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ABSTRACT. We prove some integral inequalities for immersed tori in the three
sphere. The functionals considered are generalizations of the Willmore func-
tional.

1. INTRODUCTION

Let M be an immersed torus in S3, the standard unit sphere. Denote by 1 and
Ko the principal curvatures of M and assume that k1 > k9. Define

W, :/ [ ;“2)de
M

where dM is the area element of M.
In this paper, we prove the following

Theorem 1.1. Forp > 1+ g, Wy, > 212, and equality holds if and only if M is
the Clifford torus.

The Willmore conjecture says that Wy > 272, The conjecture has been proved
for some conformal classes by Li and Yau [LY], Montiel and Ros [MR], and
R. Bryant (see the note added in proof in [MR]). The conjecture is also known
to be true for surfaces whose images under stereographic projection are surfaces of
revolution in R? [LS]. For W, we will prove the following

Theorem 1.2. W, —l—/ (1 - K_)%Jr% — (1= K_)) > 2n%, and equality holds if

M
and only if M is the Clifford torus, where K_ = min{K,0} and K is the Gauss
curvature of M.

In particular, Theorem 1.2 implies that the Willmore conjecture holds for flat
tori, a theorem due to B.Y. Chen [C] (also see [LY] for a different proof). In [P],
Pinkall showed that every torus can be conformally imbedded into S? as a flat torus
(a Hopf torus). In a separate paper, we will show that the Willmore conjecture also
holds for tori near flat tori.

We note that L. Simon [S] has shown that there exists an embedded torus min-
imizing Ws. For p > 2, similar functionals have been considered by Langer [Lan]
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and Hutchinson [H]. They considered the LP norm of the second fundermental
form, namely,

B, = [ (it an
M
and proved compactness theorems for F,.
2. PROOF OF THEOREMS

Theorems 1.1 and 1.2 are consequences of the following.

Theorem 2.1.

K1 — K 1
/ ! 5 24 5(1 + K1ko)(arctan ko — arctan k) dM > 272
M
Remark 2.2. By the Gauss equation, the Gauss curvature of M, K = 1 + kiko.
The Willmore conjecture for flat tori is then an immediate consequence of Theorem
2.1 since, in this case,
K1 — R2 1 1 1 1 K1 — R2

9 =§(H1+K—1)S[§(H1+H—l)]2=( 9

)%

Proof. Fort > 0, denote by MY the equidistant surface of M in the normal direction
N, ie.

M! = {exp,tN|x € M}.

Let A4 (z,t) be the area element of M%. A, (x,t) is well-defined and differentiable
for ¢ less than the first focal distance in the direction of N and the first variation
formula gives

0A
(2.1) s _ H(w, 0. (2,1
ot

where H(x,t) is the mean curvature of M with respect to N, i.e. the sum of two
principal curvatures.

Let Ai(z,t) and Aa(z,t) be the principal curvatures of MY, where X\;(z,0) =
Ri, 1= 1, 2.

By the Ricatti equation for the second fundamental form (see e.g. [CG] for a
derivation),

0
=N\ = 1=\
ot ¢
Solving it, we get
/\i(ZZ?, t) = COt(t + Oéi)

where a; = arccot(k;),i =1, 2.
Substituting cot(t + 1) + cot(t + az) for H in (2.1) and solving the resulting
equation yields

Ay (z,t) = esc(ar) esc(az) sin(t + aq) sin(t + ag).
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Similarly, we consider the equidistant surfaces of M in the direction of —IN |, M1,
and get

A_(z,t) = csc(ay) csc(ag) sin(t — 1) sin(t — ag)

where A_(x,t) is the area element of M? .

Since ay < aw, it is clear that the first zero of Ay (z,t) (A—(z,t), respectively)
occurs at t = m—as (aq, respectively). Hence the first focal distance in the direction
of N (=N, respectively) is less than or equal to t = m — aa (a1, respectively). For
each point p in S3, there exists a geodesic from p to M which hits M perpendicularly
and minimizes the distance from p to M. The length of the geodesic is less than or
equal to the first focal distance in the direction of N or —N. This implies that

P =5t Js®
where,
S% = {eap,(tN)lx € M,0<t<7—ap} and
53 = {expy(—tN)|lz € M,0 <t <oy}
Now,
vol(83) < / /ﬂ_w Ay (x,t)dt dx
M JO

1 T—Q2

3 / / cscag csc agfcos(ag — ag) — cos(2t + g + )] dt dx
M Jo

1

= 5/ [(m — a2)(1 + cot o cot avg) + cot ] dx:
M
and
vol(S%) < / / A_(z,t)dtde = 1/ [a1(1 + cot ag cot ag) — cot ] d.
m Jo 2 Jm

It then follows that

272 = vol(S?) < vol(S%) + vol(S?)
1
< 3 / [(m — a2)(1 + cot a; cot aa) + cot | dx
M

1
+§/ [a1(1 4+ cot ay cot ag) — cot ag] dx
M

cot ayp — cot as

1
= / [f + 5(1 —+ cot aq cot CYQ)(TF + a1 — 052)] dM
M

2

where we have used the Gauss-Bonnet formula. This proves Theorem 2.1. O

— 1
= / [K1 2 5(1 + K1ko)(arctan ko — arctan kq)] dM
M

Let d > 0, ¢ > 0 be fixed constants and define

W(r)=d+ (1+r(r+ d))[arctanr — arctan(r + d) — 2c|.

d d
Lemma 2.3. W(r) <d+ 2(1 — 1)(arctan 3 +¢), for —oo <1 < 00, and equality

holds if and only if r = —g.
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Proof. Taking derivative of W gives
W' (r) = (2r +d)Z(r)
d(1+r(r+d))

where, Z(r) = T 0+ 0+ d) + arctan(r) — arctan(r + d) — 2¢. Since

2r +d
A+ 2P+ (T dP
we see that Z(r) | for r < —% and Z(r) 1 for r > —4. Notice that lim Z(r) =

2 T—00

lim Z(r) = —2c < 0. Hence, Z(r) < 0 for all r. This implies that W(r) is

Z'(r) = 2d

strictly increasing for r < —% and strictly decreasing for r > —%. It then follows

d
that r = —£ is the only maximum of W(r), and consequently, W (r) < W(_i) =

d? d
d+ Q(Z — 1)(arctan 3 + ¢), for —0o < r < oo and equality holds when and only

d
when r = —5 Lemma 2.3 is thus proved. O

Lemma 2.3, combined with Theorem 2.1, gives

d d? d
Lemma 2.4. / [5 + (Z — 1)(arctan 3 +¢)]dM > 2n%, where d = Ky — Ko and
M

c > 0 is an arbitrary constant. Moreover, when the equality holds, M is minimal.

Proof. We have from Theorem 2.1 and the Gauss-Bonnet formula that for any
constant ¢ > 0,

- 1
(2.2) / M 5 "2 4 5(1 + K1ko)(arctan ko — arctan sy — 2¢) dM > 2r2.
M

Choosing d = k1 — k2 and r = Ko in Lemma 2.3, we get

_ 1
/ [m . K2 n 5(1 + K1ko)(arctan ke — arctanky — 2¢)] dM
M

2
(2.3) < /M [g + (dz - 1)(arctang +¢)]dM.

The inequality in Lemma 2.4 now follows from (2.2) and (2.3). If the equality holds,
then the equality in (2.3) also holds. By Lemma 2.3, the equality in (2.3) implies
that kg = =572 i.e. H =0. Lemma 2.4 is thus proved. |

Theorem 1.1 will be a consequence of Lemma 2.4 and the following elementary
lemma.

Lemma 2.5. For anyp > 1+ 3,

1
Qult) =t + (£ = Dfarctant + S (p— 1 - g)) <0, t>0,

and the only possible points where the equality holds are t =0 and t = 1.

Proof. We first show that Q,(t) < 0 for ¢t > 1. Since Q,(1) = 0, it suffices to show
that Q),(t) < 0 for ¢t > 1. Now,

Q(t) = 2tRp (1),
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where
b P24 arctant 4 2(p—1- 1)
= - = rctant + =(p — 1 — —<).
1+ 2 9 \P 2

Taking the derivative of R, gives
_ o3
R, (t) = 2tP725(t)

Ry (1)

where
_ P p(p—2)
S(t) = (1422 4
The derivative of S(t) is
+1)t*7P 3—p
2.4 ()= — ).
(2.4 0= T G- )

3 _
Since P
1

< 1, we find that S’'(t) < Ofort > 1. So S(t) < S(1) = i(l—p(p—2)) <

p
0, for ¢t > 1, and hence R,(t) < R(1) = 0 for ¢ > 1, therefore Q,(t) < Q(1) = 0 for
t>1.

To prove Qp(t) < 0 for 0 < ¢t < 1, we first show that for each fixed ¢t : 0 < ¢ <1,
Qp(t) is a decreasing function in p. In fact,

0Q 1., 1

— =_(t*—1)—t’Int = —tP(t* P —t7P — 2Int).

52 = 5~ )= "It = 5o nt)
Let a(t) = t>7P —t=P — 2Int. It is easy to see that a(t) is an increasing function in
ton (0,1) and a(1) = 0. So a(t) <0 and hence Q,(t) is a decreasing function in p.
Now all we need to prove is that Q14z (t) <0 for 0 <t < 1.

It is easy to see that

(1°) Q14+z(0) =0 and Q14 (t) is decreasing near 0 .

(2°) Qi+z(1) =0, Q{Hr%(l) = 0and ’1’+%(1) < 0, ie. 1is alocal maximum of
Qi+z.

We can also prove that

(3°) Q1+z has only one critical point on (0,1), i.e. Ri4z has only one zero on
(0,1).

In fact, it is clear from (2.4) that S’(¢) has at most one zero on (0,00), so
S(t) has at most two zeros by Rolle’s Lemma, hence (a) R4z (t) has at most two
critical points on (0,00). We can also easily see that (b) Ri4+z(0) =0, R/1+% t) —
—o0,ast — 0%, and that (c) Riyz(1) =0, R’H%(l) < 0. We then conclude from
(a), (b) and (c) that Ry4z has only one zero on (0,1). This proves (3°). (1°), (2°)
and (3°) imply that Qi4z(t) < 0 for 0 <t < 1. The proof of Lemma 2.5 is then
completed. O

Proof of Theorem 1.1. Lemma 2.5 implies that
d2

(2.5) /M [g & 1)(arctang + %(p —1-Ty)jdn < /M (

K1 — R2

) dM

where d = k1 — Ko.
The inequality in Theorem 1.1 now follows from (2.5) and Lemma 2.4 in which
we choose ¢ = 2(p—1— %).
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If the equality in Theorem 1.1 holds, then equalities in both (2.5) and Lemma
2.4 hold. By Lemma 2.5, the equality in (2.5) implies that
K1 — R2

K1 — R2
——=0o0or —— =1.

2 2
K1 — R2

Since M is a torus, we cannot have = 0 by the Gauss-Bonnet formula,

hence we must have
K1 — R2

2.6 _—
(26) -
On the other hand, that the equality in Lemma 2.4 holds implies that M is minimal,

i.e.

(27) K1+ ke = 0.

(2.6) and (2.7) imply that k1 = 1 and k2 = —1, hence M is both minimal and flat.

By a theorem due to Lawson [Law], the only minimal flat torus in S is the Clifford

torus. This proves Theorem 1.1.

=1.

We are now in position to prove Theorem 1.2.
We first state a lemma whose proof is similar to that of Lemma 2.3 and hence
will be omitted here.

Lemma 2.6. Let D be a constant and f(t) be defined as

f(t) = %(t — ?) + %(1 + D)(arctan? — arctant) — i(t - ?)2
1. If D > 0, then f(t) <0 fort #0.
2. If D < 0, then f(t) < f(vV/—=D) fort # 0, and f(t) = f(vV/—D) only when
t=+v—D.
3. If D=0, then f(t) <0 for all t.

Choosing D = K — 1(= k1k2) and ¢ = k1 in Lemma 2.6, we get from Theorem
2.1 the following

Lemma 2.7.

W2+/ [V1 - K — Karctany1 — K — (1 — K)]dM > 272,
{zeM|K(z)<1}

and when equality holds, M is minimal (and hence K < 1).

Notice that v1 — K — K arctanv1l — K — (1 — K) <0 when 0 < K <1, as it
can be shown by an argument similar to the proof of Lemma 2.5. It then follows
from Lemma 2.5 (with p =1+ F) that

/ [V1-K — Karctanvl—K —(1-K)]dM
{zeM|K(z)<1}
</ [(1— K)3*% — (1 - K)dM
{zeM|K (z)<0}
(2.8) = /M[(1 —K_)tE — (1— K_)]dM.

The above equality holds if and only if K < 0. This in turn implies that the equality
holds if and only if K = 0, by Lemma 2.5.
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The inequality in Theorem 1.2 now follows from Lemma 2.7 and (2.8). If the
equality in Theorem 1.2 holds, then equalities in both Lemma 2.7 and (2.8) hold.
The equality in Lemma 2.7 implies that M is minimal, while the equality in (2.8)
implies that K = 0. Hence M is minimal and flat; again by Lawson’s theorem, M
must be the Clifford torus. Theorem 1.2 is thus proved.

I would like to thank Prof. Greg Galloway for many inspiring discussions. I would
also like to thank Prof. Bill Minicozzi for sharing his insights and for informing me
papers [Lan] and [H].

[C]
[CG]

1]
[Lan]
[Lav]
[Ls]

[LY]

[MR]

[P]
(]

REFERENCES

Chen, B.Y. Geometry of submanifolds, Marcel Dekker, New York, 1973. MR 50:5697
Cai, M. and Galloway, G. Least area tori and 3—manifolds of nonnegative scalar cur-
vature, Math. Z., 223(1996), pp.387-395. MR 97i:53040

Hutchinson, J. Second fundamental form for wvarifolds and the existence of surfaces
mainimizing curvature, Indiana U. Math. J., 35(1986), pp.45-71. MR 87e:48068
Langer, J. A compactness theorem for surfaces with Ly bounded second fundamental
form, Math. Ann., 270(1985), pp.223-234. MR 86i:53035

Lawson, B. Local rigidity theorems for minimal surfaces, Ann. of Math., 89(1969),
pp.187-197.

Langer, J. and Singer, D. Curves in the hyperbolic plane and mean curvatures of tori
in 3 space, Bull. London Math. Soc., 16(1984), pp.531-534. MR 85k:53006

Li, P. and Yau, S.T. A new conformal invariant and its applications to the Willmore
conjecture and first eigenvalues of compact surfaces, Invent. Math., 69(1982), pp.269-
291. MR 84f:53049

Montiel, S. and Ros, A. Minimal immersions of surfaces by the first eigenfunctions
and conformal area, Invent. Math., 83(1985), pp.153-166. MR 87d:53109

Pinkall, U. Hopf tori in S3, Invent. Math., 81(1985), pp. 379-386. MR 86k:53075
Simon, L. Existence of surfaces minimizing the Willmore functional, Comm. Anal.
Geom. 1(1993), pp.281-326. MR 94k:58028

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF Miami, CORAL
GABLES, FLORIDA 33124
E-mail address: mcai@math.miami.edu



