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ABSTRACT. This paper provides another proof of the Attouch Theorem relat-
ing the epigraphical limit of sequences of convex functions to the set limit of
the graphs of the subdifferentials.

1. INTRODUCTION

Attouch ([1] and [2]) proved that a sequence of proper lower semicontinuous
convex functions on a reflexive Banach space Mosco-converges if and only if the
graphs of the subdifferentials Painlevé-Kuratowski converge to the graph of the
subdifferential of the Mosco-limit function and a condition that fixes the constant
of integration (normalization condition) holds. Attouch and Beer generalized in
[3] the result in the setting of any Banach space. They showed that in any Ba-
nach space slice convergence for proper lower semicontinuous convex functions is
equivalent to Painlevé-Kuratowski convergence of the graphs of the subdifferentials
plus a normalization condition. Both proofs given in Attouch [1] and Attouch and
Beer [3] depend heavily on the integration theorem by Rockafellar [16] using the
cyclic monotonicity of the subdifferential of convex functions. These theorems have
applications in several fields like convergence problems in mechanics (see, e.g., [2]),
evolution equations governed by subdifferential operators (see, e.g., [2] and [4]),
numerical optimization (see, e.g., [10]), and generalized second order derivatives of
convex functions (see, e.g., [11], [15] and [18]).

The aim of this paper is to provide another proof of the above theorems without
using the above integration theorem by Rockafellar. This proof consists in proving
in a direct way that under a normalization condition, convergence of the graphs
of subdifferentials of lower semicontinuous convex functions f, is equivalent to
Mosco-convergence of these functions and their Fenchel conjugates. The key to this
approach is the study of the behaviour of limits of strongly convergent sequences
of elements in the graphs of subdifferentials with respect to the epigraphical limits
superior and inferior of (f,). This has been done with the generalized Fenchel
subdifferential of the epigraphical limit inferior of (f,,) since this function may be
nonconvex although all the functions f,, are convex. A modification of this approach
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will be used in [9] to study the convergence of approximate subdifferentials of convex
functions.

2. GRAPH CONVERGENCE OF SUBDIFFERENTIALS

We begin by recalling the graph convergence theorem of subdifferentials of convex
functions proved by Attouch ([1] and [2]) for reflexive spaces.

2.1. Theorem (Attouch). Let X be a reflexive Banach space and let f, fr,: X —
R U {4}, n € N, be proper lower semicontinuous conver functions. Then the
following assertions are equivalent:

M
a) Jn = f;
b)
of, "5 of
(N.C): there exist (a,a*) € Of and a sequence (an,ak) € Of, such that
(an, ay, falan)) — (a,a”, f(a)).
(Here N.C. stands for the so-called normalization condition.)
We now make precise the notions which have been used. Let (f,) be a sequence
of functions from a topological space (X, 7) into R U {—o0, +00}. The sequential

epilimit inferior of the sequence (f,) with respect to the topology 7 is the function
denoted by 7-Li. f,, and defined by

(7-Licfn)(x) = inf limninf fn(xn).

Tp—T

The sequential epilimit superior is denoted by 7-Ls. f,, and defined by
(t-Lsefn)(x) = inf limsup fn(2y).

Ty —T n
If X is a normed vector space, one says that the sequence (f,) Mosco-converges to
f(fn M f) provided
w-Liefn > f > s-Lsefn

where w (resp. s) denotes the weak (resp. strong) topology of X. If (g,) and g
are functions defined on the topological dual X™* of X, one says that (g,) *-Mosco-

converges to g (gn M g) provided
w*-Licgn > g > 5-Lsegn

where w* denotes the weak star topology of X*.
Recall also that for a sequence (C),) of subsets of X the sequential limits inferior
and superior of (C,) with respect to the topology 7 are defined by

7-LiC, ={z € X: 3, € Cp,x, = x}
and
7-LsCp = {z € X: 3s(n),Irsm) € Cs(n), Ts(n) 5 2}

The sequence (C),) is said to be Painlevé-Kuratowski convergent to C' (C,, PK )

provided
T-LsC, C C C 7-LiC,.
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If X is a normed space and f: X — RU {400} is convex, one denotes by Jf the
graph of the subdifferential of f:

Of ={(z,z*) e X x X*: 2* € 0f(x)}
={(z,2") € X x X*: f(z) + f(27) = (z", )}

where f* is the Fenchel conjugate of f, that is, f*(2*) = sup{(z*,z) — f(z): z €
X}. We will also denote by 0* f* the graph of the subdifferential of f* restricted
to X* x X (and not X* x X**). So x € 9* f*(z*) is equivalent to z* € 0f(x).

When ¢: X — RU{—00,4+00} is a nonnecessarily convex function one may
extend the above definition by considering the Fenchel subdifferential notion. Recall
that the Fenchel subdifferential of ¢ is the subset given by

ofFnp(z) = {z* € X*: (z%,u—x) + p(z) < o(u),Yu € X}

if v € domyp :={x € X: p(z) < +00}, and by 0F"p(z) = @ if 2 ¢ dom ¢.

Recall also that ¢ is said to be proper provided dom ¢ # & and p(z) > —oo for
every ¢ € X.

Let us now point out that the proofs of the graph convergence theorem given
by Attouch ([1] and [2]) and Attouch and Beer [3] depend heavily on the following
result by Rockafellar ([16] and [17]) (as well as its dual version in [3]).

2.2. Theorem (Rockafellar). Let X be a Banach space and f: X — RU {+o0}
be a proper lower semicontinuous convex function. For each x € X and xy €

domdf :={ue X: 9f(u) # o}

n—1
f(z) = sup {f(xo) 3 @i >}
i=1
where the supremum is taken over all chains x1 = xg,x2,...,2, = x, where the
intermediate points lie in domdf, and where xi € 0f(x;).

We are going to use another integration result and give another proof (different
to those by Attouch [1] and Attouch and Beer [3]) for the theorem relating the
graph convergence of subdifferentials to some specific convergence (see [2] and [5])
of the functions.

In all the sequel X will be any Banach space.

We start with the following lemma whose proof may be deduced from Rockafel-
lar’s theorem [16]. For the convenience of the reader, we will give a direct proof
in the appendix by adapting Rockafellar’s proof (where both functions f and g are
assumed to be convex) to the case below.

2.3. Lemma. Let g: X — RU {+o0} be a lower semicontinuous function and
fi X = RU {400} be a proper lower semicontinuous convex function. If Of C
oFeng, then f = g+ Const (where Const denotes a constant real number).

Before giving our proof of the graph convergence theorem of subdifferentials we
need to consider another lemma.

2.4. Lemma. Let f,: X — RU {400}, n € N, be proper lower semicontinuous
convex functions satisfying the hypothesis

(H):  s-Liofn, > —00 and there exists a strongly convergent sequence (a,) for
which

lim sup fy,(an) < +00.
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Then for any sequence (Tn,x)) with (Tn,xk) € Ofn and (zy,x)) It (x,x*)
one has

a) (w-Liefn)(x) = limninffn(xn) and (s-Lsefr)(z) = limsup fr, (x,);
b) (z,2*) € dF™(w-Licf,) N O(s-Lscfn). !
So under hypothesis (H) we have
Liof, C 8Fe"(w—Liefn) NO(s-Lsefn).
Moreover, the same results hold if the functions f, are defined on X* and w-Li. f,
is replaced by w*-Li. f,.
Remark. We consider the Fenchel subdifferential since the function w-Li. f,, need

not be convex although the functions f,, are convex.

Proof of Lemma 2.4. Fix a sequence (z,,z}) € 0f, strongly converging to (z,z*)
in X x X*. For y € X and ,, — y one has

and hence
(1) (x*,y — ) + iminf f,(z,) < liminf f,,(yn).

If we take y = a and y,, = a,, in (1) we get (using (H)) liminf,, f,(z,) < 400 and
hence by the first part of (H) we have that liminf,, f,(z,) is finite. Taking in (1)
the infimum over all sequences y,, — y gives

) (@ y — ) + lnninf £ () < (w-Licf) ()
and setting y = x in (2) we obtain

timint f() < (w-Lic ) (2
which ensures (by definition)
3) (w-Lic fn)(x) = lim inf f(2).

So it follows from (2) and (3) that (z,z*) € 87" (w-Li. f,) and this proves the first
inclusion in b). The proof of the second one is similar and the same arguments still
hold for functions f,, defined on X*. O

Following Beer [5] we denote Ay := {(z, p(z),2*) € X X R x X*: z* € dp(x)}.
(Here ¢ is assumed to be a convex function from X into R U {+o0}.)
We can now establish our proof of the theorem.

2.5. Theorem. Let f, f,: X — RU{+00}, n € N, be proper lower semicontinuous
convex functions. Then the following assertions are equivalent:

a) fu ™ f and £ 57

b) Af, "5 AY,

c) af, 5 of, and

(N.C.): there exist (a,a*) € Of and a sequence (an,al) € Of, such that
(an, ay,, fn(an)) — (a,a*, f(a)).
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Proof. a) = b). For the inclusion Af 3 LiAf,, we follow the proof by Attouch [1],
[2]. Fix (z, f(x),z*) € Af. There exist (by properties of Mosco-convergence, see

[2] and [6] for example) u, 1l 5 and uk L 2 such that fr(un) — f(x) and

faluy) — f*(z7).

Put e, = fX(uk) + fn(un) — (uf,u,) > 0. Then (g,) converges to f*(z*) +
f(x)—(z*, ) = 0 and u} € O, fn(un) (the e,-approximate subdifferential). By the
Brondsted-Rockafellar Lemma [8] there exists (zn,x)) € 9 f, such that ||z, —u,|| <

VEn and ||z — uk|| < \/€,. This ensures (x,,x}) -y (x,z*).
Noting now that a) ensures that (H) holds, we obtain by Lemma 2.4

and hence (z, f(z),2*) € LiAf,. So the inclusion is proved.

It remains to show that LsAf, T Af. Fix now (z,r,2*) € LsAf, and consider
a subsequence (xg, frx(xk), z}) — (z,r,z*) with z} € 0fx(zx) (here k € K C N).
By Lemma 2.4 one has (z,2*) € df and fr(xr) — f(x) and hence r = f(x) and
(z,r,2*) € Af. This completes the proof of a)=b).

b)= ¢). It is obvious that b) ensures that 0f T Lidf,. Fix now (z,x*) € Lsdfy,
and choose a subsequence (zy, ;) € 9f; for k € K C N with (zx,2%) — (z,2%).
Taking another subsequence if necessary we may suppose by Lemma 2.4 f(zx) —
r € R. So by the assumption we get (z,r,2*) € Af and hence (z,2*) € df. Then
we conclude Lsdf, C f.

c)=a). It is not difficult to see that the normalization condition (N.C.) ensures
the hypothesis (H) in Lemma 2.4. So we have by this lemma

f C Lidf, C oF ™ (w-Licf,) NO(s-Lsefn)
and by Lemma 2.3 we may deduce
(1) f=w-Licfn,+ Ci = s-Lscfn + Co

where C and C5 are two constant real numbers. Moreover, Lemma 2.4 once again
and condition (N.C.) ensure the following equality in R:

(2) (w'Liefn)(a) = f(a) = (S'Lsefn)(a)'

It follows, from (1) and (2), that C; = Cy = 0 and hence (1) becomes f, M /-
To show f M f* it is enough to note that

of, B of e ot L o g

and that (N.C.) ensures the condition (N.C*.):
there exist (a*,a) € 0*f* and a sequence (a},a,) €

O* ¥ such that (af,an, fi(al)) — (a*,a, f*(a*)),
and to use similar arguments since Lemma 2.3 still holds for functions defined on

X* (see the appendix). O

This theorem also shows that the Mosco-convergence of (f,,) to f in a nonreflexive
Banach space does not ensure the graph convergence of the subdifferential. Indeed
in any such space there exist sequences (f,,) that M-converge and such that the
sequences of Fenchel conjugates (f) do not M*-converge (see [7]). However in
reflexive spaces, a theorem of Mosco [14] says that the M-convergence of proper
lower semicontinuous convex functions and that their conjugates are equivalent. So
the Attouch theorem (see [1] and [2]) is a direct consequence of Theorem 2.5.
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Before relating Theorem 2.5 to the Attouch-Beer Theorem (see [3]), let us estab-
lish the following lemma which also has its own interest. We first need some facts
about the notion of slice convergence.

By Theorem 8.2.2 in Beer [6], in the class of proper lower semicontinuous convex
functions a sequence (f,), slice-converges to f iff for any nonempty open subsets
U and V in X and X* respectively and any real number a > 0 there exists /N such
that

Epi fN(Ux] — c0,a]) # @ = Epif, N (Ux] —o0,a]) #<5 VYn > N,
Epi f*N(Vx]—o00,a]) # @ = Epifi N(Vx] —o0,a]) #2 Vn > N.

2.6. Lemma. Let f, f,: X - RU{+00}, n €N, be proper lower semicontinuous
conver functions. Then the following assertions are equivalent:

8) fo = f and f; % f7,

b) (fn)n slice converges to f,

c) f>s-Lsefn and f* > s-Ls.f,

d) for each x € X and each x* € X* there exist x, U x and x}, U x* such that
f(x) > limy, fo(z,) and f*(2*) > lim, f;(z},),

e) for each x € dom df and each * € dom O* f* there exist x,, Iy x and x}, I x
such that f(z) > lim, fn(z,) and f*(z*) > lim, f}(z%).

n

*

Proof. The implications ¢)=-d) and d)=> e) are obvious and a)=-b) follows easily
from the characterization above of slice convergence. So it is enough to prove the
implications e)=-c), b)=-¢) and c)=a).

e)=>c). Assertion e) obviously ensures f(z) > (s-Ls.f,)(z) and f*(z*) >
(s-Lsefr)(x*) for any € domdf and any z* € domd*f*. Hence, c¢) follows
from Lemma 3.1 in the appendix.

b)=-c). We fix x € X and we are going to prove f(x) > (s-Lscfn)(x). Ob-
viously we may suppose r := f(x) € R. Then for each integer k& > 1 one has
Epi f NB(x, +)X] — 00,7 + 1 [# @ and hence by the characterization above of slice
convergence, one may find an increasing sequence of integers (py) such that py > k
and elements (i, ) € Epi f, NB(x, 1)x] — 00,7+ 1[ for all n > py. If for each
k > 1 and each integer n € [pg, pr+1[ one sets x,, = u, i, then one has

1 1 1
folzn) < rnk ST—I—E :f(x)—kE and z,cB (:z:, E)

Therefore x,, I and f(x) > limsup,, fn(zn) > (s-Lsefn)(x).
Similarly we complete the proof to obtain assertion c).
c)=-a). We start with the proof of the inequality

(1) w*-Lief) > (s-Lscfn)*.

Fix any z € X and choose z, I & such that (s-Lsefn)(x) = lim f,(x,). Consider

any z* € X* and z, %, 2*. By the Fenchel inequality we have

and hence

limninf folxy) > lirrzinf(<xz,xn> — fo(zn)) = (&, 2) — (s-Lse fn)(x).
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Therefore, we have
(w*-Licfp)(z*) = inf liminf £ (x},)

> sup ((z*,z) — (s-Lse fn)())
reX

= (S'Lsefn)* (CL'*),
which is the desired inequality. Similarly, we have
(2) w-Liefn > (s-Lsefr)*.

Now assertion c¢) and the inequalities (1) and (2) imply
s-Lsefy < f* < (s-Lscfn)" < w*-Li.f}
and
$-Lsefn < f < (s-Lscfr)" < w-Liefp
and hence f M7 f*and f, M f- So the proof is complete. O

Remark. The proof of a)=b), b)=-c) and c¢)=-a) is valid in any normed linear space.
The equivalence b)<e) (from which c) and d) follow easily) was already proved
by a different method in Attouch-Beer [3].
Now Lemma 2.6 allows us to reformulate Theorem 2.5 with the statement of
Attouch-Beer’s theorem [3] and to also get a theorem by Beer [5]. The equivalence
a)<c) is proved by Attouch-Beer [3] and a)«<b) is similar to Theorem 4.7 in Beer

[5].

2.7. Corollary (see [3] and [5]). Let f, fn,: X — RU{+o0}, n € N, be proper
lower semicontinuous convex functions. Then the following assertions are equiva-
lent:

a) (fn)n slice converges to f,

b) Af, ZEAf,

c) of, 5 of, and

(N.C.): there exist (a,a™) € Of and a sequence (an,al) € Of, such that
(an,ay, fn(an)) — (a,a*, f(a)).

3. APPENDIX
In this section we are going to give a direct proof of Lemma 2.3.

3.1. Lemma. Let g: X — RU{+o0} and k: X* — RU {+o0} be proper lower
semicontinuous functions and f: X — RU{+o0} be a proper lower semicontinuous
convex function. Then

a) f > g whenever f(z) > g(x) for every x € domJf;

b) f* > k whenever f*(x*) > k(z*) for every x* € dom 0* f*.

Proof. The lemma is a direct consequence of the lower semicontinuity of g and k
and of the Brondsted-Rockafellar theorem [8] ensuring for any x € dom f and any
z* € dom f*
f(z) = liminf f(u) and f*(z*)= liminf f*(u"). O
u€edom O f w* gdc:nwa* Is
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In the proof of Lemma 3.3 (used in Section 2) we will employ the following result
where for any function ¢: X** — RU {+o00} we denote by ¢x the restriction of ¢
to X.

3.2. Lemma. Let h: X — RU{+occ} and k: X* — RU{+o0} be proper. Then
a) z* € 0F"h(z) = h(z) = (h¥)(z) and z* € O(h3)(x);
b) z € 0OF"k(z*) = k(2*) = (k%)*(z*) and x € 9*(k%)*(z*).
Moreover, if h and k are lower semicontinuous with respect to the norm and the
weak star topology respectively, then
c) h is convez if and only if O(hy) # @ and O(h%) C dFe"h;
d) k is convex if and only if (k% )* # @ and 0*(k%)* C oF"k.

Proof. Assertions a) and b) are not difficult to prove and the implications “=" in
¢) and d) are direct consequences of the Brondsted-Rockafellar theorem [8]. So let
us prove the converse ones. Fix any z € domd(h¥) and any z* € domd(k%)*
(since these sets are nonempty by hypothesis). Then, by assumption,

oFnh(z) # @ and OF"k(z*) £ @
and hence h(z) = hi(x) and k(z*) = (k% )(z*) by assertions a) and b). Therefore,
it follows, from Lemma 3.1, that A%} > h and (k% )* > k. By the Fenchel inequality,
we get h = h% and k = (k%)* and hence h and k are convex. O

3.3. Lemma. Let g: X — RU{+o0} and h: X* — RU {400} be proper lower
semicontinuous functions and f: X — RU{+oo} be a proper lower semicontinuous
convex function. Then

a) f =g+ Const & 0f C 9Feng;

b) f* = h+ Const < 0 f* C oFenh.

Proof. a) The implication “=" being obvious, let us prove the reverse one. The
proof is heavily inspired by techniques in Rockafellar [16] where both functions are
assumed to be convex. Set j = 1/2| - ||?. As j is continuous and as df C 97°"g
(by assumption), we have

Of+34)=0f+05C 0" g+ 05 C 97" (g + )
and hence
(1) I(f+i) o (g+i)
As (f 4+ j)* = f*Vj* is finite and continuous on X* (see Moreau [13]), it follows

from (1) that the lower semicontinuous convex function (g 4+ j)* is also finite on all
X*, hence (see [13]) continuous on X*. We then claim

(2) O(f +3)" & 0(g +4)"
Indeed let z** € O(f + j)*(x), i.e.
3) (f+3)7 @)+ (f+9) (@) = (@™, 2%).

One knows (by Moreau [13]) that there exists a generalized sequence (z;) in X
weakly-w** converging to x** for which (f + j7)**(**) = lim;(f + j)(x;). Put
gi = (f+5)" (@) + (f +)(@:) — (&7, 2:) 2 0.

Then, x* € d.,(f + j)(z;) and &; — 0 by (3). By the Brondsted-Rockafellar
theorem, there exists (z;, 2;) € O(f+7) satistying ||z; — ;|| < /&3, [|2f —2*|| < (/&

Then z; vy ¥ zF L and, for i > ig, z; € O(f + 7)*(2F) C vBx, where Bx

%

denotes the closed unit ball of X (since (f 4 j)* is locally Lipschitz). Then the
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subnet (z;);>4, is bounded in norm and it is not difficult to see that this boundedness
and relation (1) ensure z** € 9(g + 7)*(z*). So the claim is proved. Now, it is easy
to see that (2) and the locally Lipschitzian behavior of (f +7)* and (g + 7)* ensure

(f+5)*=(g+j) + Const.
So

(4) f+i={+Dx = (g+5)X + Const
and hence (taking the assumption into account)

g +5)X =0(f +) £ 07" (g +j)
which ensures by Lemma 3.2 and (4)

g+i=(9+i)x =[+Jj+Const,

that is, f = g + Const and assertion a) is proved.

b) Let us prove the implication “<” of assertion b). It is easily seen that
the assumption 0*f* © 9F¢"h ensures df T O(h%) (since one can verify that
x € OFnh(z*) = a* € 3(h%)(z)). Then by assertion a), one has f = h% + Const
and hence f* = (h%) + Const. Therefore f* = h + Const since (h%)* = h by the
above inclusion and Lemma 3.2. So the proof of the lemma is complete. O

Remark. We refer the reader to [19] where the general perturbation inclusion
Of(z) C dg(z) + eBx-

is considered.
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