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ABSTRACT. We study the Fourier expansion of a function in orthogonal poly-
nomial series with respect to the weight functions

x?l—l/Q . 'ng_l/Q(l _ |X‘1)ad+1_1/2

on the standard simplex X% in R%. It is proved that such an expansion is
uniformly (C,§) summable on the simplex for any continuous function if and
only if 6 > |a|1 + (d — 1)/2. Moreover, it is shown that (C,|a|1 + (d +1)/2)
means define a positive linear polynomial identity, and the index is sharp in
the sense that (C,d) means are not positive for 0 < § < |a|1 + (d + 1)/2.

1. INTRODUCTION AND MAIN RESULTS

The purpose of this paper is to study the Cesaro summability of the Fourier
orthogonal series with respect to the weight function

(L1)  Walx) = waa a2 = x)2 72y >0,

on the standard simplex X% := {x € R% : 21 > 0,...,24 > 0,1 — |x|; > 0} in
R¢, where w, is a normalization constant such that fEd Wadx = 1. Ford =1
this is the summability with respect to the Jacobi weight function on [0,1]. In
particular, in the case of d = 1, a3 = as = 0, it is the same as the summability
of the Fourier cosine series, for which the classical result states that the Cesaro
(C,6) means are uniformly summable for any continuous function if and only if
d > 0; moreover, the (C,1) means of the Fourier cosine series define a positive
linear operator whose kernel is the well-known Fejér kernel. The purpose of this
paper is to prove analogues of these results for W, on ¢, d > 1.

Let IT1% be the space of polynomials in d variables and II¢ be the subspace of
polynomials of degree at most n. We also denote by P¢ the space of homoge-
neous polynomials of degree n on R?, and we let ¢ = dimPZ. It is known that
rd = ("*471) We denote by {PP'}, 1 < k < r? and 0 < n < oo, one family
of orthonormal polynomials with respect to W, that forms a basis of I1¢, where
the superscript n means that P! € ¢, Let f be integrable with respect to W,.
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The Fourier orthogonal expansion of f with respect to a sequence of orthonormal
polynomials { Pj*} is given by

(12)  f~ Ziaﬁ(f)Pz?(X), where ag(f) =/P£(X)f(X)Wa(X)dX-

n=0 k=1

Let V2 denote the subspace spanned by the polynomials Pj*, 1 < k < rd. Although
for d > 1 the orthonormal basis of II¢ is not unique, the Fourier orthogonal expan-
sion is unique if we consider it as an expansion in terms of the subspaces V¢, V¢, . ..
(cf. [9]). Let us denote the reproducing kernel of V¢ by P, (W,) and the n-th
reproducing kernel of I1¢ by K,,(W,). It follows that

n

(1.3) Ppn(Wasx,y) = PZ(X)Pn(Y)a and K,(Wy;x,y) = ZPk(Wa§Xa y),
k=0

where we use the vector notation P, = (Py", ..., P%)T. Since any two orthonormal

bases of V¢ differ by an orthogonal matrix, both P,,(W,;x,y) and K,,(Wa;x,y)
are independent of the choice of orthonormal basis.

We denote by S,,(W,; f) the n-th partial sum of the Fourier orthogonal series of
f with respect to W, on . By (1.2) and (1.3), we have

(14)  Su(Was £.x) =D > ai(f)Pf(x) = Edf(y)Kn(Wa;X,y)Wa(y)dy-

k=0 j

In this paper we will derive compact formulae for P, (W,) and K, (W,) and use
them to study the (C,d) means of S, (Wy; f). The main results are as follows.

Theorem 1.1. Let f be continuous on the simplex ©¢. The Cesaro (C,d) means
of the expansion of f in the Fourier orthogonal series with respect to W, converge
uniformly to f on X if, and only if, 6 > |a|; + (d —1)/2.

Theorem 1.2. The Cesaro (C,|a|i + (d+1)/2) means of the expansion of a func-
tion in the Fourier orthogonal series with respect to W, define a positive linear
polynomial approzimation identity on C(X%); the order of summability is best pos-
sible in the sense that the (C,0) means are not positive for 0 < 6 < |a|1 +(d+1)/2.

We note that for d = 1 and a = 0, these two theorems agree with the well-known
results for Fourier cosine series. There are other extensions of the Fejér kernel to
higher dimensions; see [2] for an example. Let us recall the definition of Cesaro’s
summability (cf. [13, Chapt. 3]). For § > 0, the Cesaro (C,d) means, s, of a
sequence {s,} are defined by

1 &K /n—k+d5-1 1 K /n—k+0o
(1.5) SZZWZ< R )%ZWZ( "k )Ck,

n k=0 n k=0
where the second equality holds if s, is the n-th partial sum of the series ZEOZO Ck-
We say that {s,} is Cesaro (C, ) summable to s if s converges to s as n — oo.

The proofs of the theorems use several recent results. The key ingredient is a

connection between orthogonal polynomials on ¥¢ and homogeneous orthogonal
polynomials on the unit sphere S¢ established in [12]. Under this connection,
orthogonal polynomials with respect to the weight function W, on ¢ correspond



SUMMABILITY OF ORTHOGONAL SERIES ON A SIMPLEX 3029

to orthogonal polynomials invariant under the group (Z)%*! with respect to the
weight function h2dw on S? where

(1.6) ha(y) = Haly1|™" ... [yasa] ™, y € R

and H, is a constant so that [, h2dw = 1; the h,, is invariant under the same group.
The orthogonal structure on S with respect to h2dw has been studied in detail in
[10] as a special case of Dunk!’s theory of h-harmonics for measures invariant under
finite reflection groups; the hA-harmonics are homogeneous orthogonal polynomials
with respect to h?dw. The connection and the results in [10] makes it possible to
derive a compact formula for P, (W), which is written as an integral with respect
to a Gegenbauer polynomial. The integral can also be written in terms of the
intertwining operator in Dunkl’s theory. The proof of Theorem 1.1 uses a general
theorem in [11] about the integral of the intertwining operator. The positivity in
Theorem 1.2 uses an Askey-Gasper inequality ([1], [6]).

In the following section we discuss orthogonal polynomials with respect to W,
and derive the compact formulae for P,,(W,). The proof of the theorems is in
Section 3.

2. ORTHOGONAL STRUCTURE AND COMPACT FORMULAE
FOR REPRODUCING KERNEL

We start with the connection between orthogonal polynomials on %¢ and those
on S?, which serves as the foundation of our development. For x,y € R¢ we denote
their inner product by (x,y) = x1y1 + ... + xqya; we denote by |x| = 1/(x,x) the
usual Euclidean norm. Let B? = {x € R? : |x| < 1} be the unit ball of R? and
8% = {y € R™! : |y| = 1} be the unit sphere on R4, We also denote the ¢! norm
of x € R? by |x|; = |z1| + -+ + |24]. The connection between ¥ and S? is based
on the following integral formula:

(2.1) f(yf, ,y§+1)dw:2/ Fx,1—|x|1) (21 - zq(1 — |X|1))_1/2dx,
Sd »d

which will be useful in our later development as well. This formula can be easily
verified by changing variables (cf. [3], [12]). It implies, in particular, that

@2 [ ke adan( dw—/fxl—IXI) ()i

by (1.1) and (1.6). We use this formula to connect orthogonal polynomials for Wi,
on X% to h-harmonics for h2 on S?. Let us first recall the basics of Dunkl’s theory;
we restrict the statement to the special case under consideration.

The key ingredient of the theory is a family of commuting first-order differential-
difference operators D; (Dunkl’s operators), which act very much like the partial
derivatives 0; ([4]). In the present much restricted case, the operators take the form

D7) = 0300 +0, O IED) ycjcy
J
where xo; = (z1,...,%j-1,—%;,Zj41,... ,Zq+1). The h-Laplacian, which plays
the role similar to that of the usual Laplacian, is defined by Ay, = D} + ...+ D2.
It is proved that if P € PZ, then /. gd—1 PQh%dw = 0 for any Q of degree less than
n if and only if Ay P = 0. The space Hn(hQ) = P,”f Nker Ay, is called the space of
h-harmonic polynomials of degree n. The weight function h, in (1.6) is invariant
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under the group G' = (Z)%!. The element of G takes the form e = (e1,... ,€441),
where ¢; = +1. For a function f defined on R?*!, the action of € € G on f is
defined by R(e)f(x) = f(xe) = f(x1€1,... ,Ta+1€4+1). If R(e)f = f for all e € G,
we say that f is invariant under the group G. We denote by H$, the subspace of
h-harmonics of degree 2n that are invariant under G.

We will also need the following notation: For x € R?*! we write

(2.3) x=(x1,...,%q,2q11) =70 =r(w,ugse), u €8? wue B

where 7 = |x|. We note that if u € B?, then (u?,...,u2) € ¢ moreover, uj+1 =
/1 — |u]2. The following lemma is proved using the formula (2.2) (cf. [12]).

Lemma 2.1. Let {P]'} be a sequence of orthonormal polynomials with respect to
Wy on X4, Let S be polynomials of d+ 1 variables defined, according to (2.3), by

(2.4) S (x) = [x|*" PP (ui, ... ,u), 1<k<rd,
Then {S"} forms an orthonormal basis for HS, with respect to hy in (1.6).

In particular, S2" are homogeneous of degree 2n. Moreover, if an h-harmonic
polynomial of degree 2n takes the form (2.4), then the polynomial Pj'(x) is an
orthonormal polynomial with respect to W, on ¥¢. In an effort to understand
Dunkl!’s theory of h-harmonics associated with general reflection groups, we studied
as an example the h-harmonics associated to h,, in detail in [10]. The results include
closed formulae for an orthonormal basis, for the reproducing kernel, and for the
intertwining operator.

The intertwining operator V intertwines the algebra generated by D; and the
algebra of partial differential operators. It is uniquely determined by

VP, CP,, Vi=1l, DV =Vd 1<i<d.

Although the closed formula for V for a general reflection group is not known, in
the case (Zz)™*! it is shown in [10] (cf. [5] for d = 2) that

d+1 d+1
(2.5) Vf(y)= /[ . Flnte,. o syastary) [ +8) [T a1 =)t
—-1,1 =1 i=1

where ¢, = 1/ f_ll(l —t2)#=1dt, which can be easily verified by the definition of V.
The reproducing kernel P of the h-harmonics H,, (h?) is given by ([5], [10])

d—1
n + |Oé|1 + =5

Pl(x,y) = W[chalﬁ(d—l)/?)«,’y>)](x)
1+ 5
_n+ lals + %

a1 + 45+

d+1

X / . CU D @ity + .+ wasayaritas) [ (1 +1)
(~1.1] P
d+1

x ] a1 = t3)*at,

=1
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where Cfﬁ) denotes the Gegenbauer polynomial of degree n (cf. [8], where the
notation Py is used). If {Y;"} forms an orthonormal basis of H,,(h?), then

Nn
Pl(x,y) Zyk N,, = dimH,,(h?).

We can also use (2.4) and the results in [10] to write down closed formulae for
an orthonormal basis, which are not needed, however, for deriving the compact
formula for the reproducing kernel with respect to Wy. We have

Theorem 2.2. The n-th reproducing kernel P, (Wa;-,-) of V& is given by
2n + |af; + 452

21 (s + 551)

X /[ s O N (Tt 4 T iPar tas)

d+1

X H Ca, (1 — t2)™i~1dt,
i=1

Pn(Wa;XaY) =

where x,y € X%, 2401 =1~ [x|1 and yar1 =1 — |y|1.
Proof. First we claim that the reproducing kernel of HS, is given by

(2.6) Z5(x,y) =27 Y Xy PP (x ye),  xy €RY

eeG
Indeed, if P is an invariant harmonic polynomial of degree 2n, then it is easy to
see that

/ 75, (x,y) P(y)h2 (y)dw = / Pl (x,y) P(y)h2 (y)dw = P(x);
Sd Sd

if P is not invariant under G, then the integral is zero since P must be an odd
function with respect to at least one of its variables. We can also write down ZS,
according to an orthonormal basis of HS,. Recall the notation (2.3); we write
u = (u,ug4+1) and v/ = (v,v441) with |u’| = |v/| = 1. Then, since an orthonormal
basis of V¢ with respect to W, defines an orthonormal basis for HS, via (2.4), it
follows that

Pn(Wa; {u}Z’ {V} Z Pk {u} Pk {V} Z S ) = ZQGn(ulvvl)v

where we define {u}? = (u?,... ,u%). We note that [u’| = 1 implies that {u}? € %<.
Upon taking square roots, we see that the correspondence between {u}? € ¢ and
u = (w,ugy1) € S in the above formula becomes the one between u € %4 and
w7 = ) = ()2 ufl) € 8% where uan =1~ [{u)/2? =
1 — |uj;. Hence, the above formula, together with (2.6) and the formula for P,
allows us to write for u,v € %9,

(2.7)

P, (Wi, v) = 22;:5”1: e ZV \a|1+d D72 (1 (Y 2) ({v' 12,

EEG
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> we can write P, (Wy,;u,v) as an integral, which gives
the desired formula for P, (W, ) upon changing variables ¢; — —t; whenever ¢; =
—1. O

Using the formula for P"

Theorem 2.3. Usig the notation of Theorem 2.2, the kernel K, (W,,) is given by

K,(Wa;x,y) = / Oélrla‘1+(d+1)/2)(\/$1y1 ti+ ...+ /Tar1Ydt1 tas1)

[_1’1]d+1
d+1
< ] ca (@ = )2 dt /241

=1

Proof. The proof follows from Theorem 2.2 upon using (1.3) and the identity
2k + 05 () = NCy ™ (@) - ot @), k=0,
where C5TY =0 ([8, p. 83, (4.7.29))). 0

If one of the a; = 0 in the above two theorems, then the formula holds upon
using the following limit:

m e, / 0 = )7 = 1)+ F(-D)/2

li
u—0
where we recall that ¢, = 1/ f_ll(l — t2)#=1dt. In particular, when o = 0, we end
up with the following formula:
Corollary 2.4. For a = 0, the n-th reproducing kernel P,,(Wy;-,-) of V< is given
by

Pn (WO ) X, y)

M+ (d—1)/2 B
- n;((d_l))/ S D Ees + .+ R Cas),

ce{—1,1}d+1
where x,y € 5%, zg41 =1 — |x|1 and yay1 =1 — |yls.

Since Py, (x,x) is nonnegative by definition, the formula in Theorem 2.2 leads to
a positive integral of a Gegenbauer polynomial; in the case o = 0, the formula in
Corollary 2.4 leads to a nonnegative sum that seems to be of independent interest.

Corollary 2.5. Forx € ©¢

Z Cégld_l)ﬂ)(;vl e1+...+xgeqa+ (1 —|x1)eq+1) > 0.

ec{—1,1}d+1

For d = 1, the positivity follows easily from the fact that Cé;\L) (t) attains its
maximum at ¢ = 1 and ¢t = —1. For d > 1, however, the positivity seems to be
non-trivial.
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3. PROOF OF THE THEOREMS

Recall the definition of S,,(W,; f) in (1.4). We denote by S3(W,; f) the Cesaro
(C, ) means of S, (W, f), and by K% (W,;-,-) the (C,5) means of the orthogonal
polynomial series on %¢; i.e

K (W) = (n—ié) > (”;fZ‘S)Pk(WQ) = (nig) > <”_Sf2_ 1>Kk(Wa),

n k=0

so that, by the formula (1.4), we can write
(3.1) SaWai ) = | F)K(Wai X, y)Wa(y)dy-
)

For the proof of the theorems, we will try to connect K° (W,,) with the correspond-
ing kernel for the series of Jacobi polynomials. Let P,EA’” ) denote the Jacobi polyno-
mials as in [8, Chapt. 4] and let ™ denote the orthonormal Jacobi polynomial
with respect to the normalized weight function w™ () = wy (1 — )M (1 + t)*

n [—1,1], where wy, is a constant so that f_llw(’\7“) (t)dt = 1. The polyno-
mial p*) differs from P{™") by a constant (cf. [8, p. 68, (4.3.4)]). A function
f € L2(w™  [~1,1]) can be expanded into Jacobi polynomials, whose n-partial
sum takes the form

(3.2) s (w0, / FO)E (@0 2, )0 (4)dy,

where the n-th reproducing kernel K, (w*#*)) is given by

(33) Kn(w()\ n) Zp (@) lt) (A, #)( )

We will also write K2 (w*#) for the (C,6) means of K, (w**). The following
integration formula plays an essential role in the proof; it helps to connect the
summability for W, on ¢ to that of Jacobi weights on [—1,1].

Lemma 3.1. Let g : R — R be a polynomial and V' be the intertwining operator.
Then

1
(3.4) Vol D3I (o = Ba [ gt~ ) F
Sd —1
where By, = HZ'¢|o),+a/2-
This formula is proved in [11] for h-harmonics associated with any reflection
group, and is used to study the summability of the h-harmonic series. It is a non-

trivial formula even for h,, defined in (1.6); the reader is invited to write the formula
out explicitly for the V f defined in (2.5).

Proof of Theorem 1.1. Since SS(W,, f) is a linear operator, it suffices to prove that
7300 = [ Koy |[Walwdy = [ [KEOVaix (31) 2oty
nd gd

is uniformly bounded for x € X¢ if and only if § > |a|; +(d—1)/2, where the second
equal sign follows from the formula (2.2), and we use the notation y' = (y,yaq+1) €
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S? as in (2.3). First we relate the kernel Ki)d(Wa) to that of Jacobi polynomials.
From [8, (4.3.4) and (4.1.5)] it is easy to verify that
2n+ A
A
Using the above formula, it follows from (2.7), (1.3) and (1.5) that we can write
(3.6)
K (Waix, {y}?) = 271 Y VK (wllohT4=2/2712) 1 9 4(e))? = D)(y),
eeG

where z(c) = {x'}!/2¢. We observe that |z(¢)|? = |x'|; = 1. Hence, since V defined
in (2.5) is clearly a positive operator, we can use (3.4) of Lemma 3.1 to conclude
that

730 <2701 S [ VIR D1, 20, 5(6))? — 1) (v )
cec /5!

(3.5) 5 () = pQX= 2T R )pr A 27 - 1),

1
:Ba/ KO (wlloh Hd=2)/2.21/2), 1 942 1)|(] — t2)‘°‘|l+%dt
-1

:/1 | KO (wlleh+(d=2)/221/2) 7 ) | (laht552.=1/2) () gy,
-1
where the last step follows from a change of variable, and the constant in front of
the integral becomes 1 as can be determined by setting n = 0. The last integral is
bounded if and only if § > |a|; + (d —1)/2, since it is precisely the condition on the
(C, §) summability of the Jacobi series for w(®1+(d=2)/2,=1/2) at the point = = 1,
and the conclusion follows from [8, Theorem 9.1.3, p. 246].

In order to prove that the condition on the index is also necessary, we need more
detailed information on K?(W,). Let us first assume that |a|; # 0 and assume,
without loss of generality, that a; > 0. We prove that ZJ(e;) is unbounded for
d = |aji + (d —1)/2, where e; = (1,0, ..,0). From Theorem 2.2 and (3.5), we have

P, (Waier,y) = ca,py 11 =2/2712)(1)
X /1 plehtd=2/221/2) (99,42 _ 1)(1 — )~ at.
-1
Using (1.3), (1.5) and (3.3), we conclude that
(3.7) K3 (Waser,y) = ca, /11 KO (wlleh+(d=2)/2.21/2) 9 94,42 — 1)(1 — t)*1 ~Ldt.

Since the right hand side depends only on 1, its integral against W, (y)dy over ¥4
can be reduced to an integral over [0, 1] by changing variables yo = (1 — z1)us, ...,
ya = (1—21)ug, where 1 — |y|y = (1 —y1)(1 —ua —...—ug). This way, we conclude
that

1 1
Zifer) = const [ [ | D 2yt )
0 —1

X (1 _ t)oq—ldty(lh—l/?(l _ yl)|041\—ozl—i-(d—2)/2dyl7

where const is a constant whose value can be determined by setting n = 0. We
change the inner integral from [—1, 1] to [0, 1] so that we can make the change of
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variable t? — u/y1; then interchange the order of integrals to get that
1 1
Z3(er) = const [ |3 (DD 20 ) [ gyt
0 u

X(l _ y1)‘a1‘_a1+(d_2)/2dy1u_1/2du.

The inner integral is a beta integral which is equal to a constant multiple of the
function (1 —u)!®l**+(4=2)/2 upon the change of variable s = (y; —u) /(1 —u); finally
letting u +— 2v — 1, we conclude that

1
13(61)2/ |Kfl(w(|a‘1+(d_2)/2’_1/2);17’U)|’w(|ah+(d_2)/2’_l/2)(’U)d’l},
-1

where the constant in front of the integral is 1, which is determined by setting
n = 0. This integral also holds for « = 0 upon taking the limit |«|; — 0. That the
integral is unbounded for 6 = |a|; + (d — 1)/2 again follows from [8, p. 246]. O

Proof of Theorem 1.2. Using the formula (3.6) and the fact that V is a positive
operator, we need to show that K?(w(et+(@=2)/2=1/2).1 +) > 0 for § = |a|;+
(d+1)/2 and —1 <t <1 in order to prove the first part of the statement. That is,
we need to prove that the (C, A 4+ 1) means

K7)1\+1(w()\—1/2,—1/2); 17t)

—~ (n— 1\ (a—1/2— _1/2,—
S (n k+ X+ )pl(c,\ 1/221/2)(1),0-1/2-1/2) 4y 5
n—k
k=0
with A = |a|; 4+ (d — 1)/2. This inequality, however, is a special case of the Askey-

Gasper inequality for Jacobi polynomials P,S“ﬁ ), proved by Gasper in [6, Theorem
3, p. 434] (see also [1]), which states that the (C,a + 8 4 2) means of the Jacobi
series is nonnegative.

To prove the second part of the statement, we notice that it follows from (3.7)
that

= K} (Waje1,0) = Kj (w2720 1), A= ay +(d—1)/2.

Since the positivity of the means implies uniform convergence, it follows from The-
orem 1.1 that a necessary condition for the positivity is § > A. Let us consider the
(C, A) means first. From (1.5), (3.3) and the formulae (4.1.1) and (4.3.4) in [8], we
have

A = —k+ A\ (12 1o
<n—|— > Z(n + ) ](CA 1/2, 1/2)(1)1719 1/2, 1/2)(_1)
=0

—k+ A\ 2k + M (k+ A)
( ) T(k+ )I(A+1)

( k+)\> (my) +:Z_:(_l)k<n—1;k+)\><k—;)\>

_ % <)\ +/\n/2) L (—21)”—1 <)\ + (n/\— 1)/2>,

where the last equation follows from [7, Sec. 4.2.5., #38]. In particular, this shows

that 03, = —03, ., = (*}7), so that o3, is negative. Moreover, if n is odd, say,

?r
| \
o

OM=
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= 2m + 1, then for 0 < p < 1 we have ([13, (1.10), p.77]),

n
—k -1
angz(n A >a,3

k=0 p—1
_i[<2m—2j’+u—l)_ (2m—2j+u—2>]<x+j>
= p—1 p—1 J

m

B T2m—2j+p—1) (A+j
_(N_l)ZI‘(u)I‘(2m—2j+1)< j ><0‘

Jj=0

This completes the proof. O

10.

11.

12.

13.
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