRAL PROPERTIES OF THE OPERATOR
OF RIESZ POTENTIAL TYPE
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(Communicated by Palle E. T. Jorgensen)

ABSTRACT. For the operator of the Riesz potential type we estimate the second
term in the asymptotic behavior of the spectrum and find its “regularized”
trace.

1. INTRODUCTION AND NOTATION

For some classes of integral operators there are methods of finding the first term
in the asymptotic of the singular values or eigenvalues (see e.g. [2], [3]). However,
finding higher terms is rather difficult and can be realized only in some situations,
and depends essentially on the structure of the kernel of an operator. In this paper,
we consider the operator of Riesz potential type A: L?(—1,1) — L?(—1,1) defined
by

1
Af) = [ o=yl 0<a<t.

It occurs in the theory of Liouville fractional integrals (see [10]). It is well known
(see e.g. [8]) that if 0 < a < 1, then operator A is positive and compact. Denote
by A1(A), Aa(A),... the eigenvalues of A arranged in decreasing order, according
to their multiplicity.

Also it is known [2], [3], [6], [9] that

lim n*A,(A) = c(a)

n—oo

holds, where

In what follows we denote by f:L(x,y) - dy the integral operator acting on
L?(a,b), whose kernel is L(z,y).
For a compact operator T' we denote by s, (T') the n-th eigenvalue of the operator
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By ¢, we denote the set of the compact operators 1" such that

IT|, = <Z Si(T)) ’ < 00.
k=1

In particular ¢; is the set of nuclear operators. From the asymptotic of the
eigenvalues of A it follows that A is not nuclear.

2. REsuLT

Theorem. a) For every 0 < r < 1 the following asymptotic formula holds:

An(A) = %“) (1 +o (%)) (c(a) = 2T'(a) cos % (%)a) .

b) The series Y .~ 1 (An(A) — M) converges and

nil <)\n(A) - %) = —4°¢(1 — @)

holds, where ( is the Reimann zeta function.

Proof of a). For 0 < a < 1 define the function
(1) H(z,y) = Z (|Jz —y+4n|*t — |z +y +4n +2/*7h)

n=—oo

and the operator B: L?(—1,1) — L?(—1,1),
1
B(w) = [ He.0)fw) dy
-1
Let ¢, (x) = sin w, n=1,2,3,..., and let

K(€) :/m ettt gt (: o0 (a) cos%grﬂ).

— 00

Observe that {¢, }5°; is an orthonormal basis of L?(—1,1). By direct computation
one finds that

[ e as =k (5) o).

Therefore, the operator B is selfadjoint and positive and

From (1) we obtain

(2)

lx—yl* " =H(@y) +|lz+y+2* " +lz+y—2/*"

+ | |z —y -4 - Z (Jo —y +4n|* ' — |z +y +4n +2/*71)
n#0,—1
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By the result of Laptev [7], we obtain

1
Sn (/ lo+y£2/*7t- dy) = O(e” V™)
-1

where ¢ > 0 is independent of n. On the other hand, by the Birman-Solomjak
theorem [2], we have

sn(W) = O(e™ ™)
where W denotes the operator with the kernel

—lr—y =4 = Y (e—y+4n|* = |z +y+an+ 227,
n#0,—1

and ¢f > 0 is independent of n.
Hence, by the properties of the singular values of the sum of two operators [5],
from (2) it follows that

A=B+R
where
(3) sn(R) < cre” V™,
Fix r, 0 < r < 1. Choose 8 so that r < § < 1 and let
k= k(n) =[] -1,
m =m(n) = n'7Y.

Since every natural number n can be represented as n = (k+1)m+j,j =0,1,...,k,
we obtain the estimate

0<j=4jmn)<n’+n'?
From the properties of the singular values of the sum two operators it follows that

Sk+1)m+j (B + R) < Skm+j(B) + smi1(R),

ie.
B+ R) - D <8 - 1D ),
o
s2) = 22 < clo) (G — )+ o)
Hence
(4)  notr <sn(A) - %) < c(a)notr <m - nia) s (R).

From the definition of the sequences k(n), m(n) and j(n) and from (3) it follows
that

_— 1 1
lim not" <— - —) =0
n— o0 (km + ])a n«

and

lim n**"s,,41(R) = 0.

n—oo
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Hence, by (4)

Similarly, starting from
Skm+3 (B + R) 2 S(ut1ym+j(B) = smy1(R),

we get

lim ,—oon®*" <Sn(A) — C(a)> > 0;

thus limy,—eo n*T7 (s, (A) — cfﬁ)) = 0. Since A > 0 we have s,(A) = A\, (A) and
therefore

=) (140 (1))

Remark 1. The above method does not make it possible to answer whether the

following formula holds:
An(4) = 42 <1+0 <1)> .
n n

Proof of b). From a) it follows that

1
i) = S o ()

hence, for r > 1 — a, the series Y .2 (A (A) — cr(ﬁ)) converges. Moreover for all
k=1,2,... the series

e’} cla k
> (Aiz(A) - (1) )

is convergent. For the proof of b) we need a lemma.

Lemma. IfC and D are positive, compact operators on some complex Hilbert space
such that |C — D|R®¢* € ¢; (0 < Rez < 1), then C* — D* € ¢; and

| sin7z|

C*—D|) < ———
| I sin(7 - Re 2)

< |C — D|fe?,.
Proof. If |C — D|R¢* € ¢; for some z, 0 < Rez < 1, then |C — D| € ¢; and hence
C(I+tC)"t —D(I+tD)"! €c; forall t > 0 (I is the identity operator). Since,

for0 < Rez < 1,

sinmz

C* — D* =

/OO t*(C(I+tC)"' — DI +tD)™Y)dt
m 0
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and since the function s — is operator monotone, according to a result of

T. Ando [1], we have

s
1+ts

|C? — D?|; < @/ t=Re2|C(I +tC)~t — D(I +tD) Y|, dt
0

< Bl [T e o - i o - o)
T 0

) o oot—Rez
:MZSQEZ(C—D)-/ dt

T o 141

| sin7z| R
_ _ISIMTE o~ plRez|

sin(m Re z) I ™k

Applying the lemma to the operators C = A, D = B we obtain from (3) that
|A— B|Re# € ¢; for every 2,0 < Rez < 1, and hence A* — B* € ¢;. If 0 < Rez < 2,
then applying the lemma to C' = A%, D = B? we obtain (42)% — (B?)% € ¢4, etc.
Therefore A* — B* € ¢; for all z with Rez > 0. In a similar way one shows that
the function

z — tr(A* — B®)

is analytic for Rez > 0.
Consider the function

o)=Y (- (%)),

From the asymptotic of A,(A) it follows that ¥(z) is analytic for Rez > 0. If
Rez > i, then both operators A* and B* are nuclear and hence

tr(A® — B*) =tr A* — tr B* = ¥(2).

Hence ¥(z) = tr(A* — B¥) for Rez > L. It follows that ¥(z) = tr(A* — B?) for all
z, Rez > 0, and hence

i <)\ﬁ(A) — (cfl—?)k> =tr(A* - BY), k=1,2,....

It is especially simple to find the “first regularized” trace of A:

i </\n(,4) - %?) =tr(A— B) = trR.

The integral operator, on L?(—1,1), with the continuous kernel

—|z—y —4]* = Z (| —y+4n|*' — |z +y +4n +2/*7h)
n#0,—1

is nuclear and its trace is equal [5] to

1
/ —em ST (nftt = R An 42107 | de

-1 n#0,—1
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The operators f_ll |z +y+2]°"1 dy and f_ll |z +y —2]|*"1 . dy are nuclear and, by
[4], Theorem 3.1, it follows that

1 1
4(1
tr/ |x+y+2|°‘_1-dy:/ 122 + 2| Vdr = —,
-1 -1 2a
1 1 4
tr/ |x+y—2|°‘_1-dy:/ |22 + 2| tdr = —.
—1 —1 2c

Hence

1 1
trRzz-—.4a+/ —qo1 E (J4n|*~t — |22 + 4n + 2|7 )| da.
2a -1 n#0,—1

After simplification we get
tr R = —4%C(1 — «).

This completes the proof of the theorem.

Remark 2. A similar result can be obtained for the operator L: L?(—1,1) —
L?(—1,1) defined by

Liw) =1 [ Il slsw)dy

-1

It is known [8] that L > 0 and A, (L) = %(14—0(—”’1")) Starting from the function
ns
1

k(z) = =Ko(|z|) (Ko is the McDonald function), one can prove the formula

> (- ———
n=l 1+ (%)’

2 2V2 [ 1 t\ "2 dt
= ;O === ] f2@*§> Yo
where C' is the Euler constant.

Remark 3. By the same method one can find the “regularized” trace of the convo-
lution operator with kernel of the form

1
k(x) = |z|* 'L (m> 0<a<l)
where L is a smooth function such that

xL'(z)
L(z)

X —

decreases for = large enough and

L/
lim zL'(z)

Jim 5 =0
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(10]
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