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A REMARK ON MANSFIELD’S IMPRIMITIVITY THEOREM

CHI-KEUNG NG

(Communicated by David R. Larson)

Abstract. We show that the Morita equivalence part of Mansfield’s Imprimi-

tivity Theory can be obtained by Green’s Imprimitivity Theorem (and duality
theory).

In [5], Mansfield developed a very interesting theory of induced representations
for group coactions. He started from very basic things and developed all the ma-
chineries that he needed.

In this paper, we will reconstruct part of his theory (namely, the Morita equiva-
lence part) using Green’s Imprimitivity Theorem and the recently developed theory
of group coactions and their crossed products. For basic definitions and properties
of group coactions, we refer the readers to [6] and [8].

Our simple approach is based on Raeburn’s reformulation (see [8, 2.9(3)]) of
Green’s Imprimitivity Theorem ([2, Theorem 6]): if B is a C∗-algebra with an
action α by a locally compact group G and α̂ is the dual coaction on B×α G, then
B ×α| H is strongly Morita equivalent to (B ×α G) ×α̂| (G/H) (where α | and α̂ |
are the restrictions of α and α̂ on H and G/H respectively).

It is well known that given a locally compact group G and a closed normal
subgroup H , there is a quotient map QH from C∗(G) to C∗(G/H). The spatial
version of this fact is the only thing that we need from [5] for our consideration
(see [5, Lemmas 3 and 4]): if H is a closed normal amenable subgroup of G, then
there exists a ∗-homomorphism qH from C∗

r (G) to C∗
r (G/H) (which preserves co-

multiplications) such that for any reduced coaction ε of G on a C∗-algebra A,
ε |= (id⊗ qH) ◦ ε is a reduced coaction on A by G/H .

Lemma 1.1. Let D be a C∗-algebra with a full coaction δ by a locally compact group
G. Let I = Ker((id⊗λG)◦δ), and let ε be the reduced coaction on the quotient D/I
of D induced by δ (see [8, Section 3]). If H is a closed normal amenable subgroup
of G, then D ×δ| (G/H) = (D/I)×ε| (G/H).

Proof. Let ε1 = (id⊗ λG/H) ◦ (δ |) (where λG/H is the left regular representation of
G/H). Then, by [6, 2.16], D×δ| (G/H) = D×ε1 (G/H) (note that the amenability
condition of [6, 2.16] is automatically satisfied in the case of coactions of locally
compact groups). Let J = Ker(ε1) = Ker((id ⊗ λG/H) ◦ (id ⊗ QH) ◦ δ). Since
λG/H ◦QH = qH ◦λG, J = Ker((id⊗ qH) ◦ (id⊗λG) ◦ δ) ⊇ I. Moreover, (ε |) ◦Q =
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(id⊗ qH) ◦ ε ◦Q = (id⊗ qH) ◦ (Q⊗ id) ◦ (id⊗λG) ◦ δ = (Q⊗ id) ◦ ε1 (where Q is the
quotient map from D to D/I). Hence by [6, 2.18], (D/I)×ε|(G/H) = D×ε1 (G/H).

We can now prove the following Imprimitivity Theorem for coactions (note that
coactions considered in section 5 of [5] are non-degenerate).

Theorem 1.2. Let A be a C∗-algebra with a non-degenerate reduced coaction ε by
a locally compact group G. Let H be a closed normal amenable subgroup of G.
Then (A×ε G)×ε̂| H is strongly Morita equivalent to A×ε| (G/H).

Proof. Let B = A ×ε G, and let α be the dual action of ε. Let δ and δr be
respectively the full and the reduced dual coactions of α (note that δ equals α̂
in the above notation). Then by Green’s Theorem, we only need to show that
(B ×α G) ×δ| (G/H) is strongly Morita equivalent to A ×ε| (G/H). If we put
D = B ×α G into Lemma 1.1, then the coaction ε in Lemma 1.1 equals δr (see [8,
3.2(1)]) and so (B ×α G)×δ| (G/H) = (B ×α,r G)×δr| (G/H). Now since δr is the
bidual coaction on B ×α,r G = A⊗K(L2(G)) (see [3, Theorem 8] or [8, 5.1]), δr =
Ad(v)◦ (ε⊗ i) where i is the trivial coaction on K(L2(G)) by the trivial group and v
is an (ε⊗ i)-cocycle (see [4, 2.7]). Therefore, δr |= (id⊗ qH)◦ δr = Ad(v′)◦ ((ε |)⊗ i)
where v′ = (id⊗ qH)(v) is an ((ε |)⊗ i)-cocycle. Hence by [4, 2.9] and [6, 3.3] (or [7,
1.16]), (B×α,r G)×δr | (G/H) ∼= (A×ε| (G/H))⊗K(L2(G)) which is clearly strongly
Morita equivalent to A×ε| (G/H).
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