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UNIQUENESS IN THE CAUCHY PROBLEMS FOR HIGHER
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ABSTRACT. In this note, we study the uniqueness in Cauchy problems for a
class of higher order elliptic differential operators with Lipschitz coefficients.
In particular, we prove the uniqueness under assuming the potentials being

T4 . .
ngc with certain correct numbers r;’s.

Notation. Let © be a domain in R%. Suppose P(x,D) = 2 ja|=m Ga(@)D is a
differential operator of degree m with real functions a,(z) on Q. We denote by
P = P(x,  +ik) the symbol of P(z, D) and by N{; ;) the zero set of P(,- + ik)
for any (z,k) € Q x R%. Let’s define a subset in Q x S9~1:

EPZ{(x,k)GQde_l:Z%(z,£+ik)-kj #0,
j

detHessc P(x, & +ik) # 0 VE € N(I;k)}

where Hessc P = (dfz_le) is the complex Hessian matrix of P, and z = £ +ik € C.
J

If w is a function on 2, we define its normal support N (suppu) as a subset of
Q x S?1. Say (z,k) € N(suppu) if there is a neighborhood V of z such that
Y(y) < Y(z) for all y € V Nsuppu and dyp(z) = +k, where ¢ is some smooth
function.

Let s = % be the restriction number and s’ be its conjugate number. We let
W™2 be the Sobolev space of functions whose derivatives up to order m belong to
L?. We have the following theorem.

Theorem. Suppose P(x, D) is an elliptic differential operator with real Lipschitz
functions a,, as coefficients on Q and is of order m < %. If a function u € W17(:LC’2(Q)
satisfies

(1) Pu@)| < 3 Vil 9"l

o<pum

d
with V,, € L} (Q), then N(suppu) C X%.

loc
Remarks. (1) Actually we will prove that N(suppu) C A% where Ap is the set of
(z,k) € Q x 891 such that N(}; K is locally contained in a smooth hypersurface
with nonzero Gaussian curvature, which is smaller than ¥ p. In other words, we
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may replace the assumptions in X p by directly assuming some curvature condition
for Nfik. 3 p is a natural condition and is easy to verify. But the proof of Xp C Ap
is nontrivial which is essentially shown in Lemma 1 below. For more details, see
[3]-

(2) When coefficients are constants, this theorem was proved by the author in
[3]. When P(z, D) is hyperbolic, under some other curvature assumption for N 5 ks
Sogge proves the same result in the case where V,, = 0 for all p < m —1; see [2].
In general, if we don’t care about the optimal condition for the potentials, this is
an old theorem by Calderon. See [1], [4].

Calderon’s theorem is actually equivalent to the following uniqueness theorem
in the Cauchy problem.

Theorem 1. Suppose P(x, D) is an elliptic differential operator with real Lipschitz
functions aq as coefficients on a domain Q which contains R\ B(—eq,3) and

satisfies the conditions

dpP

—(0 ) 0

dZd( 7§+Zed) 7é )

detHessc P(0,€ +ieq) # 0
for all € € N(}S)ed), where Hessg P is the complex Hessian matriz of P. Then for
a

any function u € W/ITCZ(Q) satisfying (1) for some V,, € L} (Q), u vanishes in a
neighborhood of 0 if w vanishes outside B(—egq,1).

Let’s first prove our Theorem by assuming Theorem 1.

Proof of the Theorem. Let (x°,k%) € N(suppu). Suppose (2°,k°) € ¥p. By the
definition of N(suppu), there is a little ball B such that 2° € B and u = 0 in B.
Then there is a map F' which is the composition of translation, rotation, dilation
and Kelvin transformation with respect to 2° and B such that F(2°) = 0 and
F(KY) = eq. Moreover u o F~! = 0 outside B(—eg,1) and u o F~! is defined on a
domain Q which contains R\ B(—eg, ). Let v(y) = uo F~'(y). Then v satisfies
the following differential inequality by (1):

Ry, D) < Y Vi)™ " v(y)
o<pum
where Q(y.1) = P(F~"(y). (‘DF~1(y))""n) and V() = V, o F~(y) plus some
bounded functions. So one may check that (0,eq) € £g which means the assump-
tions in Theorem 1 are satisfied. So applying Theorem 1 to @ and v, we have v =0
in a neighborhood of 0. Pull back v to w by F. We have u = 0 in a neighborhood
of 29. This is a contradiction with 2% € suppu.

In order to prove Theorem 1, we need several lemmas. Let’s first study the
differential operator with real constants coefficients. We denote by A the vector
(aa)ja|=m € RM for some number M determined by m and P4 (D) = 2 lal=m 4D,
and denote by N4 1) the zero set of P4(- + ik). We are always interested in the
case that P4 is elliptic. Let’s introduce some functions as follows:

dPy

S(A.Lk) = |3 €+ ikks
J
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d2P,

det ik

ot (i)

det( dePa (e vik)  Ela(¢ +ik) )‘

H(Avé-v k) =

L(A & k) = % dPa (e v i) BmPa(e 1 ik)

We notice that the assumption in Theorem 1 says that when A = (a,(0)) and
k = eq, the first two of the above functions are positive on N (18 cq)’ By the Cauchy-

Riemann equation and the transversality theorem, we proved that L(A, &, k) is also
positive on N7 . . See [3].

Lemma 1. Suppose for some A € RM and ko € S the above three functions are
positive on N4 ry)- Then there are some positive numbers co, b, €, an integer J, a
neighborhood K of ko in S~ and finite small balls {Bj(e) JJ:1 such that for any
B € RM with ||B — A|| <b and any k € K there are finite hypersurfaces {S;}7_,
for which the following properties hold:

(1) N(B,k) n Bj(e) C Sj N Bj(e);

(2) Np.wy € UjZy B, (5);

(3) S; N Bj(e) is a piece of hypersurface with nonzero Gaussian curvature which
is bounded by co from below for all j.

Moreover for each such (B, k), there is a diffeomorphism G p ) U;-le Bj(e) —
D(€) x N(p k) such that |Gy | is bounded by co from below.

Proof. We will prove this lemma in several steps as follows.

Step 1: There are positive constants ¢, b and a neighborhood K of kg in S¢~!
and an € neighborhood U of N4 k,) such that for any B € R with ||[B — A|| < b
and any k € K, )

N(BJ@) C §U,
min (S(B,&, k), H(B,§, k), L(B,&,k)) > ¢
forall £ € U.

Proof of Step 1. Since P4 is an elliptic polynomial, the set N4 ) is a compact
boundaryless submanifold of codim 2 by assumption. Functions S, H and L are
continuous in three variables A, £ and k. So by assumption and compact argument
and the e neighborhood theorem, Step 1 is proved.

Step 2: There are € and finite small balls such that for any B and k as in Step
1 there are finite hypersurfaces as in Lemma 1. (1), (2) and (3) of Lemma 1 hold.

Proof of Step 2. Since S(A, &, ko) and H(A, &, ko) are positive functions, Propo-
sition 0.1 of [3] implies that there are finite € balls {Bj(e)}j:1 with centers {¢;} C
N(a,k,) such that

J
Nea,ko) C U Bj(i)'
j=1
Moreover there are also finite real numbers ¢; and vectors {z;}7_; C R such that
if we define functions f;(A, ¢, ko) by

rePy (& + ko) + tjimPA(§ +ik) + <ZZ?j,f — §J> (th‘ePA(f +iko) —imPys (€ + ik))
_<xja€ - €j> (rePa (& +iko) + tjimPA(f +ik))

(tjvrePa(§; + iko) — vimPa(§; + iko), VrePa(&; + iko) +t;vimPa(§; + iko))

<VI’€PA(€j + ’Lko) =+ thiInPA (fj + iko), vrePA(ﬁj + lko) + thimPA(gj + lko)) ’




2626 WENSHENG WANG

then f;(A,-, ko)~1(0) is a hypersurface with Gaussian curvature bounded by 2cq
from below in Bj(€) for some constant ¢y which depends only on A and ky. Now let’s
fixa B and a k as in Step 1. When b and K are small enough, N(p 1) C U;-Izl B;(5).
Choose n; € B;(§) with Pg(n; +ik) = 0. Replace A, ko and &; by B, k and n;
in the function f; for each j. Then once again when b and K are small enough,
15(B, -, k)71(0)N B;(e) is a piece of hypersurface with Gaussian curvature bounded
by co from below for all j. This proves Step 2 with S; = f;(B, -, k)~1(0).

Step 3: The last part in Lemma 1 holds when ¢ is small and J is larger.

Proof of Step 3. By the € neighborhood theorem, when ¢ is small and J is large,
there is a diffeomorphism G4 k) : U B;j(2¢) — D(2€) x N(a i, where D(2¢) is
a 2-dimensional ball of radius 2¢. In fact G4 x,) may be defined by extending
N(B,k) along the normal directions, which we may choose as yrePa(§ + iko) +
t; 7 imPa(€ + iko) and t; 7 rePa(€ + iko) — \yimPa(€ + iko) — v where v is
the projection of t; <7 rePa(§ + iko) — VimPa (€ + iko) in the syrePa(§ + iko)+
t; v imPa(§ + iko) direction in each Bj(3€). Since Pp({ + ik) are smooth in
(B,&,k) and L(B,&,k) > ¢ by the assumption, for each B closing A and each k
closing ko, there is a diffeomorphism G(p ) : | Bj(€) — D(¢e) x N(p,x) such that
|G 1)l 1s bounded by %|G’<A,k0)| from below. This proves Step 3.

Finally if we let ¢y be a new constant decided by Step 2 and Step 3, we prove
Lemma 1.

Let T' be the open cone such that I' N S9! = K which is as in Lemma 1. If F

is a compact convex set with interior, then we define
ge(z) =min(T >1:2 € TE).
Fix once and for all ¢ > d, and define ||u||,, g = ||g%u|l,- Then by the Holder
inequality we have
11

(2) llullp < Cllullge|E]» ™
for any ¢ > p, where C' depends only on ¢ and d.

Lemma 2. Suppose P4 is as in Lemma 1 and is of order m < g, Let b and T' be
as before or as in Lemma 1. Then there is a constant Cy such that for all B € RM
with ||B — A|| < b and any k € T and all compact convex subsets E C R with
|E| > |k|=%, we have

3) le™ 7™ ]

for all f € W™2 with compact support and all integers 0 < p < m, where q, are the

real numbers satisfying % — qi = L. When p =0, we have the following inequality:
I

au < Ca([k|"IE)| 4 ||e"* Pp(D) ]2,

(4) €5 7™ fll2 < Ca(|k|diamE)||e"* P (D) fl]2,p-
Proof. Let a = (1,0), b= (1,0), c=(1,%) and d = (1, ;). Let Q be a subset of
R? consisting of the quadrilateral abcd and two sides ad and be. Let B and k with
|k| =1 be as in Lemma 2. So the conclusions of Lemma 1 hold for this (B, k). First
let 0 < p<m.

The inequality (3) is equivalent to

(5) 1(m2)"llg, < CallkI*IENE||v]]2,k

with m(¢) = SEEls for all v € Cg°.
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Let Uy = szl Bj(5) and Uy = szl Bj(€) which are in Lemma 1. Let ¢ be
a smooth cutoff function taking 1 on U%, and 0 on Uy. Write m = my + mg with
m1 = m¢ and mg = m(1 — ¢). By Lemma 1, the exact proof of Lemma 2.1 in [3]
shows that
(6) [(ma9)¥[lg < Callvllp

for all (5, 2) € Q, where C4 is some constant which depends only on A, ko and d.
Since ma(€) < (1 + |€])~#, by the Bessel potential theory, we have

(7) [(m29)"[lq < Callvllp
for all 1% - % = L. Let g, be such that § — % = &, and let g, be such that
% — qli = L if u > 2, ¢f is sufficiently close to s’ and is bigger than s’. Then for

any compact convex set |E| > 1, since q}L < g, and m; has compact support, we
have by using (6) and (2)

~ ~ 1_1
(8) 1(m19)Ilg, < 1(m19)" g < Callvlls < CalE|=72|[vl|2,5

which is bounded by C4|FE|||v||s, since |E| > 1. Combining (8) and (7) we prove
(5) and hence (3) with |k| = 1. After a scaling we prove Lemma 2 with pu > 1.

Finally when p = 0, the inequality (4) was already showed in [4] without using
any curvature property in Lemma 1. So this proves Lemma 2.

Lemma 3. Suppose f is supported in a ball B. Let D(a,N) be a fized ball in RY.
Then there is a pairwise disjoint compact convex subset { Ey,} with {k;} C D(a, N)
such that

(9) 17 f ~ gpy, |, < CElle™ * Fllae, ),
(10) SB[t > 0TINY Vs > 1,
(11) diamEy, < CoN ™%,

Ey, contains a ball of radius (CoN)™!,

Ey, C2B
where Cy is a universal constant depending only on d.
Proof. This is a special case of Wolft’s measure lemma in [4].

Now let’s start to prove Theorem 1. First we claim that we may assume the
Lipschitz norm of aq(z) is less than a small number p which will be chosen later.
In fact let Fl(z) = §7 'z, Fy(z) = (&, —24), F3(x) = ;I;jz —eq and let F' =
F3 0 Fy 0o Fy. Then if § is small enough, the function v = uw o F~! is defined on a
domain which contains R? \ B(—eq, 3) and v = 0 outside B(—eq,1). Moreover v

satisfies the following differential inequality:

(12) [Ps(y, D)l < > Vu@)|v™ " o(y)l

o<pum

(03

al(0) = an(0) and ||aa||Lip < 0]|@al|Lip- Let p be this number. On the other hand,
if we let A = (a,(0)) = (aa(0)) and b, T be as in Lemma 2 or Lemma 1 with

(03

where V),(y) has the same properties as before, P5(y, D) = -, _,, al (y)D* with
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ko = eq, then when § is small enough for any y € B(0,1) with B = (a%(y)) the
inequalities (3) and (4) hold for all small 4.

Let’s assume 0 € suppv. Let S be the convex hull of suppvN{y € R? : y4 > —%
and ¢ be a smooth cutoff function such that ¢ = 0 when y; < —%, x =1ina

d
neighborhood of 95 and » q_ ., [[Vil[*

L
chosen later. Let w = v¢. Then by (4)

(13) 1Ps(y, D)w(y)| < D V@) v *w(y)l + x

o<pum

4 < B with a small constant 3 to be
# (supp¢)

where ¥ € L? and suppy C A' U Ay; here Ay = {y € B(—eq, 1) : —% > Yq > —%
and A7 is a compact subset of S. Let r < % be a fixed small number so that the
cone I, = {k € R : kg > r~1\/[k|? — k2} is contained in T' which is as in Lemma
2 for P4. So r is independent of p.

Lemma 4. If 7 > 0, then there is an Lo such that if k € T, and |k| > Lo, then

(14) ek ox - gelloe < [l > Vil v " wll2

o<pulm

Jor all E C B(0, ) with E containing a ball of radius 7|k|™*.

Proof. Since T, has conjugate cone {k € R%: (k, k') <0 Vk' € I',} which contains
B(—eq, 1) N{y : ya < %} D As, the rest of the proof is exactly the same as the
proof of Lemma 7.1 of [4]. So we are done.

Proof of Theorem 1. Let L > Ly be a large number. We will apply Lemma 3 to

the function
2

F=1 Y Vulvmrwl+pL73 v wl
o<pum
and the ball B(Leg, L) with a = Leq and N = 1rL. So 3L < |k;| < 2L. Let
Y; = Ex, Nsuppuw, let y; be the center of the convex set Ey, and let B; = (a2, (y;)).
So we have ||B; — A|| < b and the inequalities (3) and (2) in Lemma 2. Then by
using Holder’s inequality, (3), (4), and (11)

y m— 3| gm
e {3 Vil ol + pL7E v wl |z

o<pum

< X Wl e vl

o<pum

1 ..
a. +PLTEERY ™ w2

<Cal|l (|’€j|d|Ekj|)%||Vu||Lg(

o<pum

vyt pL™%|k;j|diamEy, | ||e*Y Pp, (D)wllz,,

(15)

<20a | DL WBDIVAl g+ Cor™" | Nl P, (D)ullz,
J

o<pum
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On the other hand, since ad, is Lipschitz continuous it follows that |a?,(y;) —ad (y)| <
p-ly; —y| < pdiamEkngkj < C'Or_lpL_%gEkj by (11). So
1 -1 m
|Pp,; (D)w(y)| < |Ps(y. D)w(y)| + Cor™'pL™ 2 gp, | 7™ w]

and hence by (13)

m— - -3 m

|Pg,(D)w(y)| < Y Vil V™ " w|+Cor ' pL™2gm, | V™ w| + x.
o<pum

Because of (14), we may ignore the term x in the following process. Now by using
(9) we have

(16)
¢4 P, (D)l 2.,

<20 B [ S0 Vil v wl 4+ oL v wl | g llem,
o<pum

— .. — _1
<23l | S Vv wl 4+ oL 9wl | e, -
o<pum

So combining (15) and (16), we have

a7 1=205T 20| >0 B DV g+ Corle
o<pulm J

Remember the constants r, Cy and C4 are independent of p, i.e., §. So after
making 6 and hence p small, (17) implies

LYEL. NV, « >C
(K;m( | Er; ) || ulng(Yj)_

and hence

d
(18) maX0<u§m{||Vu||£g

} = OBy, )
(v

for some constant C' depending only on d and A. Summing up over j for (18), (10)
implies that

d
pNA >Cy'C,
0<p<m L # (suppw)

which is a contradiction if g is small enough. This proves Theorem 1. O
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