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ON THE CENTER CONDITIONS
OF CERTAIN CUBIC SYSTEMS
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ABSTRACT. This paper provides a new simple proof of a recent result by C. B.
Collins (Differential and Integral Equations 10 (1997), 333-356) to derive the
center conditions for a class of planar cubic systems. The idea is to consider
periodic solutions of a related scalar non-autonomous equation.

Consider the planar system
i = —y+z(ax + By + Az? + Bay + Cy?),
(1) y =z +y(ax + By + Az? + Bay + Cy?),

where «, 3, A, B, and C are real constants. In this paper, we give a simple and
short proof to the following recent result of [2].

Theorem. The origin is a center for (1) if and only if
A+ C =0 and Ad* + Baf + Cp* = 0.
Proof. The system (1) in polar coordinates r and 6 becomes
7= p(0)r® + q(0)r?,
6=1,
with p(f) = acosf + Bsinf and q(f) = Acos® 6 + Bcosfsinf + C'sin? 6.

The origin is a center for (1) if and only if every solution in a neighborhood of

r =0 is a 2r—periodic solution for the differential equation
d
(2) = = PO +q(O)r".

Let (6, ¢) be the solution of (2) with (0, ¢) = ¢. For small ¢, we write

(3) T(ev C) = Z an(e)cna

where a1(0) = 1 and a,(0) = 0 for n > 1. The origin is a center if and only if
a1(2m) = 1, and a,,(27) = 0 for all n > 1. Substituting (3) into (2) and equating
the coefficients of ¢ yield

(4) (p =P Z a;Qj +q Z aia;ay.

i+j=n i+j+k=n
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Solving these equations recursively gives
ar = 1,ay =P,a3 =P’ +q,a4 =P’ + 257+ ba,
and 3
a5 =P' +3p°7 +D'q + 2Pba + 5T,
where a bar over a function denotes its indefinite integral. The functions a2 and a4
are integrals of polynomials of odd degrees; hence, they are 2w —periodic. Therefore,
the first two necessary conditions for a center are az(27) = 0 and a5(27) = 0. We
have
as(2m) =7w(A+ C).

If A+ C =0, then

as = —g(AOzQ + Baf — AB?).

Now, we prove that these conditions are also sufficient. If a3 # 0, then straight-
forward manipulations imply that ¢ = ;—g‘p]_a. It follows inductively from (4) that

a, = pF(p), for some continuous function F. Therefore, a,(27) = F(p(2r)) —
F(p(0)) = 0. Ifoz:A:Oandﬂ;éO,thenq:—%p]‘);whenﬂ:A:Oanda;ﬁO,
then g = —gp]_o. In the case a = 8 = 0, the equation has the form % = q(0)r3.
Since ¢ has mean value zero, the solutions of this equation are 2w —periodic.

The idea of this proof is the same one used in [1] for systems with homogeneous
nonlinearities.
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