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ABSTRACT. The Hyers-Ulam-Rassias stability for the Jensen functional equa-
tion is investigated, and the result is applied to the study of an asymptotic
behavior of the additive mappings; more precisely, the following asymptotic
property shall be proved: Let X and Y be a real normed space and a real
Banach space, respectively. A mapping f : X — Y satisfying f(0) = 0 is
additive if and only if ||2f [(z + y)/2] — f(=) — f(y)|| — 0 as [|z|| + [Jy|| — oo.

1. INTRODUCTION

In 1940, S. M. Ulam [9] gave a wide ranging talk before the Mathematics Club of
the University of Wisconsin in which he discussed a number of important unsolved
problems. Among those was the following question concerning the stability of
homomorphisms:

Let G1 be a group and let G5 be a metric group with the metric d(-, -).
Given € > 0, does there exist a § > 0 such that if a mapping h : G; — G2
satisfies the inequality d(h(zy), h(x)h(y)) < § for all z,y € G; then a
homomorphism H : G; — G exists with d(h(x), H(z)) < € for all
reG?
The case of approximately additive mappings was solved by D. H. Hyers [2]
under the assumption that G; and G2 are Banach spaces. In 1978, Th. M. Rassias
[6] generalized the result of Hyers as follows:

Let f: X — Y be a mapping between Banach spaces and let 0 <p < 1
be fixed. If f satisfies the inequality

1f (@ +y) — f(z) = FWIl < 0l=l” + [[y]”)

for some 6 > 0 and for all z,y € X, then there exists a unique additive
mapping A : X — Y such that
20

1£(2) - A < 5=

for all x € X. If, in addition, f(tz) is continuous in ¢ for each fixed
z € X, then A is linear.

[l][”
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Taking this fact into account, the additive functional equation f(z+y) = f(z)+
f(y) is said to have the Hyers-Ulam-Rassias stability on (X, Y"). This terminology is
also applied to the case of other functional equations. For more detailed definitions
of such terminology one can refer to [1] and [3].

Throughout this paper, let X and Y be a real normed space and a real Banach
space, respectively. According to Theorem 6 in [5], a mapping f : X — Y satisfying
f(0) =0 is a solution of the Jensen functional equation

o1 (S32) = 1)+ 10

if and only if it satisfies the additive Cauchy equation f(z+y) = f(z)+ f(y). Hence,
the most general continuous solution of the Jensen’s equation in R is f(x) = ax+b,
where a and b are arbitrary constants.

The first result on the stability of Jensen’s equation was obtained by Z. Kominek
(see [4]). In fact, he proved the following theorem:

Theorem. Let D be a subset of R™ with non-empty interior. Assume that there
exists an Ty in the interior of D such that Dy = D — x¢ satisfies the condition
(1/2)Dg C Dyg. Let a mapping [ : D — 'Y satisfy the inequality

2 (154) - @) - 10

for some 6 > 0 and for all x,y € D. Then there exist a mapping F : R — Y and
a constant K > 0 such that

2F<x;y):Fm0+F@)

<6

for all x;y € R™, and
1f(z) = F(z)| < K
forallx € D.

In section 2 of the present paper, using ideas from the papers of Th. M. Rassias [6]
and D. H. Hyers [2], the Hyers-Ulam-Rassias stability of Jensen’s equation will be
investigated, i.e., the stability of the functional inequality

1) |27 (%34) - 1) - 1)

5 <5+l + llyll”)

for the case of p > 0 (p # 1) shall be proved. Moreover, by using the same mapping
which was constructed by Th. M. Rassias and P. Semrl [7], we shall show that
the inequality (1) is not stable for the case when p = 1. In section 3, the Hyers-
Ulam stability for Jensen’s equation on a restricted domain will be treated, and the
result applied to the study of an interesting asymptotic behavior of the additive
mappings—more precisely, we prove that a mapping f : X — Y satisfying f(0) =0
is additive if and only if

) 21 (S52) = 1@ = 1)~ 0 as el +yl =

2

It should be remarked here that F. Skof [8] has also proved an asymptotic property
of the additive mappings. Indeed, she proved that a mapping f : X — Y is additive
if and only if

3) 1f (@ +y) = @) = fF@I =0 as 2]l + [lyll — oo
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2. HYERS-ULAM-RASSIAS STABILITY

First, we prove the Hyers-Ulam-Rassias stability of the Jensen’s equation. As-
sume that § > 0 and 8 > 0 are fixed.

Theorem 1. Let p > 0 be given with p # 1. Suppose a mapping f : X — Y
satisfies the inequality (1) for all z,y € X. Further, assume f(0) =0 and § = 0
in (1) for the case of p > 1. Then there exists a unique additive mapping F : X —
Y such that

(1) 1£) ~ F@) <5+ 170)] + 5rmp—s el (forp < 1)
or

2r—1
() 17 (@) = F()ll < g 0llel”  (forp>1),
forallx € X.

Proof. If we put y =0 in (1), then we have

(6) [2£ (5) - 1@ < 5+ 171 + )27

for all x € X. By induction on n, we prove that
(7) [27"f 2"x) = f(2)|| < 6+ £ (0)]]) 22 ’“+9Hxll”z2 (=nk

for the case when 0 < p < 1. By substituting 2z for = in (6) and dividing by 2 both
sides of (6) we see the validity of (7) for n = 1. Now, assume that the inequality
(7) holds true for some n € N. If we replace z in (6) by 2""'z and divide both
sides of (6) by 2, then it follows from (7) that

HQ—(n-H)f (27*1z) — f(x)H

< 27n|27hf (20 ) - fRM) ||+ (|27 (27e) — (=)
n+1 n+1
< OISO 32t 4ol o2

This completes the proof of the inequality (7). Let’s define
(8) F(z) = lim 27" f(2"x)

n—oo

for all x € X. The definition (8) is available because Y is a Banach space and the
sequence {27 f(2"z)} is a Cauchy sequence for all z € X: For n > m we use (7)
to get

|27 f(2"x) — 27 F(2™a)||
— g H2—<"—m>f(2"—m Lomg) — f(2m:z:)H
< o (34 1O+ gollel?)

— 0 asm — oo.
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Let 2,y € X be arbitrary. It then follows from (8) and (1) that
[1F(z +y) = F(z) = F(y)ll
2n+1
o (ZGE) g - gy

lim 274D [+ 62007 (| + [y]7)]

n—oo

= 0.

= lim 2-(tD

IN

Hence, F is an additive mapping, and the inequality (7) and the definition (8) imply
the validity of (4).

Now, let G : X — Y be another additive mapping which satisfies the inequality
(4). Then, it follows from (4) that

IF@) -Gl = 27" |F@') - GE)]
< 2 (IF@ ) - f2)] 4 2) - GE)])
_ 26
o) < 27 (84 2O + g2l

for all z € X and for any n € N. Since the right-hand side of (9) tends to 0 as
n — 0o, we conclude that F(z) = G(x) for all z € X, which proves the uniqueness
of F.

For the case when p > 1 and § = 0 in the functional inequality (1) we can
analogously prove the inequality

n—1
[2°f (27"2) — f(@)|| < Oll=]|P Y 27 @
k=0

instead of (7). The rest of the proof for this case goes through in the similar
way. O

Remark 1. The proof of the Hyers-Ulam-Rassias stability of Jensen’s equation for
the case of p = 0 is similar to that of Theorem 1: If a mapping f : X — Y satisfies
the inequality (1) with 6§ = 0 for all 2,y € X, then there exists a unique additive
mapping F : X — Y satisfying (4) with § = 0.

Remark 2. Let p € [0,1) be given. By substituting « + y for « and putting y = 0
in (1) we get

o7 (552) = st )| < 5+ 1711+ O el -+ 1)

This inequality, together with (1), yields

1f(z+y) = f(@) = FWIl <20+ [1F0)] + 26 (=[] + [[y]]*)
for all z,y € X. According to D. H. Hyers [2] and Th. M. Rassias [6] there exists
a unique additive mapping F': X — Y such that

I7(x) ~ F@) < 26+ |FO)] + 15

WHI'HP, r e X,

which is by no means attractive in comparison with (4).



STABILITY OF JENSEN’S EQUATION 3141

Remark 3. We also remark that the ideas from the proof of Theorem 1 cannot be
applied to the proof of the stability of (1) for the case of p < 0. An essential process
in the proof of Theorem 1 was to put y = 0 in the inequality (1) which is impossible
for the case when p < 0. The Hyers-Ulam-Rassias stability problem for the case
of p < 0 remains still as an open problem.

Th. M. Rassias and P. Semrl have constructed in their paper [7] a continuous
real-valued mapping to show that the functional inequality

1f(@+y) = flz) = fFI < 0=l +[lyl)

is not stable in the sense of D. H. Hyers, S. M. Ulam and Th. M. Rassias. By using
the result of [7], we prove in the following theorem that the mapping constructed
by Rassias and Semrl serves as a counterexample to Theorem 1 for the case p = 1.

Theorem 2. The continuous real-valued mapping defined by
xzlogy(z+1) forax >0,
flx) =
xlogy | — 1| forz <0

satisfies the inequality

2 (152) = @) - 100 <2l + ).

for all x,y € R, and the range of |f(x) — a(x)|/|x| for x # 0 is unbounded for each
additive mapping a : R — R.

(10)

Proof. Tt follows from [7] that the mapping f satisfies the inequality

(11) |f(z+y) = f@) = f)] < [2] + |yl

for all 2,y € R. By substituting /2 and y/2 for 2 and y in (11), respectively, and
multiplying both sides by 2, we have

Tty z Yy
— 2) = Z)| <
(12) ‘2f( : ) 2 (3) 2 ()| < kel +1y
for any z,y € R. If we put = y and divide both sides in (12) by 2, then we get
x
— 2Nl <
(13) @) 27 (2)] <l

for x € R. By using (12) we obtain

21 (552) 21 (5) -1 (3)

_ ‘2f(””;y)—f(w)—f<y>+f<x>—2f(§)+f<y>—2f(%)’

(14) < Jz[+ 1yl

for z,y € R. The validity of (10) follows immediately from (13) and (14). It is
well-known that if an additive mapping a : R — R is continuous at a point, then
a(x) = cx, where ¢ is a real number. It is trivial that |f(x) — cz|/|z] — oo as
x — oo for any real number ¢, and that the range of |f(z) — a(z)|/|x| for = # 0 is
also unbounded for every non-continuous additive mapping a : R — R, because the
graph of the mapping a is everywhere dense in R2. O
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3. HYERS-ULAM STABILITY ON A RESTRICTED DOMAIN

The Hyers-Ulam stability for Jensen’s equation on a restricted domain is investi-
gated, and the result is applied to the study of an interesting asymptotic property
of additive mappings.

Theorem 3. Let d > 0 and § > 0 be given. Assume that a mapping f: X — Y
satisfies the functional inequality

(15) H2f CHECE f(y)H <o

2

for all z,y € X with ||z|| + ||y|| > d. Then there exists a unique additive mapping
F:X —Y such that

(16) 1f(z) = F(z)|| <50 + [ f(0)]
forallz € X.

Proof. Suppose ||z|| + ||y < d. If x = y = 0, we can choose a z € X such that
lz]] = d. Otherwise, let z = (1 +d/||z||) x for ||z|| > |ly|| or z = (1 +d/|ly||) y for
lz]| < [ly|l- It is then obvious that

o =2l +lly + 2l = d; [22]| + llz = 2l| = d; Iyl + [122]| = d;

17
U Ny szl + Dzl = 5 el + 1121 =

From (15), (17) and the relation

2 (134) - @) - 10

2f(“y)—f<x—z>—f<y+z>

2
e (”;) —f2) - flo— z)}
o (1) - s - )
e (55E) - o - )|
2 (55F) - 0 - 62|
we get
(18) |27 (%52) - @) - 100 <55

In view of (15) and (18), the mapping f satisfies the inequality (18) for all z,y € X.
Therefore, it follows from (18) and Theorem 1 that there exists a unique additive
mapping F': X — Y which satisfies the inequality (16) for all z € X. |

By using the result of Theorem 3 we now prove an asymptotic behavior of the
additive mappings.

Corollary 4. Suppose a mapping f : X — Y satisfies the condition f(0) = 0.
Then f is additive if and only if the asymptotic condition (2) holds true.
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Proof. On account of (2), there exists a sequence (4, ), monotonically decreasing
to 0, such that

(19) s (55) - 10 - 1)

for all z,y € X with ||z|| + ||y|]| > n. It then follows from (19) and Theorem 3 that
there exists a unique additive mapping F;, : X — Y such that

(20) 1f(z) = Fu(2)|| < 5,
for all z € X. Let ¢, m € N satisfy m > ¢. Obviously, it follows from (20) that
1f () = Fin(2)]| < 50m < 56,

for all z € X, since (d,,) is a monotonically decreasing sequence. The uniqueness
of F,, implies F,,, = Fy. Hence, by letting n — oo in (20), we conclude that f is
additive. The reverse assertion is trivial. O

< on
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