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ABSTRACT. In this paper, using the discrete Calderon reproducing formula on
spaces of homogeneous type obtained by the author, we obtain the Plancherel-
Polya type inequalities on spaces of homogeneous type. These inequalities
give new characterizations of the Besov spaces Bg’q and the Triebel-Lizorkin
spaces F;’q on spaces of homogeneous type introduced earlier by the author
and E. T. Sawyer and also allow us to generalize these spaces to the case
where p,q < 1. Moreover, using these inequalities, we can easily show that
the Littlewood-Paley G-function and S-function are equivalent on spaces of
homogeneous type, which gives a new characterization of the Hardy spaces on
spaces of homogeneous type introduced by Macias and Segovia.

1. INTRODUCTION

We begin by recalling the definitions necessary for introducing the Besov and
Triebel-Lizorkin spaces on spaces of homogeneous type. A quasi-metric d on a set
X is a function d: X x X — [0, 00) satisfying:

(i) d(z,y) =0 ifand only if ==y,
(1.1) (ii) d(z,y) = d(y,x) for all z,y € X,

(iii) There exists a constant A < oo such that for all z,y, and z € X,

d(z,y) < Ald(z, z) + d(z, y)].

Any quasi-metric defines a topology, for which the balls B(z,r) = {y € X : d(y, x)
< r} form a base. However, the balls themselves need not be open when 4 > 1.

Definition 1.2 ([CW]). A space of homogeneous type (X, d, 1) is a set X together
with a quasi-metric d and a nonnegative measure p on X such that u(B(z,r)) < oo
for all x € X and all » > 0, and there exists A’ < oo such that for all z € X and
all r > 0,

(13) w(B(x,2r)) < A'p(B(z,1)).

Here 4 is assumed to be defined on a o-algebra which contains all Borel sets and
all balls B(z,r).
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Macias and Segovia [MS1] have shown that one can replace d by another quasi
metric p such that there exist ¢ < co and some 6, 0 < 6 < 1, such that

(1.4) p(x,y) = inf{u(B): B is a ball containing = and y},

(1.5)

lo(z,y) — (', y)| < cp(z,2")?[p(x, y) + p(z’,y)]'~°

for all z,2" and y € X.
We will suppose that p(X) = oo and p({x}) = 0 for all z € X. These hypotheses
allow us to construct an approximation to the identity (see [HS] and [H2]).

Definition 1.6. A sequence (Sg)iez of operators is called an approximation to the
identity if Sk(z,y), the kernels of S, are functions from X x X into C such that
there exists a constant C for all k € Z, for all z,2’,y and ¢y € X, and for some
0<e<fandc< oo,
(i)
2—k€

< .
|Sk(x7y)| = C(Z_k ¥ p(x,y))lﬁ’

2—ks
27F + p(z, y)) e

s ()

for p(z,a’) < 35 27% + p(x,y));

(iii)

/ : ’ € 2—ks
|9k (@,9) = Su(@,y)l < e (2—5 % py<) y>) (27F + pla,y))t+e

for p(y, ) < 52 (27" + p(x,9));

(iv)
|[Sk(@,y) — Sk(z, )] — [Sk(z',y) — Sk(@’, )|

<c ( plz, ') ) ( Py, ') ) 27k
—\27 +p(x,y) 275+ p(x,y) ) (27F + p(x,y)) '+
for 0 <& <e,0=e—¢ >0, pl,2)) < 5527F + p(z,y)) and p(y,y') <

1 (27F + p(x,y));
(v)

/ Sk(z,y)duly) = / Sk(z,y)du(z) =1 for all k € Z.
X X

See [DJS] for the existence of such a sequence of operators. All conditions are
introduced and checked there except the condition (iv) in Definition 1.6. It is
easy to see that the same construction in [DJS] also satisfies the condition (iv)
in Definition 1.6. To define the Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type we also need the following definition (see [HS]).

Definition 1.7. Fix two exponents 0 < § < # and v > 0. A function f defined on
X is said to be a test function of type (5, ) centered at xg € X with width d > 0,
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if f satisfies the following conditions:

: d’
(i) [f (=) < C(d+p($,$o))1+77

mnﬂm—fWMSc[”@f) il

8
d+ p(z, xo)} (d + p(x, z0))!

+7
for p(z,2') < == (d + p(z, 70))
or p(x,x _2A pP\T,To)),

(1.8)

(i) [ f@)duta) =0

This definition was first introduced in [M] for the case X = R™ with the condition
(ii) in (1.8) replaced by

_f(y c pz,z’) ’ d” @
(1.9)  |f(z)— f(2")| < { d ] [(d+p(x7$0))l+'y+(d—|—p(x’7x0))l+’>’

The collection of all test functions of type (3,7) centered at xop € X with width
d > 0 will be denoted by MB")(zy,d). If f € MB)(xg,d), the norm of f in
MB1) (24, d) is then defined by

(1.10) I £l M52 (wg,0) = inf{c > 0: (i) and (ii) of (1.8) hold}.

Now fix a point 2o € X and denote the class of all f € M) (zq,1) by M©B),
It is easy to see that M (%) is a Banach space under the norm || f|| yqcs. < 0. Just
as the space of distributions &’ is defined on R", the dual space (./\/1(5”))’ consists
of all linear functionals ¢ from M) to C with the property that there exists a
finite constant ¢ such that for all f € M |£(£)| < || fll mes- We denote the
natural pairing of elements h € (MP)) and f € M) by (h, f). It is also easy
to see that ./\/l(ﬂ’”)(xl, d) = MBY) with equivalent norms for z; € X and d > 0.
Thus, (h, f) is well defined for all h € (MPM) and all f € M) (z;,d) with
z1 € X and d > 0.

In [HS] the Besov and Triebel-Lizorkin spaces on homogeneous type were in-
troduced by use of the family of operators (Dy)kez where Dy = Sk — Sk—1 and
(Sk)kez is an approximation to the identity defined in Definition 1.6. More pre-
cisely, the Besov space Bg‘*q for —e < a<e, 1< p, g <oo,is the collection of all

f e (MBM) with 0 < 3, v < e such that

1/q
(1.11) 11l g0 = {Z@’“"‘IIDk(f)IIp)q} < 00.

kEZ

The Triebel-Lizorkin space F;“q for —e <a<e, 1 <p, q< oo, is the collection
of all f € (M) with 0 < 3, v < e such that

1/q
(1.12) 1fllpga = {Z(2k°‘|Dk(f)l)q} < 0o0.

keZ
p

In [HS] the above Besov and Triebel-Lizorkin spaces were proved to be indepen-
dent of the choice of the approximations to the identity. The proofs were based on
the continuous version of the Calderon type reproducing formula on spaces of homo-
geneous type obtained in [HS]. In [H1], using the continuous version of the Calderon
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formula in [HS], the Littlewood-Paley S-function and atomic decomposition, the
above Triebel-Lizorkin spaces on spaces of homogeneous type were generalized to
the case where max{ 1=, 72z} <p < 1 < ¢ < 0. The method used in [H1], how-
ever, cannot be applied to either the Besov spaces for p < 1 or the Triebel-Lizorkin
spaces for ¢ < 1. In this paper, using the discrete Calderon reproducing formula
developed in [H2], we obtain the Plancherel-Polya type inequalities. These inequal-
ities give new characterizations of the Besov and Triebel-Lizorkin spaces introduced
in [HS]. These new characterizations enable us to generalize the Besov spaces Bfﬁq

to the case where —e < a < ¢, max(HE, 1+€+a) <p<oo,and 0 < ¢ < oo, and the

Triebel-Lizorkin spaces Fpo‘ 4 to the case where —& < o < &, max{ 1z, a5z} < D
q < oco. Using the Plancherel-Polya type inequalities, we also prove that the LP
norms of the Littlewood-Paley G-function and S-function are equivalent on spaces
of homogeneous type. As a consequence, we obtain the Littlewood-Paley G-function
characterization of the Hardy spaces on spaces of homogeneous type introduced in
[MS2].

To state our results, we recall a result of Christ ([Ch]), which is an analogue of
the Euclidean dyadic cubes.

Theorem 1.13. There exist a collection of open subsets {Q¥ C X: k € Z,7 € I},
where Iy, denotes some (possibly finite) index set depending on k, and constants
6 €(0,1),a0>0,n7>0 and 0 < ¢1, ca < o0 such that

(1) p(X\U, Q%) =0 for all k € Z,

(ii) If € > k, then either Q% C Q% or Q°, NQF =

(iii) For each (k,T) and each £ < k, there is a umque 7' such that QX C Q°,,

(iv) Diameter (Q¥) < ¢,6%,

(v) Each Q% contains some ball B(zF, aod*).

We fix such a collection of open subsets and call all Q* in Theorem 1.13 the
“dyadic cubes” in X. Without loss of generality, we may assume ¢ = % in Theo-
rem 1.13. It is easy to check that our results and the proofs are independent of the
choice of open subsets which satisfy the hypotheses of Theorem 1.13. Denote Q*,
v=12,...,N(k,7), the set of all cubes fo” C QF where j is a positive fixed
large integer. Denote by y** the points in Q%.

Now the main results of this paper can be stated as follows.

Theorem 1 (The Plancherel-Polya type inequality). Suppose that (Sk)kez and
(Pr)kez are approximations to the identity. Set Dy = Sy — Sk—1 and Qr =
P, — Py_1. Then, for f € (MPMY with 0 < 3, vy < ¢, there exist two constants

c1 and co such that if —e < a < ¢, max(%ﬁ,ﬁ) <p<ooand0<q< oo,

1S
Q=

N(k,T)

AP [ (QL) "% sup |Dk<f><z>|]

kez \rel, v=1 zeQbv
(1.14)

1S
Q=

N(k,T) p
~i2 o1 X [ (QE¥)™**% inf IQk(f)(Z)I] :

k€eZ \ 1€l v=1 EQ"'
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and if —e < a < g, max( ) <p, g <oo,

11
14+e’ 1+e+a
1

D Z l Q)™ sup |Dk<f><z>|xQ¢,u<x>]

keZrel, v=1 zeQhv
(1.15) b
N(k,T)

a2 2 [ @) inf lQn()G >|><Q¢,u<x>]

keZ el v=1
p

Theorem 2. Suppose that (Sk)kez is an approrimation to the identity. Set Dy =
Sy — Sk_1. Then, for f € (M(Q’V))’ with 0 < B, v < e,

ST

N(k,T)

X X [ (QE) ™% sup |Dk<f><z>|]

kv
keZ \rel, v=1 2€QT

iy}
N(k,T) P

(1.16) DIDS [ (QF¥)) o3 nf |Dk(f)(2)|‘|

kezZ \r€l, v=1 eQy

Q

Q

1/q
{Z(Qka|Dk(f)||p)q}

kEZ

where —e < a < €, max( )< p<ooand0<q<oo, and

11
1+e? 14e+a

N (k,T)

>0 D [ (Q5"))~* sup |Dk<f><z>|xQ¢,u<x>]

kezZ tel, v=1 zeQkv
p
1

N(k,T)

(RN 5SS z[ @) “eiggule(f)(Z)lel;w(it)]

keZ el v=1
p

Q

1/q
{Z@ko‘le(f)Dq}

keZ

p
where —e < a < g, max{ﬁ, H_}Tﬁ} <p, q<o0.

Theorem 2 gives new characterizations of the Besov and Triebel-Lizorkin spaces
introduced in [HS] and allows us to generalize the Besov and Triebel-Lizorkin spaces
on spaces of homogeneous type as follows.

Definition 1.18. Suppose that —¢ < a < ¢, maX(HE, 1+€+a) < p < oo and

0 < ¢ < 0o. The Besov space Bg‘ @ is the collection of all f € (MPMY with 0 < 3,
v < € such that

1/q
(1.19) 11l g = {Z@’“"‘IIDk(f)IIp)q} < 00.

kEZ
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The Triebel-Lizorkin space F;f“q for —e<a<e, max{ e 1+a+5} <p,q <00,

is the collection of all f € (M) with 0 < 3, v < € such that

1/q
(1.20) [Nl g = {Z(Tmle(f)l)q} < oo.

keZ
p

Theorem 3. Suppose that (Sk)rez i an approximation to the identity. Set Dy =
S — Sk_1. Then for f € (MBNY with 0 < 3, v < €, there exist two constants ci
and co such that if —e < a < ¢, max{llg, ﬁ} <p, q< o0,

1/q
(1.21) allSg(Hllp < {Z@kale(f)l)q} < e[ Sg(Hlp

kEZ
P

where the Littlewood-Paley S-function Sg(f) is defined by

1/q
SX(f)(x) = 2k (2% D id .
S () {kz/() (2D (F) ) u(y)}

As an immediate consequence of Theorem 3 and a result of [H1] we have

Theorem 4. H?(X) = F2(X) for iz < p <1, where H? is the Hardy spaces
on spaces of homogeneous type mtmduced by Macias and Segovia ([MS2]).

We prove Theorem 1 in section 2, and Theorems 2, 3 and 4 in section 3.

2. PROOF OF THEOREM 1

To prove Theorem 1, we need the following discrete Calderon type reproducing
formula on spaces of homogeneous type obtained in [H2].

Theorem 2.1 ([H2]). Suppose that (Sk)rez s an approzimation to the identity
defined in Deﬁmtwn 1.6. Set Dy = Sy — Sk—1. Then there exists a family of
functions (Dk(x Y))rez such that for all fized y®" € Q¥ and all f € (MB)Y
with 0 < 3, v < ¢,

N(k,T)

(2.2) => > > w@Y) D,y )Dr(f)(yr")

keZ rel, v=1

where the series converges in (M) with 3' > B and v > ~. Moreover,
Ek(x,y), k € Z, satisfy the following estimates: for 0 < &' < €, where € is the
regularity exponent of Sy, there exists a constant ¢ > 0 which depends only on €
and €', such that

2—k6,

(2.3) | Di(,y)| < c(z—k T p(z, y)) e

2—ka'
27k + p(x,y))t+e

Jor p(z,a’) < LA[? "+ p(x,y)],

N z N 2! c p(fC,CC/) ¢
gy VI DHEIES (=)
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(2.5) /Dkxydu /Dk;vy)du()—o for all k € Z.
We now prove (1.14) of Theorem 1. By Theorem 2.1, for any z € Q%" we have

N(K',7")

=33 Y @Y DRQR) 2y Qe (HWE)

KeZr' el v'=1

where yf:’y/ are any fixed points in Qlji’y/
Choose ¢” < &' < ¢ so that |a| < ¢” and p > max{7=, 7oz} By the
estimate (2.17) on page 66 in [H1], there exists a constant ¢ such that

9—(kAK")e!

(270AF) 4 p(z, )

(26) |(Dk@k)(z,yf,’y )| S 02_‘k_k/|€//u

where a A b denotes the minimum of a and b. Thus,

N(k/ /

" ro

sup [Di(f)(z)] <ed Y > 27 W1 QR
2€Qk keZrel,, v=1

9—(kAK")e!

(2R p(aF S e

s I/

Qi () ()

where 2% are any fixed points in Q%".

Now by Holder for p > 1 and (a + b)? < aP + b? for p < 1, and the facts that if

P> 1+€”

(2_(k/\k/)+p(2£,l/’ klxw))l-‘ré‘/

T'el, v'=1 T/

2—(]6/\]6,)6, (pA1)
<c / dp(y)
s [ 1 GE e

< 2~ (kAR [1=(pAD)]

and

SupZQ(k—k Joz—|k—K'|e"
k/
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we obtain
N(k,T) p
oY @)t sup [Di(f)(2)]
rel, v=1 zeQ’i’”

k/ /

Scz Z ZZ Z 2k k" oo —|k— k\a” k/p2—

Tel, v=1 k' T'el, v'=1

2—(1@/\1@/)5/ y W P
x — 27 Qe ,
(2 (k/\k/) +p( V’yf/,l/ ))14—6/ |Qk ( )(y‘r )l
N(K',7")
< CZ Z Z o(k=k)a(pAL) g—|k—k'|e" (pA1)
k' rel, v'=1
X 2_(76/\16/)[1—(17/\1)]2—k'(p/\l)[2k'a|Qk,( )(y,,./ R )”p
Thus, by Holder for ¢/p > 1 and (a + b)q/p < q?/P 4+ pa/? for q/p < 1, we have
(2.7)
N(k,T) » .g
+1
(53wt ap o
keZ \rtel, v=1 ZEQI:,V
<c Z Z k=K )a(pA1)g—k—K'|e" (A1) g — (kAK ) [1=(pAD)] 9=k [(pA1)~1]
keZ \k'eZ
gy L
N(K',7') K

<SS @) QeI

el v'=1

I 5 (@K )aAn) g k=K e (A= (kAR 1= (A=K (A1~ ($A1)
kEZ k'EL
%

g9
P

N(K )

XY @y e (e )

T'el,r v'=1

’ T/) P

(v 'y (@2 N Qe (D]

KeZ \7'ely v=1

since if [a| < &” and p > == we have
sup 3 20K AD gk I (AN g~ (ARG g KA ] < o
ko pen
and
sup 3 (205K g kK€ (A1) g A~ (pADlg K [GAD -1 (BAD < o
y

k'€Z
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Since (2.7) holds for all yfi”’l € in"’l, it is easy to see that (2.7) implies (1.14).
We now return to the proof of (1.15). As above, we have

N&D gY@
SN X @)™ swp (D)) g (@)
kezrel, v=1 zeQkv
N(k', ")
Z2o¢kq Z Z Z 2—|/€—k/|€”2—k/
keZ K Tely, v=1
1
9—(kAK")e k’ , Y «
x (2 (k/\k,)—i—p( k’ ’))1+6/|Qk( )( )|
By an estimate in [FJ], pp. 147148,
/ oo Qe (M)
rely =1 ’“’“>+ p(x,yk ")) +e
1
/ / ’ k/ /) o T I
A 1YY I Sl SRS o) B

T le/ v'=1

where M is the Hardy-Littlewood maximal function and r > 6,,, we obtain, by
Holder for ¢ > 1 and (a + 0)? < a? + b4 for ¢ < 1,

(2.8)
N(k,T) q) 7
D0 D0 @)™ sup [De(f)()lxgrr (@)
keZrel, v=1 zeQbv

< d S| S0 otk eIk I g knk ) gk gk (kK ] /1

kEZ | K'€Z
1
N(k',7") ™ % 7y 4
M S @) RN Mg | | @)
T/l v'=1
(k=K' Yag—|k—K'|" o (kAR ) g =k o[k = (kAK')]/ry (aA1)
(2 2 2(knk) 9=k g )
keZ k' €L
1
N(k/ l) r % r
l/ —a k}/7V/
Ml > D0 Qe (N Mg | | @
T/GI;C/ v'=1 T
1
r\ % ay q

N(K',7")

<eqd (| X D W@ IR g | | (@)

=Y el v=1
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since if |a] < &” and p,q > max{ﬁ,ﬁ}, we can choose r so that r >

max( p>r and q > r, such that

_1 ;)
1+e’ ) I*ate /s

sup Z 2(k—k/)a2—|k—k/‘6//2(1{}/\]6/)2—]{}’2[7{}/—(16/\76/)]/7‘ < 00
k
k' €Z

and

Supz k=K g |k—k'le" (kAR ) o= ol ~ (KK ]/1)(anD) o
K ez

Since (2.8) holds for all yf;’y/ € Qlji’l’/, we have

Q=

N(k,T) q
Yy [ @) s D)z >|xQﬁ,u<x>]
k€Z el v=1 ZEQ-,—
N(k',7") N
LRI DIEDY [ )7 i (Qu(f)(x >b<Qk;,w] (2)
k'€ e, V=1 2€Q¥ i

Now, by the Fefferman-Stein vector-valued maximal function inequality ([FS]), we
obtain

1

N(k,T) q) ¢
>0 > [ (@)™ sup |Dk<f><z>|xQ¢,u<x>]
keZrel, v=1 2eQR”
P
1
N(k/ ) q
Sely X X [ Q) inf V,|Qk/<f><z>|><@k;,w]
k'ezr'el, v'=1 2€Q7 ) T

3. PROOFs OF THEOREMS 2, 3 AND 4
We now prove Theorem 2. We first have

q 1
P P

D Z l Qb)) %eigguwk(f)(zﬂ]

k€eZ \t€l, v=1 z T

q 1
» q

(3.1) Z Z Z 2akp/kV|Dk

keZ \rtel, v=1

=c akp pr E:c ok . qE'
i {23(2 o) } {Z@ D4 >||p>}

kEZ

Q=



PLANCHEREL-POLYA TYPE INEQUALITY 3325

We also have,

18]
Q=

N (k,T)

DS [ (Q5"))™* % sup |Dk<f><z>|]

keZ \rel, v=1 zeQ¥Y

q 1
P q

N(k,7)
(3.2) > ¢ Z (Z Z 2a1€p/ku |Dk(f)(z)|p)
kez \rel Q

r v=1
— . akp z”% E:C » . qa'
= {2(2 /Xle<f>< >I) } {k%(z 1Dk (f)( >||p>}
Similarly,
N (k,7) q H
{ZZ > l (@)~ ngQk(f)(znfo,u] }
kezZrel, v=1 Z€EQT
(3.3) 1 )
<e {Z?a’%k(f)(z)w}
keZ v
and
N(k,7) q) @
2.2 > [ Q)™ sup |Qk<f><z>|xQ§,u] }
keZ el v=1 zeQTY
(3.4) 1 )
c {Zza’“ﬂczk(f)(an}
keZ v

Now the proof of Theorem 2 follows from (3.1), (3.2), (3.3), (3.4) and Theorem 1.
To see Theorem 3, note that if ¢ is a fixed constant, then by (2.6) we obtain

Nk, ")
wp DI <Y XS )
z€cQY KeZr el v=1

9—(kAK")e!

k/ ’
X G i
(2 (kAK") p( V’ yf/,y ))1+s/ Q (f)(y )

where 2% are any fixed points in Q.
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Thus, by the same proof, we have

(k,7) q %
{ZZ 3 [ @) sup |Dk<f><z>|><@¢,u<z>] }

keZrel, v=1 zecQlv

Q

keZ rel, v=1

{ZZ Z l @)~ eigglek(f)(Z)lef;w(x)] }

%

1/q
{Z@kale(f)l)q}

keZ

p

where c is any fixed constant.
For some fixed constant ¢ we have

1/q
{Z / . 2k(2k°‘le(f)(y)l)qdu(y)}
kez” plzy)<2=F

HegS .

p

1/q
25 (2% De () (W) ]) X i () dpa(y) }

P

N q 1/q
{ZZ Z / i k2k<2ka sup |Dk(f)(2)|> XQf;vv(JJ)d,u(y)}

IN

keZ rel, v=1 zEch"’

p

N(k,7) q 1/a
<c {ZZ > (2’““ sup |Dk(f)(z)|> XQE*“(x)}

keZrel, v=1 z€cQk”
p

kEZ

1/q
<c {Z(zkawk(fnv}

P

On the other hand, by Theorem 2, we have

1/q
{Z / . 2k(2k“le(f)(y)l)qdu(y)}
kez W plz,y) <27k

(k,7) 1/q
{ZZ >/ 2’“<2ka|Dk<f><y>|>qu¢,u(x)du<y>}

kcZrcl, v=1 p(x,y)<2-F
P



Y

v

>
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N(k,T) q 1/a

DD /¢,V2k 2k inf |Dp(f)(2)] ] xgre(a)du(y)

kv
keZ el v=1 2€Qr
p

q 1/q

N(k,7)
el 4D > (2% if (DN xgre (@)

k,v
kezZrel, v=1 Z€Qr

1/q

el[§ D_ @ IDu(f))*?

kEZ

P

Finally, Theorem 4 follows from Theorem 3 and a result in [H2].
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