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ABSTRACT. The purpose of this paper is to put in a precise mathematical
(algebraic) form the Wick products of the CAR algebra. We state in detail
the reduction of the ordinary product of Fermi fields in terms of a finite sum
of monomials in the creation and annihilation operators in which all creation
operators occur to the left of all annihilation operators (Wick-ordered) and
the Fock (vacuum) state of the former.

1. INTRODUCTION

Let H be a complex Hilbert space, and let C(H) be the CAR (canonical anti-
commutation relation) algebra over H, i.e., the C*-algebra generated by the set

{a*(f),a(f) | f € H},

together with a unit e, and whose elements satisfy the anticommutation relations

(1.1) a(f)a”(g) +a*(g)a(f) = (f,9)e,
(1.2) a*(f)a*(g) +a*(g)a”(f) =0,
(1.3) a(f)alg) + a(g)a(f) =0, f,g€H.

We will denote
¥(f) =a*(f) +alf), feH.
As usual, we will refer to ¢(f) as the Fermi field, and a*(f) and a(f) as the creation
and annihilation operators, respectively.

Here, we obtain an explicit expression for the reduction of the product ¥(f)---
¥(fn) in terms of Wick-ordered products, in which all creation operators occur to
the left of all annihilation operators, that is, a finite linear combination of monomials
of the form a*(f1)---a*(fm)a(g1) - - - a(gn), for vectors f;,g; € H.

This program, developed first by F.J. Dyson [4] and G.C. Wick [9], has been use-
ful in practical quantum mechanics, especially in applications to Feynman graph
theory, where the Fermi field plays an important role in defining Feynman propa-
gators as the Fock (vacuum) state of ordinary products of them (cf. [2, §17.4], [3,
§17] and [5, §4-2].)

Our treatment benefits immeasurably from the interpretation on Wick products
of Bose fields given by LE. Segal (cf. [7], [8, §1.4]) and L.E. Segal et al. [1, §7.2].

Received by the editors November 19, 1996.
1991 Mathematics Subject Classification. Primary 81T08.
Key words and phrases. Wick-ordered, vacuum state, Fermi field, CAR algebra.

©1998 American Mathematical Society

3639



3640 E. R. NEGRIN

2. ALGEBRAIC PROCESS OF REDUCTION

Definition 1. A Fock (vacuum) state on C(H) is a linear functional £ on C(H)
such that E(e) = 1 and

E(a*(f1)---a*(fm)a(gr)---algn)) =0,

E(a*(f1)---a*(fm)) =0,

E(a(g1)---algn)) =0,
for all f1,..., fm and g1,...,9, in H, and all m,n € N.

Note that, from [6, formula (2.5), p. 252] there exists a unique linear functional
satisfying the preceding conditions.

An explicit mathematical definition of Wick-ordered products of the CAR alge-
bra may be formulated as follows.

Definition 2. The Wick product of 9(f1)---¥(fn), with fi1,..., f, in H, is the
element of C(H),

(2.1)
() ()= D dp {H a*(fk)} I ey,
SC{1,...,n} keS ke{l,...,n}—S
where dp denotes the sign of the permutation needed to permute 1,...,n into the

order in which it appears in the formula, and the summation ranges over all subsets

Sof {1,...,n}.

Note that from relations (1.1), (1.2) and (1.3), the products involved in for-
mula (2.1) are independent of the order of the factors. Thus, the Wick product

p(f1) -+ (fn): is well defined.
The next result will be useful.

Lemma. For any f1,...,fn in H, n € N, n > 1, it follows that

(1) P(far): o (fn) = :90(f1) -+ b (fa1)(fn):

(2:2) D () D) U fae1): BSG(fa),
1<i<n—1
where §; denotes the sign of the permutation 1,... ,z coo,n—14,n.

Proof. We will prove this Lemma by induction on n. For n = 2, it establishes that

Y(f)U(f2) = V(f)(f2) : FE@(f1)Y(f2)), which is easily seen to be valid by

direct computations from (2.1).



WICK PRODUCTS OF THE CAR ALGEBRA 3641

Now,
(2.3)
p(fr) - Y(fa1) O(fn
. 5P Ha () { (fk>}w(fn>
SC{1,...,n—1} keS ke{l,...,n—1}-5
= Y 5P H a*(fx) { (fk)} (a*(fn) +a(fn))
SC{1,...,n—1} keS ke{l,...,n—1}-5
= > 5p Ha (fx) { (fk)}a*(fn)
SC{1,...,n—1} kesS ke{l,...,n—1}-5
Y s {H a*(f2) } { 11 a(fk)} alfi).
SC{1,...,n—1} kes ke{l,...,.n—1}-S

From relations (1.1), (1.2) and (1.3), the fact that E((f1)¥(f2)) = (f2, f1) and
the definition of dp, formula (2.3) yields (2.2). O

With this result, the reduction is obtained in

Theorem. Let C(H) be the CAR algebra over a complex Hilbert space H, and let
E be the Fock (vacuum) state on C(H). Then, for any f1,..., fn in H,

W) () = (1) - (f):
+ Y G () U) () B @) (fi))

1<j<k<n

+ Z 6j1/€1j27€2 w(fl)@m)

1<j1<k1<n,1<ja<ka<n
() ) - 0 (f): E W50 (fk)) B (0(F5)0(frs)
ot - Sibr ok E ()0 (frn)) -+ B (0(F5. )0 (fr.)

1<ji<ki<n,..,1<js<ks<n

where s denotes the integral part of n/2, and if n is even u = e (the identity in
C(H)), but if n is odd uw = ¥(f;), where t is the unique integer such that 1 <t <n
and t # jm, t £ kpy forallm=1,....s

In both cases, the sums are taken only over ju,km such that j, # jn, Jm # kn
and ky, # ky for all myn € N with m # n. Moreover, the sums range only over
J1<jg2 < < Jm-

Also, in both cases, i, ., denotes the sign of the permutation

~ —

| T S Y Y (7% 5 Iy

Proof. We will prove this result by induction on n. Clearly ¥(f1) = :¥(f1): . For
the case when n = 2, one has ¥(f1)¥(f2) = :¢¥(f1)Y(f2): +E ((f1)v ( 2)), which

is easily seen to be valid.
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Assume n is odd. By the induction hypothesis

ST () D) D) () ) E () ()

1<j<k<n—1

+ Z 6;17€1j2k2 @b(fl)mm

1< <k1<n—1,1<j2<ka<n-—1

() (fra) - W (Famt): () B (S(F5)8 (i) B @ (f1)9(fra)
+o > &t ) E (D(f5)8 (i)

1<j1 <k1<n—1,...,1<j5, <ks, <n—1
E (¥(f5.)¢(fr..)) 5

where s, denotes the integral part of (n —1)/2, and §;, ; ~denotes the sign of the
permutation

~ —

1,...,i1,...,im,...,n—l,il,...,im.

Now, using the preceding Lemma, the equality above becomes

D) - B ) () = (1) - () (fo)
+ 3 ()0 (a1 B @)(f)

Y b)) D) () E @) (r)
1<j<k<n—1
+ Y S R () ) ) () - (fam):

1<j<k<n—1 1<i<n—1,i#j,i#k

E@(f)v(fr) E (@ (fi)(fn)
+ Z 5;1761]2162 dj(fl)mm

1<g1 <k1<n—1,1<ja<ka<n—1
D) - Do) )0 () s B @50 (i) B (0(F52) 8 (fra))
+ Z Z 6g1k1j2k25;’1k1j2k2 2(f1) - 1@

1<ji<ki<n—1 1<i<n—1
1<ja<ko<n—1 i#j1,i#j2,i#k2

(i) D) b (fra) - D) - (fr):
E (@ (f;)0 (1)) E (1)) E @) (fa)

R Z Z 551161»»»3'5*—1163*—1

1< <ky<n—1,.. 1<i<n i1
1<js, —1<ks, —1<n—1 i#k1,...,i#js, —1,iFks, —1

ko ke SV IVE @) (1)) - B ()0 (e, 1)) E @ (f)(fn))
(2.4) + > 8 ki V) E (O(F5)0(frr)

1<j1<kr<n—1,..,1<j., <ks, <n—1

E (W(f5.)¢(fr..))
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where ¢ is the unique integer such that 1 <t <n —1and t # i, t # jm, t # kn,
i # Jmy t F# km, forallm =1,...,s, —1 and 1 <4 < n — 1. Moreover, §;* "™
denotes the sign of the permutation

—~ —

1o i1,y tmye eyt e,n— 10,100
With regard to the sums of each two consecutive terms in formula (2.4) one has
J1ki..jmbkm g
> > % Ojikr.. jmbm

1<j1 <k <n—1,0 1< jm <km<n—1 1<i<n—1,i#j1,i#k1 .0 4m 7k

—

ip(f) W (fin) o (fie) b (fg) - 0 () 0 (fi) - 0 (fm1)
E@(fi)0(fr) - E (@ (f3,)0(frn) E (i) (fn))

+ Z 6;1k1~~~jm+1k7n+1 ¢(fl)mm)

1<ji<ki<n—1,...,1<jmt1<kmt1<n—1

. d]@;l) o ’@[J@Zl) o w(fn) E (d](f]l )w(fkl)) K (w(fjm+1)w(fkm+1))
= > Opstrewinens W) O (f3) b (fe) (£
1<ji<ki<n,...,1<jm<km<n

O (fry) () E(@F5)0 (k) - B (@ (5,)8(Fk,0)) -

Using this fact, one obtains the desired result for n odd.
Now, assume n is even. By the induction hypothesis,

Y b)) D) - b famt): YU E ()
1<j<k<n—1
+ Z 5;_1k1j2k2;¢(f1)...@...m)...@...@)

1</ <k1<n—1,1<j2<k2<n-—1

(1) D) E G0 (f) E (i) (fra))
+eot > 8ot OO E ()0 (fi)

1<ji<ki<n—1,...,1<js, <ks, <n—1

B (5, )8 ()
where s, denotes the integral part of (n —1)/2 and J;, _; denotes the sign of the
permutation
Ly yitseeeyimy e — 11, im

Moreover t is the unique integer such that 1 <t <n — 1, and t # jy,, t # kp,, for
allm=1,..., s,.
Using again the preceding Lemma, the equality above becomes

D) b)) = (1) - O (frm)(f)
+ 3 ()0 (a1 B @(f)

1<i<n—1

Y b)) D) b )(fa) B ()
1<j<k<n—1

+ Z Z 5{"@5;%;¢(f1)...m...m...@...¢(fn_l);

1<j<k<n—1 1<i<n—1,i#j ik

EW(f3)¢ () E (W (fi)(fn)
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+ Z & oo ¥ (fl)...m...@)...m...m)

1<ji<k1<n—1,1<js<ka<n-—1

=) (fn): B (O (F5) 9 (f52)) B (0(F52)0(fr))

J1k1j2ke g1
+ Z Z 5 6J1k132k2

1<ji<kisn—1,1<ja<ka<n—1 1<i<n—1,i#j1,i#ky,i#j2,i#k2

—_—

p(f) o) () - o (fa) -+ 0 (fra) - 0(fi) -+ (1)
E(Q(f5)0(fra) E (O (fi2)0 () E (D (fi)(fn)
1<ji<k1<n—1,..,1<js, _1<ke, 1<n—1 1<i<n—1,i#j1,i#k1,...,itJs, —1,iFke, _1
5““J*k*%hw,m,,<nwmewwmwnm
E (¢(fju,- )Y (fr.. 1)) E (@ (fi)(fn))
+ Z 5;1k1~~~js*ks*
1<j1<k1<n—1,...,1<55, <ks, <n—1
(2.5) D) (fa) E ()0 () - B (d(f. )¢ (fr..)) s
where p and ¢ denote the unique integers 1 < p < g < n — 1, such that p # 1,
qF 0P F Jms @ F kmy 0 F Jmy 0 F kpy forallm=1,...s, —land 1 <i<n -1
Moreover, §;* "™ denotes the sign of the permutation

— ~

1, 01,y e ey by, m— 10,10

Now, arguing as in the case when n is odd, using the fact that ¥(f)v(fn) =

W(f)Y(fn): +E (W (f)v(fn)) into formula (2.5), and taking into account the sign
of the permutation, one obtains the desired result for n even. O

As a straightforward consequence of this result we have the following

Corollary. Let C(H) be the CAR algebra over a complex Hilbert space H, and let
E be the Fock (vacuum) state on C(H). Then, for any fi,..., fn in H, one has:

a) If n is odd, E ((f1) - (fa)) = 0.

b) If n is even,
E((f1) - 9(fn))
= > Sjukn ok B (O(F)0(Fr)) -+ B ((f5.)%(fr,))

1<j1 <k1<n,.1<js <hs<n
where the sums, s and § are defined as in the Theorem above.

Remark. Tt is clarifying to compute directly from (2.1) the following expressions
(which agree with the formulae obtained in the Theorem and Corollary above):

Y(f1)Y(f2)(f3) = 0 (f1)(f2)d(f3): +(f1)E (Y (f2)¥(f3))
= p(f2)E ((f1)Y(f3) + ¥ (f3)E (Y (f1)v(f2),

and
Y )Y()0(f3)0(fa) = b (f)Y(f2)(f3)Y(fa) + + 0 (f)e(f2) « B (W(f3)¥(fa))
— 0 p(f)(f3) = E (W (f2)(fa) + 2 p(f)Y(fa) « E((f2)e(f3))
+:9(f2)0(f3) : E@(f1)v(fa) — : ¥(f2)v(fa) : E (@ (f1)v(f3))
+ 2 p(f3)Y(fa) : E(P(f1)Y(f2)) + E (W (f1)v(f2) E (¥(f3)(fa))
—E @ (f1)Y(f3)) E(@(f2)v(f1)) + E(@(f1)Y(f1) E (b (f2)1(f3)) -
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For the Fock (vacuum) state values we obtain

E @ (f1)y(f2)v(f3)) =0,
d
E@(fO)v(f2)0(f3)¢(fa) = E (@ (f1)Y(f2) E (b (f3)9(f1)
—E@(f1)Y(f3)) E(@(f2)¥(f1) + E(@D(f1)(f1) E (U (f2)0(f3)) -
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