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ABSTRACT. Let B — A be a module finite extension of normal domains. We
show that if B «— A is unramified in codimension one and if A has finite
projective dimension over B, then A is étale over B. Our proof makes use of
P. Roberts’ New Intersection Theorem.

INTRODUCTION

In this paper we give a generalization of the purity of branch locus theorem. The
classical purity of branch locus theorem says the following. Let R be a regular local
ring and A a normal domain which is a module finite ring extension of R. If the
extension R < A is unramified in codimension one, then it is unramified. Following
Auslander [Au], we say that purity holds for a normal domain R if given any finite
extension, R — S with S normal, which is unramified in codimension one, then S
is unramified over R. Thus, the purity of branch locus theorem states that purity
holds for regular local rings. Zariski [Z] gave a proof of this theorem in a geometrical
context. A more algebraic proof, based on Chow’s local Bertini theorem [Ch], is due
to Nagata [N1]. Auslander [Au] gave a different algebraic proof where he reduced
the problem to a module theoretic statement. Grothendieck [SGA2] calls a local
ring (R, m) pure if the restriction maps of étale covers (i.e. finite unramified flat
extensions)

Et(Spec (A)) — Et(Spec (A) \ m)

is an equivalence. Note that this concept of purity is weaker than Auslander’s.

Grothendieck proved that complete intersections of dimension at least 3 are
pure. Cutkosky [Cu] showed that a much larger class of rings are pure. He also
showed ([Cu], Theorem 5) that if R is a normal excellent complete intersection and
if R — A is a finite extension which is unramified in codimension two and with
A normal, then the extension is unramified (and hence étale, since over normal
domains, unramified implies étale).

Griffith [G2] gave examples of Gorenstein rings where purity does not hold, even
when the extension is unramified at every non-maximal prime ideal.
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The main result of this paper is:

Theorem 2.1. Let B < A be a module finite extension of normal domains which
is unramified in codimension one, and suppose A has finite projective dimension
over B. Then A is étale over B.

Note that the base ring B is only assumed to be a normal domain. To compensate
for easing the restrictions on B, we need to assume that A has finite projective
dimension over B. In the classical case, when B is regular, this hypothesis on A is
automatically satisfied.

Our proof uses generalizations of ideas in Auslander’s proof and makes use of
Roberts’ New Intersection Theorem [R].

In the first section of this paper we list definitions and results which are used in
the proof of the main theorem. In section 2 we prove the main theorem and give
an application related to rigidity of Tor. We also give an example showing that the
theorem is sharp in the sense that if we drop the assumption of finite projective
dimension, then the extension ring need not even be Cohen-Macaulay (even if the
base ring is a complete Gorenstein ring and the extension is unramified on the
punctured spectrum).

1. PRELIMINARIES

We briefly review some basic definitions and results which will be used in the
proof of the main theorem. Standard references are Matsumura [Ma] or Bourbaki
[Bou]. Another useful reference is [BH].

Definition 1.1. Let M be a module over a local ring (R, m). The depth of M,
denoted by depthr (M), is defined to be inf{i | Exti(R/m, M) # 0}.

1.2 (Auslander-Buchsbaum’s theorem). Let M be a finitely generated R-module of
finite projective dimension over R. Then

pdrM + depthpM = depthrR
where pdr M is the projective dimension of M over R.

1.3. Let B < A be a module finite extension of local rings and M a finitely gener-
ated A-module.
Then

depth 4 M = depthgpM and dims M = dimp M.
Moreover, M < oo if and only if LaM < co.

We say that a property of a ring R holds in codimension i if, for each prime
ideal p with ht p < ¢, the property holds for the ring R,.

A ring A satisfies R; if A is regular in codimension i. A finitely generated A-
module M satisfies S; (or is S;) if depthp (Mp) > min(i, ht p) for all prime ideals
pin R.

1.4 (Serre’s criterion for normal domains). A domain A is normal (i.e. integrally
closed in its field of fractions) if and only if A satisfies R1 and Ss.

1.5. Let A be a normal domain and G a subgroup of Aut(A), the group of auto-
morphisms on A. Then the ring A® of invariants is a normal domain.
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1.1. Ramification.

Definition 1.6. Let B be a ring, A a B-algebra, and P € Spec (4). P is said to
be unramified over B if p = P N B satisfies:

1. pAp = PAP
2. B,/pB, — Ap/PAp is a finite separable field extension.

A prime p € Spec (B) is unramified in A if every prime P € Spec(A) such that
PN B = p is unramified over B. We say A is unramified over B if every ideal P €
Spec (A) is unramified over B, or equivalently, if every p € Spec (B) is unramified
in A. The ring A is étale over B if A is unramified and flat over B.

For a more detailed treatment of unramified extensions the reader may wish to
consult Auslander-Buchsbaum [AB] or Nagata [N2]. We now recall the following
results from [AB], Section 4.

1.7. Let B — A be a module finite extension of normal domains. If A is unramified
over B, then A is flat and hence étale over B.

1.8. Let B be a local ring, B — A be a module finite extension of normal domains
which is unramified in codimension one. If A is free as a B-module, then A is
unramified over B.

1.2. Normal extensions and normal closure. Let B be a normal domain and
let B < A be an extension of domains. Denote by K and L the corresponding
fraction fields.

Definition 1.9. The extension B «— A is normal if A is normal and the fraction
field extension K «— L is Galois.

Let G be the Galois group of L over K, referred to as Gal(A/B). Then G
operates on A and the fixed ring A% is B.

For B — A a module finite extension of normal domains (with fraction fields K
and L respectively), we construct the normal closure as follows (see Griffith [G1]):
Let E be the Galois closure of the field extension K — L and let S be the integral
closure of A in E. We call the ring extension B <— S the normal closure of the
extension B — A. Note that when A is unramified over B in codimension zero,
then K — L is separable and hence S is a module finite extension of A.

The next theorem (see [G2], Section 1) shows that unramification transfers to
the normal closure.

Theorem 1.10. Let B — A be a module finite extension of normal domains.
If B — A is unramified in codimension i, then the normal closure B — S is
unramified in codimension i (and so is the extension A — S).

1.3. Module structure on Homp(—, —) and Module isomorphisms. Let A
be a B-algebra, M an A-module and N a B-module. Then Homp (N, M) has an
A module structure via M as follows: For a € A and f € Homp(N, M), define af
by (af)(n) :=af(n) € M for n € N. This A-module structure on Hompg (N, M) is
called codomain induced.

Remark 1.11. When we use the codomain induced module structure, Hompg (N, —)
becomes a functor from the category of A-modules to itself.
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In [Au], Auslander gives a module theoretic proof of the classical purity of branch
locus theorem of Nagata [N1]. He first reduces the problem to the case of a normal
extension. Then he uses the following module isomorphism:

Lemma 1.12. Let B — S be a normal extension of normal domains with Galois
group G = Gal(S/B) of order g = |G|. Then Homp(S,S) ~g S9, where SY is a free
S-module of rank g and by ~g we mean isomorphism as S-modules (the S-module
structure on Homp (S, S) is codomain induced).

In our situation, B — A is a module finite extension of normal domains which is
not necessarily a normal extension. By passing to the normal closure B — A — §
and using the above isomorphism, Borek [Bor| obtained additional useful module
isomorphisms.

Theorem 1.13 (Borek [Bor], Section 3). Let B be a local normal domain. Let
B — A be a module finite extension of normal domains which is unramified in
codimension one, B — S the normal closure, and W a finitely generated S-module
which is So. Then

Homp (A, W)" ~5 Hom4(S, Homp (A, W)),
where the S-module structure on Hom(—, —) is codomain induced and h is the order
of the Galois group Gal(S/A).
Remark 1.14. Using the adjoint isomorphism we have:
Homp (A, W)" ~g Hom (S, Homp (A, W))
~g Homp(S ®4 A, W) ~g Homp (S, W),
where the last isomorphism is an S-module isomorphism by Remark 1.11.

Remark 1.15. When we take W to be S (which is a normal domain and a module
finite extension of B and hence Ss over B by Theorem 1.4) we get from Remark 1.14:

Homp(A, S)" ~g Homp(S, S) ~g S9.
Hence Homp (A, S) is projective as an S-module.

1.4. New Intersection Theorem. A key ingredient in the proof of our main
theorem is Roberts’ New Intersection Theorem.

Theorem 1.16 (Roberts [R]). Let R be a local ring with mazimal ideal m. Suppose

Fo: 0-F%FE % R %E—0

is a complex of finitely generated free R-modules such that

1. ¢; : F; — F;_1 is represented by a matrix with entries in the mazimal ideal
m for all i.
2. The length of the homology modules, {r(H;(F)), is finite for all i.

If s < dim R, then F is exact.

Note. F, exact means F; = 0 for 0 < i < s. To see this, consider first F} &y Fy — 0.
Since Fj is free, this exact sequence splits, so ¢; has a right inverse 1, ¢1 0o ¥ =
tdp,. But, unless Fy = 0, this is impossible since the entries of ¢ are in m. Hence
Fy =0, and by induction we have Fp = F} =--- = F; = 0.
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2. MAIN THEOREM

Theorem 2.1. Let B — A be a module finite extension of normal domains which
is unramified in codimension one, and suppose PdpA < co. Then A is étale over
B.

Proof. Since B is a normal domain, it is enough to show that A is unramified over
B (1.7). Let p be a prime in B. We show p is unramified in A by induction on the
height of p.

When ht p < 1, the assertion is true by assumption.

Suppose htp > 2. Localizing at p we get that B, — A, is a module finite
extension of normal domains which is unramified in codimension one and Pdp, Ap
< oo. Since p is unramified in A if and only if A, is unramified over B,, we may
assume that B is local, p the maximal ideal of B, dim B > 2 and PdgA < oo. For
this situation, it is enough to show (by 1.8) that A is a free B-module.

First we take the normal closure of B — A:

B« A< 8.

Let G be the Galois group Gal(S/B) and let H be Gal(S/A). We denote the orders
of G and H by g and h respectively. Then B — S is a module finite (normal) ex-
tension of normal domains which is unramified in codimension one (Theorem 1.10).
(Note that we do not have PdgS < oo anymore, but we gained the Galois group ac-
tion.) Let g € Spec B\{p}, then by induction, ¢ is unramified in A4, so A; = A®p B,
is a free By-module. Therefore, for any finitely generated B module M, we have:

Exty (A, M), = Extly, (Ag, M) =0 for all i > 0.

In particular, when M is taken to be S, Ext’3(A, S), = 0 for every q € Spec B\{p}.
Hence /p(Extjz(A, S)) < oo for every i > 0.
We now consider the B-modules Extz (A, S) for i > 0. Let

Fo0oF%F %% SRR SA-0

be a minimal free resolution of A over B (where d = PdpA). Then for all i, ¢; may
be represented by a matrix with entries in p, the maximal ideal of B. We apply
Homp(—,S) to F, and get:

L, :0— Homp(A, S) < Homp(F, S)

% Homp(F1, S) — ... 2% Homp(Fy, S) — 0

with L; = Homp(F;,S) for i =0,...,d and L_; = Homp (A, S). Note:
1. L; ~¢ S™ where r; is the rank of the free B-module F; for i = 0,... ,d and
by Remark 1.15, L | ~g S9.
2. The induced B-module maps ¢} and €* are also S-module maps by Re-
mark 1.11.
Let m € Spec S be a maximal ideal lying over p. Localizing the complex L, at
m yields:

(L) i 0 = (LD S (Loym B (L) — . 2 (L) — 0.

This is a complex of finitely generated free Sy,-modules such that H'((L.)m) =
Ext (A, S)m (which is a finite length B-module by the above discussion) for i > 0.
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Our goal is to apply the new intersection theorem to a modified version of the
complex (Ly)m,. Since ¢f is just multiplication by the transpose matrix of ¢;, we
have that ¢; has entries in pS,, C mSy, for ¢ = 1,...,d. But € may not have all
its entries in m.S,,. To fix that, let C' = Coker(e*). Since Hom(—, S) is left exact,

€e* 1
0—— (L1)m — (Lo)m ————— (L1)m
0

%
N

0— (L_1)m % (Lo)m — C — 0
be a minimal free resolution of C' over S,, (where we allow L_; to be 0 if Pdg,, C
= 0). So ¢; has entries in mS,,. Hence, in (L.),, we may replace the exact

C

is exact and Pdg,, C < 1.
Let

sequence 0 — (L_1)m LN (Lo)m by 0 = (L_1)m % (Lo)m without changing the
homology. We denote the new complex again by L,,,, which is now a complex
of finitely generated free S,,-modules with all maps having entries in the maximal
ideal, and with homologies:

o o0 for i = —1,0,
H'((Li)m) = { (ExtiB(A,S))m fori=1,...,d

Next we check that (L), satisfies the hypothesis of the new intersection theorem.
Since the length of Ext% (A, S) over B is finite for every i > 0 and B < S is a
module finite extension, we have that the length of Ext’; (A, S) over S is also finite
(1.3). Hence, when localizing, we still have £s,, (Ext's (A, S),,) < oo fori=1,...,d.
So in any case, £s,, (H((L+)m)) < oo for all i.
Finally, the length of the complex (L), is d 4+ 1, where d = PdgA. By
Auslander-Buchsbaum’s theorem (1.2) we have:

(%) PdpA + depthg A = depthB < dim B = dim S,

where the last equality holds since S is module-finite over B.

Since A is a normal domain, it satisfies So and hence depthz A > 2 (here we use
dim B > 2). So the length of (L), is d+1 < PdgA+ depthg A < dim S,,, by (*).
Now we can apply the New Intersection Theorem to (E*)m to get:

0= (L1)m = (Homp(F1,S))m =~ S71  where r; = rank F}.

Therefore F} = 0, and the minimal free resolution F of A over B is just 0 — Fy —
A — 0. So A is free over B. O

We now give an easy application of a theorem by Huneke-Wiegand on rigidity of
Tor [HW2, Theorem 2.7] (see also [HW1] and [Mi]). The theorem says the following:

Theorem 2.2 (Huneke-Wiegand). Let R be a hypersurface, and let M and N be
two R-modules. If M ®g N is reflexive, then M and N are reflezive, TorlR(M, N) =
0 for all i > 0 and either M or N has finite projective dimension.
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Application 2.3. Let B be a hypersurface which is a normal domain. Let B — A
be a module finite extension of normal domains that is unramified in codimension
one. If AQpA is reflexive, then A is étale over B.

Proof. By Theorem 2.2, AQp A reflexive implies PdgA < oo and hence, by Theo-
rem 2.1, A is étale over B. O

In the following example we show that Theorem 2.1 is sharp in the sense that it
is false if we drop the condition of finite projective dimension, even if the base ring
is a Gorenstein complete local normal domain.

Example 2.4 (see Fossum [F], Example 16.5). Let A = k[X1, ..., X4] be the poly-
nomial ring in d variables (with d > 2 ) over a field & which contains a primitive
nt" root of unity, w, such that n is relatively prime to the characteristic of k. Let o
be the automorphism on A defined by o(X;) = wX; and let G = (o) be the cyclic
group generated by o. Then A = B, the ring of invariants under G, is generated
as a k-algebra by the monomials of degree n, and if n = d, then B is Gorenstein
(see Watanabe [W]). The extension B «— A is unramified on the punctured spec-
trum of B, i.e. at every non-maximal prime ideal (see [Bor], Section 5), but its not
unramified since A is regular and B is not.
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