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ABSTRACT. As an application of the analogue of C-S. Chen’s kinematic for-
mula in the 3-dimensional space of constant curvature e, that is, Euclidean
space R3, 3-sphere S2, hyperbolic space H® (e = 0, +1, —1, respectively), we
obtain sufficient conditions for one domain to contain another domain in either
an Euclidean space R3, or a 3-sphere S3 or a hyperbolic space H3.

§1. INTRODUCTION

For a long time one is faced with the problem of fitting a rugby into a box.
Generalizing this problem we ask: given two domains in a space E! of constant
curvature when can one be moved by an isometry “inside” the other. The answer
should only depend on geometric invariants of the domains, such as volumes, surface
areas and curvature integrals of the boundaries of domains. In the case of E?2
sufficient conditions were given by Hadwiger [8], [9]. By using integral geometry,
Grinberg, Ren and Zhou [12] were able to give a fairly simple sufficient condition for
domains in a plane E2 of constant curvature, and one that is derived simultaneously
for all e. The key idea is to use the isoperimetric deficit which was first invoked by
Ren [3] in the Euclidean plane. Higher dimensional analogues were found by Zhou
[14], [15], [16], [17] and Zhang [5] in the Euclidean case. As one might expect the
inequalities involve many invariants.

The purpose of this paper is to give sufficient conditions for one domain to
contain another domain in a 3-dimensional space E? of constant curvature. We use
the analog of C-S. Chen’s formula [4], [17], i.e., kinematic formula for curvature
in the space E2 of constant curvature. In general the domains D; and D; are
assumed to be C%-smooth. We also place an upper bound on the Euler-Poincaré
characteristics of the intersections D;NgD;. The latter requirement can be avoided
if one just considers smooth convex bodies D; and D;.

§2. ANALOGUE OF C-S. CHEN’S KINEMATIC FORMULA IN E?

Let M;, M; be two submanifolds in a homogeneous space G/H and I an invariant
of the intersection submanifold M; N gM;. Let dg be suitably normalized kinematic
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density of G. Evaluating the integral

(1) [ s dg
{9€G:M;NgM;#0}

in terms of invariants of M; and M; we obtain the so-called kinematic formula
1], [2], [3], [6], [14], [17].

Let ¥ be a closed surface of class C? in a 3-dimensional Euclidean space R3.
Denote by R, H, respectively, the Gaussian curvature, the mean curvature of X.
The total Gaussian curvature, the total square mean curvature are, respectively,
defined by

(2) R:/Rda, H2=/H2da.
2 2

Let M; and M; be two surfaces of class C? in R®. Assume that M; is fixed,
gM; is moving under the isometry g. Let dg be the kinematic density for R3, so
normalized that the measure of all positions about a point is 872. Let sr , denote
the curvature of the intersection curve I'y = M; N gM;. Denote by Fj, the surface
area, and Rk, H ,3 the total Gaussian curvature, the total square mean curvature
of My, (k = 4,j), respectively. Then we have the following C-S. Chen’s kinematic
formula [4], [17]

(3) / (/ K ds)dgz2773{(31}1-2—1%1-)@—I—(Bﬁf—éj)Fi}.
G M;NgM; g

Let E? be the 3-dimensional simply connected space of constant curvature e
and 1S3 the group of orientation preserving isometries of E3 with the normalized
invariant density dg. Let ¥ C E2 be a C2-smooth surface and W the Weingarten
transformation. That is, if n is the unit normal to X then W is the linear map
defined on the tangent bundle T'(X) by

WX = —VXn,

where V is the Riemannian connection of E and X € T(X) a tangent field.
The principal curvature of ¥ is defined as the eigenvalue of W. The mean
curvature Hy, and the extrinsic Gauss curvature RS, are, respectively, defined by
1 A1+ A
(4) Hy = STo(W) = 21222,
2 2
where A1, Ao are eigenvalues of W.
By the Gauss equation in E3 the Gauss curvature Ry and the extrinsic Gauss
curvature R% are related by (see [7], [13])

(5) Ry, = R% + e

% = det(W) = /\1/\2,

The transfer principle [6] tells us that the form of kinematic formula in a ho-
mogeneous space G/H does not depend on the full group of isometries G, but only
on the invariant theory of the isotropy subgroup H. For example, this transfer
principle allows us to obtain a new kinematic formula in the space E? from a kine-
matic formula which has been proved in a Euclidean space R™ without changing
invariants that are independent of the curvature € of the space. Therefore by the
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transfer principle Chen’s kinematic formula holds in the 3-dimensional space E? in
the following form:

(6) / / ki ds | dg = 273 ((31{[]2 - R;)E +(3H? — Rf)FJ) )
152 M;NgM;

where kr is the geodesic curvature of curve I'y = M; N gM;.
By use of the Gauss equation, the formula (6) can be rewritten in the following
form?:

/ (/ K ds) dg
(7) 152 M;NgM;

=273 ((31.;[]2 — Rj)Fl + (31?[12 — Ri)Fj + 26FiFj) .

If two surfaces M;, M; are closed then by use of the Gauss-Bonnet formula

(8) Ry =2mx(¥),

where x(-) is the Euler-Poincaré characteristic, we obtain the following type kine-
matic formula.

Theorem 1. Let My (k =1i,5) be two closed C?-smooth surfaces in E3. Denote by
Fy, Hy the area and the mean curvature of My, respectively. Then we have

/ / ki ds | dg
(9) ISS MiﬁgMj

. {3 (FHJ2 n Fjﬁf) — 20(F x(M;) + Fj x(M;)) + 2eE-Fj} .

§3. HADWIGER'S THEOREM IN SPACE E?

Let D; and D; be two connected domains in space E2, bounded by surfaces 9D;
and 0D;, which we assume to be of class C?. In the case of the 3-sphere S3, 0D;
and 0D; are assumed to be connected and simply connected. Moreover, we assume
that D; and D; are such that, for all g € G, the group of orientation preserving
isometries of E2, the Euler-Poincaré characteristic x(D; N gD;) of the intersection
D; N gDj; has an upper bound Ny, a finite integer. Let Vi (k = 4, ), Fi, Hj, and
H 22) be the volume of Dy, the surface area of Dy, the total mean curvature and
the total square mean curvature of 0Dy, respectively. We have

Theorem 2. For the domains in a space E3 of nonnegative curvature e (that is,
space with constant curvature € = 0,41), let Fipax = %max{Fi,Fj}. In the case
of S, we assume that Fy, < 4n(k = i,j). Then a sufficient condition for D; to
contain D; or for D; to contain D; is
(10)

NO . 271’2
21 — eFpax

x {F,F;[3(HZF; + H2F;) — 2n(Fyx(9D;) + Fyx(0D;)) + 2¢F,Fj]} 2 > 0.

Moreover, if V; < V;, then Dj can be contained in D;.

8 (Vix(Dy) + Vix(Di)) + 2(F; H; + Fy H;) —

1This formula, i.e., the analogue of C-S. Chen’s formula, is due to R. Howard.
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Proof. S. S. Chern’s fundamental formula, Santald’s formula, respectively, read [1]

(11) / X(D: 1 gD;) dg = 872 (Vix(D;) + Vi(D)) + 2n(F L, + Fy 1),
183

(12) Lr,dg = 2n°F} Fj,

/Isg(aDmgaDj)
where Lr, is the volume of the intersection curve I'y = 0D; N g0Dj, i.e., the arc
length of T'y. The curve I'y may be composed of several components (i.e., each of
those is a simply closed curve).

For a disktype surface of area F bounded by a simple C?-smooth curve I', we
have the following Fenchel-Teufel formula [11]:

(13) /|/€F|d822ﬂ'—€F,
r

where sr is the geodesic curvature of I'.2
By Holder’s inequality we have

27 — €Finax S/ |kr,|ds < / 12 . ds
r ’ Iy

g

(M
(M

()

(14) R
:(Lrg)% / kE ds |
r, °
ie.,
(15) 21 — Finax < (Lr,)? </ n%qu)
Iy ’

Integrating both sides of the above inequality with respect to kinematic density dg
and using Holder’s inequality again we get

2

(2m — eFmax)/ dg < / (Lrg)% (/ Ii%qu) dg
ISE(BDmgaDﬁé(i)) IS?(aDmgaDj) ry ’

1 1
2 2
< / Ly, dg / / n% ds | dg| .
1S3(8D;NgdD;) 183(0D;ngdD;) \Jr, °

Therefore by (9), (12) and (16) we have

(16)

o3 . N
/ dg < —— (R, Fy[3(F,H? + F, )
(17) 153(9D:NgdD; #0) 21 — €Fmax ‘
—21(Fyx(0D;) + Fjx(0D;)) + 2¢Fi Fj]} 2.
From
(1) / X(DiNgD;)dg < No [ g,
183(DingDy) IS23(DiNgD;#0)

2In the case of Euclidean space R3, the inequality is Fenchel’s inequality. Inequality is due to
Teufel when I is a curve in a 3-sphere S°.
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we obtain the kinematic measure
m{g € IS?: gD; CD; or g¢gD;2 D;}
=m{geIS?: DingD; #0} —m{g € IS>?: 0D; N gdD; # 0}

=/ @—/ dg
(19) 153(D;NgD;#0) 153(8D;NgdD; #0)

1 ~ ~ 273
> FO[SW2(WX(DJ) + Vix(Di)) + 2n(FiH; + FjH;)| — P
x {F;F;[3(H2F; + H2F) — 2n(Fix(0D;) + Fyx(0D;)) + 2¢Fi Fy]} 2.
If this lower bound is nonnegative then one domain can be moved to contain
another. We complete the proof of Theorem 2. O

Theorem 3. Let D;, D; be two domains in a hyperbolic space H3. Then a suffi-
cient condition for D; to contain D; or for D; to contain D; is

(20)
87(Vix(D;) + Vix(Dy)) + 2(F;H; + F;H;)

N|=

—ﬂmﬂfﬁﬂmﬂﬁf+ﬂﬁﬁ—Qﬂﬂxwpg+ﬂxwmﬂ—25@} > 0.
Moreover, if V; <'V;, then D; can be contained in D;.

Proof. For a disktype surface of area F' bounded by a C?-smooth curve I in the 3-
dimensional hyperbolic space H3, we have the following Brickell-Hsiung inequality
[18]:
(21) / |kr|ds > 2w + F.

r

By Holder’s inequality and the weaker type of inequality (21) we have

27T§/ |kr, |ds < (/ 12'd8> (/ /@%gdS)
r, r r,

g

1
2

(22)

1
2

g(Lpg)% /n% ds|
r, °
ie.
1
N 2
(23) 2w<(L%)2</ @gw) :
r,

Integrating both sides of inequalitiy (23) over 15%,(0D; N gdD; # () and using
the analog of C-S. Chen’s formula and Hélder inequality again we have

|

(24) /ss C) D, #0) = 7T2{FiFj [3(F1HJ2 i Fjﬁf)
I °q D;Ng Dj

— 21(Fyx(0D;) + Fjx(0D)) — 2F; Fj]} 2.
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By (18), (11) and (24) we have

m{geIS*,: gD; CD; or gD;2 D;}
=m{gelIS® : DingD; #0} —m{ge 1S3, : OD;NgdD; # 0}

_ o |
(25) \Z531(Diﬂng¢@) ISEI(BDmgaDﬁHD)

1 ~ i
> 187 (Vix (D) + Vix (D) + 2w (F Hj + F; H;)J
0

dg

— 7 {F,F;[3(H2Fj + H2F) — 2n(Fix(0D;) + Fjx(0D;)) — 2F,Fj]} 2.

Inequality (25) immediately leads to the proof of Theorem 3.

As in euclidean space we say that a subset S of a 3-sphere S2 or a 3-hyperbolic
space H? is convex if P, Q € S implies that the geodesic segment joining P to @
also lies in S. A nonempty, compact, convex set of E? is called a convex body. If D;
and D; are convex bodies, we have x(0D;) = x(0D;) = 2 and x(D;) = x(D;) =
x(D; N gD;) =1 for almost all g € IS2. Then from Theorem 2 and Theorem 3 we
immediately obtain the following

Theorem 4. For convex bodies D; and Dj; in a space E2 of nonnegative constant
curvature € (i.e., € = 0,+1), let Fpax = %min{Fi,Fj}. In the case of S®, we
assume Fy, < 47 (k =14,7). Then a sufficient condition for D; to contain, or to be
contained in, D; is

- - 22
8r(V; +V; 20FH; + F;H;) — ———
(26) m(Vi+Vj) +2( i+ FjH;) 2 — eFian
x {F;F;[3(HZF; + H2F) — An(F; + F)) + 2eF ]} > 0.
Moreover, if V; <Vj, then D; can be contained in D;.

Theorem 5. Let D; and D; be convex bodies in a hyperbolic space H?. Then a
sufficient condition for D; to contain, or to be contained in, D; is

8m(V; +V;) + 2(F;H; + FjH;)
(27) _ _ 1
o {FFJ 3(FH; + Fy ;) — dn(F; + F)) — QEFj]} > 0.
Moreover, if V; <'V;, then D; can be contained in D;.
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