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AN INDEX THEORY FOR Z-ACTIONS
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Abstract. This paper concerns an index theory for Z-actions induced by
a homeomorphism of a compact space. We give a definition of a genus for
uniform spaces and prove that the genus for compact spaces is an index. To
this end we show a Z-version of the Borsuk-Ulam theorem and the existence
of a continuous equivariant extension for these Z-actions.

1. Introduction

An index theory for free Z2-actions is due to M.A. Krasnosel’skij and has many
applications (cf. [12], [13]). The concept of genus for compact Lie groups G was
introduced by E.R. Fadell [8]. In the case of G = S1, the genus for complex Banach
spaces is equivalent to the S1-index.

The aim of this paper is to extend index theory for compact Lie groups to Z-
actions. The additional condition of Lyapunov stability enables us to give an index
theory for Z-actions induced by a homeomorphism of a compact space, i.e. almost
periodic actions, where the compactness of the Lie group is not required.

In a dynamical system there can coexist a variety of orbit types. Considering
almost periodic orbits of the same type in Section 3, we define a genus for uniform
spaces, which is analogous to the geometrical S1-index for Hilbert spaces of V. Benci
[2]. A Z-version of the Borsuk-Ulam theorem implies the dimension property of the
genus. We show the existence theorem about continuous equivariant extensions for
Z-actions, as the basis of further results in Section 4. The almost periodicity allows
us to do that. Moreover, we observe the relation between rotation numbers by a
continuous equivariant map. Therefore, we can prove in Section 5 that the genus
for compact spaces is indeed an index introduced in Section 2.

Since the size of sets having desired properties is measured by an index, index
theory plays an important role in differential equations and variational analysis (cf.
[1], [3], [9], [10], [15]). This kind of application is one of the main reasons to study
the index theory for Z-actions.

2. Preliminaries

We consider a discrete dynamical system

π : Z×X → X, (n, x) 7→ fn(x)
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induced by a homeomorphism f : X → X of a compact space X . This Z-space will
be denoted by (X, f). Throughout this paper, a compact space will be assumed to
be a Hausdorff space.

Let (X, f) and (Y, g) be Z-spaces. A map Φ : X → Y is said to be equivariant,
denoted by Φ : (X, f) → (Y, g), if Φ ◦ f = g ◦ Φ. Z-spaces (X, f) and (Y, g) are
said to be isomorphic, denoted by (X, f) ' (Y, g), if there is a homeomorphism
Φ : (X, f) → (Y, g).

A Z-index is defined in the following setting. For a Z-space (X, f), we denote

P(X, f) := {A ⊂ X : A is f -invariant, i.e. f(A) = A },
P(X, f) := {A ∈ P(X, f) : A is closed in X},
◦
P(X, f) := {A ∈ P(X, f) : A is open in X}.

Definition 1. A Z-index for f is a map

i : P(X, f) → N0 ∪ {∞}
which has the following properties

(a) i(A) = 0 if and only if A = ∅.
(b) If A,B ∈ P(X, f) and if Φ : (A, f) → (B, f) is a continuous map, then

i(A) ≤ i(B).

(c) If A ∈ P(X, f), then there exists a U ∈
◦
P(X, f) such that A ⊂ U and

i(A) = i(U). (Continuity)
(d) If A,B ∈ P(X, f), then i(A ∪B) ≤ i(A) + i(B). (Subadditivity)

We introduce the concepts of almost periodicity and Lyapunov stability on uni-
form spaces (X,U), where U is a uniformity on X .

Definition 2. A map F : Z → X is said to be almost periodic if for every M ∈ U ,

D(M) := { p ∈ Z : (F (n), F (n+ p)) ∈M for all n ∈ Z }
is relatively dense in Z, i.e. there exists a finite set K in Z such that D(M)+K = Z.

Let f : X → X be a bijection, and let A be a subset of X such that f(A) = A.
The set A is said to be almost periodic with respect to f if for every M ∈ U ,

{ p ∈ Z : (x, fp(x)) ∈M for all x ∈ A }
is relatively dense in Z.

In this case, it is obvious that for each x ∈ A, the map Z → A, n 7→ fn(x), is
almost periodic. The set O(x) := {fn(x) : n ∈ Z} will be called an almost periodic
orbit of x.

Definition 3. Let f : X → X be a bijection, and let A ⊂ X be a set such that
f(A) = A. The set A is said to be Lyapunov stable with respect to f if for every
M ∈ U , there exists an N ∈ U such that for all x, y ∈ A and for all n ∈ Z

(x, y) ∈ N implies
(
fn(x), fn(y)

) ∈M.

For a homeomorphism f : X → X on a compact space X , Lyapunov stability is
equivalent to almost periodicity (cf. [18]). In this case, Z-actions on (X, f) will be
called almost periodic actions.

For example, taking f : S2k−1 → S2k−1, f(x) := e2πiαx (α ∈ R\Q), we will
denote the Z-spaces (S2k−1, f) often by (S2k−1, e2πiα), in order to emphasize the
almost periodicity of these canonical actions.
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To show the subadditivity for an index, we need the following concept.
Let ∆n−1 := {(t1, · · · , tn) ∈ [0, 1]n :

∑n
i=1 ti = 1} be the standard (n − 1)-

simplex. For any topological spaces Y1, · · · , Yn we define the join

Y1 ∗ · · · ∗ Yn :=
(
∆n−1 ×

n∏
i=1

Yi

)
/∼

with the following equivalence relation:

(t1, · · · , tn, y1, · · · , yn) ∼ (s1, · · · , sn, y
′
1, · · · , y′n)

if ti = si and (yi = y′i when ti 6= 0) for i = 1, · · · , n.
In the case of Y1, · · · , Yn compact, the quotient topology on Y1∗· · ·∗Yn coincides

with the weakest topology for which the map

q : Y1 ∗ · · · ∗ Yn → ∆n−1,
[
(t1, · · · , tn, y1, · · · , yn)

] 7→ (t1, · · · , tn)

and partial functions

pj : Y1 ∗ · · · ∗ Yn � Yj ,
[
(t1, · · · , tn, y1, · · · , yn)

] 7→ yj

are continuous.
Given Z-spaces Y1, . . . , Yn, the Z-action on

∏n
i=1 Yi carries over in a canonical

wise to Y1 ∗ · · · ∗ Yn. For further information about joins we refer to R. Brown [5].

3. Main result

In this section we give a definition of a genus for uniform spaces and a main
result that the genus for compact spaces is an index. Then we show a Z-version
of the Borsuk-Ulam theorem for the dimension and answer the question of when a
restricted condition of orbits for this definition is satisfied.

Theorem 4. Let X be a Hausdorff uniform space and let f : X → X be a contin-
uous bijection. Let

Σ(X, f) := {A ⊂ X : A f -invariant, Lyapunov stable w.r.t. f and
(
O(x), f

)
' (S1, e2πiα) for all x ∈ Xand for some α ∈ [ 0, 1] ∩ (R\Q)}.

We define the genus g : Σ(X, f) → N0 ∪ {∞} by

g(A, f) := min{k ∈ N : there exist an m ∈ N and a continuous map

ϕ : (A, f) −→ (S2k−1, e2πimα)}.
for A ∈ Σ(X, f)\{∅}, g(A, f) := ∞ if such a map ϕ does not exist, and g(∅, f) :=
0.

If X is a compact space, then g is an index in the sense of Definition 1.

Theorem 14 below proves this main result, for which we make some preparations
in the next section.

The following new result, which is a Z-version of the Borsuk-Ulam theorem, tells
us that g (S2k−1, f) = k, where f : S2k−1 → S2k−1, f(x) := e2πiαx for x ∈ S2k−1

(α ∈ [ 0, 1] ∩ (R\Q). See [4] for the Borsuk-Ulam theorem.

Theorem 5. Let α ∈ R\Z. For every k, l ∈ N with k > l there is no continuous
map h : (S2k−1, e2πiα) −→ (S2l−1, e2πiα).
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Proof. For α ∈ Q\Z the theorem is well-known, e.g. [7]. Now let α ∈ R\Q. Suppose
that there is a continuous map h : (S2k−1, e2πiα) −→ (S2l−1, e2πiα) for k, l ∈ N.
Since {e2πinα : n ∈ Z} = S1, there exists a sequence (nj) of integers such that
lim

j→∞
e2πinjα = −1. As h is continuous and equivariant, we have

h(−x) = h( lim
j→∞

e2πinjαx) = lim
j→∞

e2πinjαh(x) = −h(x)

for every x ∈ S2k−1. The Borsuk-Ulam theorem implies that k ≤ l.

We now state when almost periodic orbits have the same type. For the theory
of a homeomorphism of S1 into itself, due to H. Poincaré, we use the methods by
topological dynamics and then consider a classification of almost periodic orbits in
the number theoretic sense.

Definition 6. The set of n real numbers α1, · · · , αn is said to be rationally depen-
dent if the relation c1α1+· · ·+cnαn = 0 holds for some rational numbers c1, · · · , cn,
not all zero.

Proposition 7. Let g be a homeomorphism of S1 onto itself with dense orbit. Then
there exists an α ∈ [ 0, 1] ∩ (R\Q) such that (S1, g) ' (S1, e2πiα).

The proof of this proposition can be found in N.G. Markley [14], J. de Vries [18].

Theorem 8. Let f : X → X be a continuous bijection on a Hausdorff uniform
space (X,U). Let A ⊂ X be connected, f -invariant and Lyapunov stable w.r.t. f
such that O(x) is homeomorphic to S1 for all x ∈ A. Then the following statements
hold:

(a) For every x ∈ A, there is an αx ∈ [ 0, 1] ∩ (R\Q) such that (O(x), f) '
(S1, e2πiαx).

(b) For x, y ∈ A, the set {1, αx, αy} is rationally dependent.
(c) We can choose all αx ∈ [ 0, 1

2 ]. If, for all pairs x, y ∈ A, every continuous map
p :

(
O(x), f

) → (
O(y), f

)
is not a multiple covering map, then the αx, x ∈ A,

are equal.

Proof. I. (a) For x ∈ A, let Φx : O(x) → S1 be a homeomorphism, and define a
map gx : S1 → S1 by gx(y) := Φx ◦ f ◦ Φ−1

x (y) for y ∈ S1.
Since all assumptions of Proposition 7 are satisfied, there are a homeomorphism

Ψx : S1 → S1 and an αx ∈ [ 0, 1] ∩ (R \Q) such that Ψx ◦ gx = e2πiαx ◦Ψx. Hence
we have

(Ψx ◦ Φx) ◦ f |O(x) = e2πiαx ◦ (Ψx ◦ Φx).(1)

This proves statement (a).
We first provide two claims for the proof of statements (b) and (c).
II. For M,N ⊂ X×X and a ∈ X , we denote M−1 := {(x, y) ∈ X×X : (y, x) ∈

M}, M ◦M := {(x, y) ∈ X ×X : (x, z) ∈M and (z, y) ∈M for some z ∈ X} and
N(a) := {x ∈ X : (a, x) ∈ N}.

Claim 1. Let a ∈ A. Then there exists an N ∈ U such that for every u ∈ N(a)∩A,
the set {1, αa, αu} is rationally dependent.
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Proof. Let a ∈ A. Let M,W ∈ U , M = M−1 and M ◦M ◦M ◦M ⊂ W be such
that (a, w) 6∈W for some w ∈ O(a). By the Lyapunov-stability of A w.r.t. f , there
is an N ∈ U , N ⊂M , such that for all x ∈ A and for all n ∈ Z

(a, x) ∈ N implies
(
fn(a), fn(x)

) ∈M.(2)

Let u ∈ N(a) ∩ A. Assume that {1, αa, αu} is rationally independent. Then, for
all (z1, z2) ∈ (S1)2, the set {(e2πinαaz1, e

2πinαuz2) : n ∈ Z} is dense in (S1)2, since
{(e2πinαa , e2πinαu) : n ∈ Z} is dense in (S1)2 (cf. [11], [18]). Hence, it follows from
(1) that there exists an n0 ∈ Z such that

(
w, fn0(a)

) ∈ M and
(
u, fn0(u)

) ∈ M .
Since (a, u) ∈ N , we have (a, w) ∈ N ◦M ◦M−1 ◦M−1 ⊂ W , which leads to a
contradiction. This proves Claim 1.

Claim 2. Let a ∈ A. Then there exists an N ∈ U such that for every u ∈ N(a)∩A
there are integers q, r with αa + qαu + r = 0.

Proof. Let a ∈ A. Let M,W ∈ U , M = M−1 and M ◦M ◦M ⊂ W be such that
(a, y) 6∈W for all y ∈ R, where

R := (Ψa ◦ Φa)−1
({
e2πis(Ψa ◦ Φa)(a) : 1

4 ≤ s ≤ 3
4

})
.

Then there exists an N ∈ U , N ⊂ M , such that the condition (2) is satisfied. Let
u ∈ N(a) ∩ A. By Claim 1, there are relatively prime numbers p, q ∈ Z and an
r ∈ Q such that pαa + qαu + r = 0.

(i) To show that r ∈ Z, assume that r = m
n ∈ Q \Z for relatively prime numbers

m ∈ Z, n ∈ N. Then there is an s ∈ N such that

dist ( rs
p ,Z) ≥ 1

3 ,

where we denote dist (a,Z) := inf{|a− n| : n ∈ Z} for a ∈ R.
Since αu is irrational, there exists a sequence (vk) in s+ npZ such that

dist (vk
αu

p ,Z) → 0.

In particular, we can choose a k0 ∈ N such that
(
u, fvk0 (u)

) ∈M and fvk0 (a) ∈ R.
This is a contradiction to the choice of N,M and W .

(ii) To show that |p| = 1, assume that |p| ≥ 2 and r ∈ Z. Since p, q are
relatively prime, there exist β1, β2 ∈ Z such that r = pβ1 + qβ2; hence we have
p(αa + β1) + q(αu + β2) = 0. Similarly, as in the proof of (i), we can choose an
s ∈ N such that

dist ( qs
p ,Z) ≥ 1

3

and a sequence (vk) in Z so that

dist
(
vk(αu + β2), s+ pZ

) → 0,

showing
(
u, fvk0 (u)

) ∈ M and fvk0 (a) ∈ R for some k0 ∈ N. We again have a
contradiction. Consequently, Claim 2 is proved.

III. (b) For arbitrary a ∈ A, let

B := {x ∈ A : {1, αa, αx} is rationally dependent}.
Then B is nonempty. We shall show that B is open. Let b ∈ B. By Claim 1,
there exists an N ∈ U such that for every u ∈ N(b) ∩ A =: U , the set {1, αb, αu}
is rationally dependent. As {1, αa, αb} is rationally dependent, we obtain that for
every u ∈ U, {1, αa, αu} is rationally dependent; hence we have U ⊂ B. A similar
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argument establishes the closedness of B. Since A is connected, we conclude that
B = A; thus statement (b) follows.

(c) Now let H : A→ R, x 7→ βx , βx :=
{
αx for 0 ≤ αx ≤ 1

2 ,
1− αx for 1

2 ≤ αx ≤ 1.

Then we have (O(x), f) ' (S1, e2πiβx). Let a ∈ A. By Claim 2, there exists an
N ∈ U such that for every u ∈ N(a)∩A, there are q, r ∈ Z with βa + qβu + r = 0.
By hypothesis, we have q = ±1. It follows that βa = βu for all u ∈ N(a)∩A. Since
A is connected, we conclude that βa = βx for all x ∈ A. This completes the proof
of statement (c).

4. Continuous equivariant extensions

The main tool for showing the continuity and the subadditivity for an index is
the theorem about existence of a continuous equivariant extension. The existence
theorem for compact Lie groups G has been proved by using Bochner integrals; see
the Tietze-Gleason Theorem [16]. In general this does not hold for Z-actions, but
the almost periodicity shows that.

In the following we always assume that f : X → X is a continuous bijection on
a compact space X , X ∈ Σ(X, f) and α ∈ [ 0, 1]∩ (R\Q) is given by Σ(X, f), and
k,m ∈ N.

Theorem 9. For every A ∈ P(X, f) and for every continuous map ϕ : (A, f) →
(Ck, e2πimα), ϕ has a continuous extension

Φ : (X, f) −→ (Ck, e2πimα).

Proof. Without loss of generality, we may suppose that m = 1.
Let A ∈ P(X, f), and let ϕ : (A, f) → (Ck, e2πiα) be a continuous map. Since

A is a closed subset of normal space X , there is, by the extension theorem of
Tietze-Urysohn, a continuous map ϕ̂ : X → Ck such that ϕ̂|A = ϕ. Let us define
Φ : X → Ck by

Φ(x) := lim
k→∞

1
2k + 1

∑
|n|≤k

e−2πinα ϕ̂(fn(x)) for each x ∈ X.

Then Φ is well-defined because F : Z → Ck, n 7→ e−2πinαϕ̂(fn(x)) is almost
periodic implying existence of the mean value of F , namely Φ (cf. C. Corduneanu
[6]).

It is easy to verify that Φ is an equivariant map and Φ|A = ϕ.
To show that Φ is continuous, let ε > 0 and Vε := { (y, y′) ∈ Ck×Ck : ‖ y−y′ ‖ <

ε }. As ϕ̂ is uniformly continuous, there exists an M ∈ U such that for all z, z′ ∈ X
(z, z′) ∈M implies ( ϕ̂(z), ϕ̂(z′) ) ∈ Vε.

By the Lyapunov-stability of X w.r.t. f , there is an N ∈ U such that for all
x, y ∈ X and for all n ∈ Z

(x, y) ∈ N implies ( fn(x), fn(y) ) ∈M ;

hence we have (
ϕ̂
(
fn(x)

)
, ϕ̂

(
fn(y)

)) ∈ Vε.
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Consequently, we obtain that for all x, y ∈ X with (x, y) ∈ N
‖Φ(x)− Φ(y)‖ =

∥∥∥ lim
k→∞

1
2k + 1

∑
|n|≤k

e−2πinα
(
ϕ̂
(
fn(x)

)− ϕ̂
(
fn(y)

))∥∥∥
≤ lim sup

k→∞

1
2k + 1

∑
|n|≤k

∥∥∥e−2πinα
(
ϕ̂
(
fn(x)

)− ϕ̂
(
fn(y)

))∥∥∥
≤ lim

k→∞
1

2k + 1
· (2k + 1)ε = ε,

i.e. ( Φ(x),Φ(y) ) ∈ Vε. This completes the proof.

For the proof of the following theorem we use the fact that S2k−1 is a neighbor-
hood retract of Ck. See [16] for compact Lie groups.

Theorem 10. For every A ∈ P(X, f) and for every continuous map ϕ : (A, f) →
(S2k−1, e2πimα), there are a neighborhood U ∈

◦
P(X, f) of A and a continuous

extension
Φ : (U, f ) −→ (S2k−1, e2πimα )

of ϕ.

Proof. Let A ∈ P(X, f) and let ϕ : (A, f) → (S2k−1, e2πimα) be a continuous
map. Since S2k−1 is a invariant neighborhood retract of Ck, there are an open
invariant neighborhood V ⊂ Ck of S2k−1 and a continuous map r : (V, e2πimα) →
(S2k−1, e2πimα) such that r|S2k−1 = idS2k−1 .

With the inclusion i : S2k−1 ↪→ Ck, the map i◦ϕ : (A, f) → ( Ck, e2πimα) is con-
tinuous. By Theorem 9, there exists a continuous map Φ : (X, f ) → ( Ck, e2πimα)
such that Φ|A = i ◦ ϕ.

Now set U := Φ−1(V ). Then U is invariant, open in X , and A ⊂ U . Put
Φ′ := r ◦ Φ|U : U → S2k−1. Hence, Φ′ is also equivariant and continuous, and
Φ′|A = ϕ. Thus the proof is complete.

Finally, we obtain the following result by using the concept of join and its topo-
logical properties presented in Section 2.

Theorem 11. For j = 1, 2, let Aj ∈ P(X, f) and let

ϕj : (Aj , f) → (S2kj−1, e2πimα)

be continuous. Then there exists a continuous map

Φ : (A1 ∪A2, f ) −→ (S2k1−1 ∗ S2k2−1, e2πimα ),

where S2k1−1 ∗S2k2−1 has the initial topology with respect to q : S2k1−1 ∗S2k2−1 →
41 and partial functions pj : S2k1−1 ∗ S2k2−1 � S2kj−1 (j = 1, 2). Furthermore,
there is a continuous map

Ψ : (A1 ∪A2, f) −→ (S2(k1+k2)−1, e2πimα ).

Proof. It suffices to prove the result for the casem = 1. For j = 1, 2, by Theorem 10,

there are a neighborhood Uj ∈
◦
P(X, f) of Aj and a continuous extension Φj :

(Uj, f ) → (S2kj−1, e2πiα ) of ϕj .
Since X is normal, there exists a continuous function γ′j : X → [ 0, 1] such that

γ′j(x) =
{

1 for x ∈ Aj ,
0 for x ∈ X\Uj.
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Let

γj : X → R, x 7→ lim
k→∞

1
2k + 1

∑
|n|≤k

γ′j(f
n(x)).

Then γj is well-defined, continuous and invariant, i.e. γj ◦ f = γj (see proof of
Theorem 9). It follows that γj |Aj = 1, γj |X\Uj

= 0, γj(X) ⊂ [ 0, 1].
Let γ̃ : A1 ∪A2 →41 = { (t1, t2) ∈ [0, 1]2 : t1 + t2 = 1 },

γ̃(x) := (γ̃1(x), γ̃2(x)), γ̃j(x) :=
γj(x)

γ1(x) + γ2(x)
for j = 1, 2 .

Then γ̃ is continuous, invariant, and γ̃j |(A1∪A2)\Uj
= 0.

Define Φ : A1 ∪A2 → S2k1−1 ∗ S2k2−1 by

Φ(x) := [ (γ̃1(x), γ̃2(x), Φ̃1(x), Φ̃2(x)) ],

where Φ̃j : X → S2kj−1 is an arbitrary extension of Φj . Then Φ is well-defined,
continuous and equivariant, since Φ̃j|Uj = Φj is equivariant and since γ̃j invariant
and γ̃j |(A1∪A2)\Uj

= 0. Hence the first part is proved.
Note that the function

h : S2k1−1 ∗ S2k2−1 → S2(k1+k2)−1, [(t, s, x, y)] 7→ (x sin(tπ/2), y sin(sπ/2) )

is a homeomorphism. Let Ψ := h◦Φ : A1∪A2 → S2(k1+k2)−1. Then Ψ is continuous
and equivariant, since h is equivariant with respect to the canonical almost periodic
actions. This completes the proof.

5. Proof of main result

Our goal is to prove that the genus g above is an index in the sense of Defini-
tion 1. For this we need the following two lemmas and apply the results obtained
in Section 4.

Lemma 12. Let αA, αB ∈ [ 0, 1] be the irrational numbers related to A,B ∈
Σ(X, f), respectively. If there exists a continuous map h : (A, f) → (B, f), then
{1, αA, αB} is rationally dependent, and there are also qA, qB ∈ Z\{0} such that
qAαA − qBαB ∈ Z.

Proof. Assume that {1, αA, αB} is rationally independent. Then we have cAαA +
cBαB ∈ R \ Q for all cA, cB ∈ Z \ {0}. Hence there is a sequence (nk) in Z such
that

lim
k→∞

e2πinkαA = e2πiαA and lim
k→∞

e2πinkcBαB = e2πi(−cAαA).

As h is continuous and equivariant and e2πi(−cAαA) 6= e2πicBαB , we have

h(f cB (x)) = h( lim
k→∞

fnkcB (x)) = lim
k→∞

fnkcB (h(x)) 6= f cB(h(x)).

for x ∈ A. This contradicts the hypothesis of equivariance of h, and the proof is
complete.

Lemma 13. Let A ∈ Σ(X, f), and let ϕ : (A, f) → (S2k−1, e2πiα ) be a continuous
map. Then, for each m ∈ N, there is a continuous map

ψ : (A, f) → (S2k−1, e2πimα ) .
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This lemma follows immediately from elementary observations.
Now we can prove that the genus g has the following properties, whence g for

compact spaces is an index in the sense of Definition 1.

Theorem 14. Let f : X → X be a continuous bijection on a Hausdorff uniform
space X. Then the following statements hold:

(a) If A,B ∈ Σ(X, f) and there exists a continuous map h : (A, f) → (B, f), then
g (A, f) ≤ g (B, f).

(b) If B ∈ Σ(X, f) and A ⊂ B, then g (A, f) ≤ g (B, f).
In addition let X be a compact space and X ∈ Σ(X, f). Then the following state-
ments hold:

(c) If A1, A2 ∈ P(X, f), then g (A1 ∪A2, f) ≤ g (A1, f) + g (A2, f).

(d) If A ∈ P(X, f), then there is a neighborhood U ∈
◦
P(X, f) of A such that

g (A, f) = g (U, f).

Proof. (a) Let αA, αB ∈ [ 0, 1] be the irrational numbers related to A,B ∈ Σ(X, f),
such that qAαA = qB αB + ` for some qA, qB ∈ N, ` ∈ Z (This is possible, because
an αi, i ∈ {A,B}, can be replaced by 1− αi if qA und qB have not the same sign;
cf. Lemma 12). If g (B, f) = ∞, the statement (a) holds. Let g (B, f) = k <
∞. By definition of g, there is an m ∈ N and a continuous map ϕ : (B, f) →
(S2k−1, e2πimαB ). Let ψ := ϕ ◦ h : A → S2k−1. Then ψ is equivariant and
continuous. By Lemma 13, there is a continuous map

Ψ : (A, f) → (S2k−1, e2πimqBαB ).

Since qAαA = qBαB + `, it follows that g (A, f) ≤ k = g (B, f) .
(b) follows from (a), with the inclusion i : A ↪→ B.
In the following suppose that X ∈ Σ(X, f) is a compact space and α ∈ [ 0, 1] ∩

(R\Q) is given by Σ(X, f).
(c) By hypothesis, we have A1, A2 ∈ Σ(X, f). If g (A1, f) = ∞ or g (A2, f) = ∞,

then the conclusion is clear by (b). Let g (A1, f) = k1 and g (A2, f) = k2. Then
there are m1,m2 ∈ N and continuous maps

ϕ1 : (A1, f) → (S2k1−1, e2πim1α ),

ϕ2 : (A2, f) → (S2k2−1, e2πim2α ) .
By Lemma 13, there are continuous maps

ψ1 : (A1, f) → (S2k1−1, e2πim2m1α ),

ψ2 : (A2, f) → (S2k2−1, e2πim1m2α ) .
By Theorem 11, there exists a continuous map

Ψ : (A1 ∪A2, f) → (S2(k1+k2)−1, e2πim1m2α ).

Hence, g (A1 ∪A2, f) ≤ k1 + k2 = g (A1, f) + g (A2, f).
(d) By hypothesis, we have A ∈ Σ(X, f). Let g (A, f) = ∞, and let V ⊂ X be

an arbitrary invariant open neighborhood of A. Then V ∈ Σ(X, f), and hence, by
(b), g (A, f) ≤ g (V, f); therefore g (A, f) = g (V, f). Now let g (A, f) = k < ∞.
Then there are an m ∈ N and a continuous map ϕ : (A, f) → (S2k−1, e2πimα ). By

Theorem 10, there are a neighborhood U ∈
◦
P(X, f) of A and a continuous map

Φ : (U, f ) → (S2k−1, e2πimα ).
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Hence g (U, f) ≤ k = g (A, f) ≤ g (U, f) by (b); therefore g (A, f) = g (U, f) .
This completes the proof.

In this paper, we have observed almost periodic orbits whose closure is homeo-
morphic to S1, in order to obtain an index theory for almost periodic actions. Moti-
vated by the approximation theorem for almost periodic functions, we can consider
almost periodic orbits whose closure is homeomorphic to the finite product (S1)n,
where the rational independence plays a fundamental role. The investigation of the
possible behaviour of almost periodic orbits and its complexity is of importance in
a discrete dynamical system. We can suggest that, for instance, in view of Theo-
rem 8, new observations and ideas are necessary for the study of almost periodic
orbits in the case of (S1)n, n ≥ 2. For further information on periodic orbits, see
[17].
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