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ABSTRACT. In this paper, the central limit theorem for lacunary trigonometric
series is proved. Two gap conditions by Erdds and Takahashi are extended and
unified. The criterion for the Fourier character of lacunary series is also given.

1. INTRODUCTION

It is well known that the lacunary trigonometric series Y a; cos(2mn;w + ;)
behaves like random series when {n;} increases very fast. For example, if {n;}
has Hadamard gaps, i.e. njy+1/n; > ¢ > 1, the series converges or diverges almost
everywhere according as Y a? converges or diverges. (Kolmogorov [3] and Zygmund
[10].) It is also known that the series is not a Fourier series of integrable function
when 3" a? = co. (Zygmund [10].)

As to the central limit theorem for the series with Hadamard gaps, Salem-
Zygmund [4] proved: If A, = (3 Y7 a?) Y2 o0 and an = o(Ay) are satisfied,
then

(1.1) Ain g a; cos(2mn;w + ¢;) 2, Noa
holds on probability space (€2, dw/|2]), when © C [0,1] has positive measure.
Here | - | denotes Lebesgue measure, Ng ; the standard normal distribution, and
2, convergence in law.

Erdds [1] relaxed the gap condition to
(1.2) Nip1/m; > 1+ ci/\/i_ where ¢; — 00,
and proved (1.1) for a,, = 1. Takahashi [6] proved that a,, = 1 can be relaxed to
(1.3) A, — oo and anzO(An/\/r_z).
Takahashi [7] also proved (1.1) assuming
(1.4) nit1/n; > 14+¢/i% A, — o0 and a, = o(A,/n%),

where ¢ > 0 and 0 < a < 1/2. Tt should be noted that there is no implication
between (1.2) and (1.3), and (1.4). Indeed, if we put a = 1/2, the gap condition
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of (1.4) is weaker than (1.2), but if we put a,, = 1, we must put a < 1/2 in (1.4),
which is stronger than (1.2).

From (1.1), by the way, we can deduce that the series is not a Fourier series.
Therefore, the series is not a Fourier series under (1.4). Takahashi [8] proved that
this claim remains valid even if we relax a,, = 0(4,,/n%) to a, = O(A,/n*). Under
this condition, (1.1) does not hold generally. A counterexample was constructed by
Takahashi [9]. Previously, Erdds [1] had noted the existence of such an example for
a=1/2.

Although these results have been considered to be best possible, we still have
the following examples excluded from the above scheme: Under the conditions

nit1/ni > 1+c/+/ilogi, A, — oo and a,=o0(A,/\/nlogn),

the central limit theorem (1.1) holds. Even if we relax the last condition to a, =
O(A,/+/nlogn), the series is not a Fourier series, but there are counterexamples
for (1.1).

In this note we introduce a more general gap condition and prove theorems
including all the above results and examples.

Theorem 1. Let us suppose the following conditions:

(1.5) A(E) > X for some X > 0;

(1.6) A+ 1) — A(3) = o(1);

(1.7) Nit1/n; > 14+ c/A(@)  for some ¢ > 0;
(1.8) an =0(A,/A(n)) and A, — occ.

Then (1.1) holds on any Q C [0,1] with positive measure.

In Theorem 1, the next condition is implicitly assumed:

=1
(1.9) ZV_(O =

Or, more precisely, the existence of {a;} satisfying (1.8) is equivalent to (1.9).
Indeed, if (1.9) is false, the contradiction A2 = O(3 Y1 A?/X2(i)) = o(A2)
follows. In case (1.9) is valid, we can construct {a;} satisfying (1.8), by putting
A, = exp(3X1 e;) and a2 = (A2 — A2_,)/2, where {e;} satisfies 0 < ¢; =
o(1/X2(i)) and Y77, €; = oo.

Although Theorem 1 contains assumptions that generalize (1.4), we can derive
the next corollary which assumes the generalization of (1.2) and (1.3). The condi-
tion (1.9) is again implicitly assumed for {A(7)}.

Corollary. Let us suppose the following conditions:
A(G@) >0 and A(i) — oo;
A+ 1) = A@#) = O(1);
Nit1/n; > 1+ ¢;/A(i) where ¢; — oo
an = O(An/A(n)) and A, — .
Then (1.1) holds on any Q C [0,1] with positive measure.

Actually, we will prove that the assumption of Theorem 1 is equivalent to that
of the Corollary. Thus, our result extends and unifies previous results.
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Since a,, = 0(A,,) is necessary for (1.1) (Salem-Zygmund [4]), if we assume (1.8),
the condition (1.5) is indispensable for Theorem 1.
The next theorem asserts that (1.8) cannot be weakened.

Theorem 2. Suppose that {\(i)} satisfies A(1) > 0, (1.6) and (1.9). Then there
exist sequences {n;} and {a;} satisfying (1.7),

(1.10) an = O0(A,/A(n)) and A, — oo,
such that the central limit theorem (1.1) does not hold on  =[0,1].

Finally, we state a result on the Fourier character of the series. Since (1.11) is
always true under Hadamard’s gap condition, it includes that of Zygmund [10].

Theorem 3. Let us assume (1.5), (1.6), (1.7), (1.9),
(1.11) an = O(Anl(An)/A(n)) and A, — oo,

where {(x) = \/log;vloglogx...log('y)x and v € N. Then the sertes diverges
almost surely and is neither a Fourier series nor a Fourier-Stieltjes series.

Before closing the introduction, we note that the same results for lacunary Walsh
series can be proved in the same way.

2. THE CENTRAL LIMIT THEOREM
Let us put ng = 1 and A(0) = 2\, and introduce the following notation:
p(0)=0,  p(k)=max{i|n; <2"} (k>1), (k) =p(k+1)—p(k),

P(k)=Nn(p(k),p(k+1)],  u(k) = Inax A(i@),  w(k) = oin (7).

Since {n;} diverges to infinity, {p(k)} does also. If p(k) + 1 < p(k + 1), we have

T p(k+1)—1 c p(k+1)—1 c l(k)—l
PRI 11 <1+—>>1+ Y = >l+4e

Mo+l P A7) i1 0 (k)
From this and pu(k) > A, it follows that
(2.1) (k) = O(u(k)).
By (1.6), we have A(i) = o(i) and p(k) = o(p(k+1)). Applying this to (2.1) we get
(2.2) p(k+ 1) ~ p(k).
Applying (1.6) and (2.1), we have

This implies (k) ~ v(k), and hence p(k) ~ A(p(k+1)) and pu(k+1) ~ A(p(k+1)+1)
follow. Since A(Z + 1) ~ A(4) is clear from (1.5) and (1.6), we have

(2.3) ulk+ 1) ~ (k).

The next lemma plays an important role in the proof.
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Lemma 1. For any given integers j, k, h, and q satisfying
j<k and p(j)+1<h<p(j+1)<plk)+1<g<pk+1),
the number of solutions (n,,n;) of the equation
ng —ny =np —n; where p(j) <i<h and p(k)<r<g,
is at most 2771y (k)/c.
Proof. If (n,,n;) is a solution, we have
Ny =mng — (np —n;) >ng—27 >ng(1—2077) > ny (1420701

Let us denote the least (or greatest) index of n,’s by mq (or mg). Dividing ng >
Nmat1 by ng(1+277F1)=1 <n, we have

ma

. N 41 c c(ma —my +1)

1 4 gi—k+1 > Dmatl (1+—)21+—
o VR G (k)

The next lemma can be proved in the same way.
Lemma 2. For any given integers j, k, h, and q satisfying
JH+1<k and p(j+1)<h<p(+2)<plk+1)<qg<pk+2),
the number of solutions (n,,n;) of the equation
ng—ny, =np—n; where p(j) <i<p(G+1) and pk)<r<plk+1),
is at most 277k +2 (k) /c.

In the proof of Theorem 1, we assume ¢; = 0 to simplify notation. The general
case can be proved in the same way. We apply the following result ([5]).

Theorem A. Let {d;} be a sequence of real numbers and put

n n 1/2
Z . 1
fn(w) = s di COos 27-”(*}7 Ak = f2k+1 - f2k7 Dn = <§ 2_1 dg) )

and By, = Dgr+1. Suppose that the following conditions are satisfied:

n

1

(2.4) / % Z(Ai(w) + 28k (W) Apt1 (W) — 1‘ dw — 0,
0 n o p—1

(2.5) B, — oo and  sup |A,(w)| = o(Bn).

we[0,1]

Then for any Q C [0,1] with positive measure, the law of fn/Dy on (€, dw/|])
converges weakly to the standard normal distribution.

We apply this by putting Ag(w) = EieP(k) a;cos2mnw and By = Apgy1)-

Let us put C, = ||Ag|| where || - || denotes L?[0,1]-norm. Obviously we have
C? =B} — B?_,. By (1.8) and (2.1), we have

By,
(2.6) sup |Ag(w)| < la;] < 1(k) max |a;| = o(u(k)—> = o(Bk).
UJE[OJ]‘ | iE;(k) i€ P(k) V(k)
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This implies Cy, = o(By) and B2,, /B2 = (1—C2,,/B2,,)”" =14o0(1). The next
estimate follows from the Schwarz inequality:

(2.7) S Jagl < 12(R)Ci = O(4* (K)Cy).

qeP(k)

To prove (2.4), we divide Ai into three parts; putting

1
Uk:5 Z aq Z arcos2m(ng + ny)w and

q€P(k)  reP(k)
Vi = Z aqa, cos2m(ng — n,)w,

p(k)<r<g<p(k+1)

we have A? — C? = Uy, + Vj,. From (2.6), it follows that

1
Ul < 5 > laglCk = o(BkCx) and ||[Vi|| = o(BiC).
qeP(k)

Since {Uy} is an orthogonal sequence, we have

2 n n
A O<Bgzc,z> — o(BY).
k=1 k=1

Noting this and || (Ux + Vi) ||* < 2| S U|” + 2| Vi

= o(By) + / Vie(w

1<j<k<n

we have

n

> (AF-CF)

k=1

2

In a similar way, we can prove

Bk+4Z/Wk w) dw

1<j<k<n

where Wi = 37 p(ri1) @ 2ore p(k) @r €08 2m(ng — ny)w. By Lemma 1, (1.8) and
(2.7), we have

1 29=k+1 (k)
/ Vk(w)‘/}-(w)dw’ < Z lag| Z lan| max |a,| max la;| —————=

GP k ’LGP C
0 q€P(k) heP(j) (k)

= o(By B, (k)2 (4)27 7 Ci.Cy).
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Because of (2.3), for large enough M, we have u(k)/u(j) < M2F=7. Hence we have

1 n k—1 .
—k
/ Vi)V (w)do = o(B2) S G S V2 e
1<j<k<n’0 k=2 j=1

:o(Bg)kiCk<§\/§j—kC?>l/z<§ 2j_k>1/2

2 j=1 j=1
n 1/2 n k—1 & 1/2
= o(B;i)(Z c};) (ZZ V2 cf)
k=2 k=2 j=1
n—1 n k 1/2
:o(BE;)( cz Y V2 )
j=1  k=j+1
= o(By,)

Similarly we have 37, ., fol Wi (w)W;(w) dw = o(B;}). These estimates yield

> (A -cp) > ARAR
k=1 k=1
which imply (2.4).

Next we prove the Corollary. Let us put p(i) = 1/(niy1/n; —1). Let Ax(i)
denote (i + 1) — z(i).

We now assume 0 < A(i) — oo, AA(i) = O(1), p(i) = o(A(i)) and p(i) < A(i),
and hereafter construct A(i) which satisfies 2\ V p(i) < A(i), A(i) = o(A(i)) and
AX(i) = o(1). The conditions of Theorem 1 are clearly derived from these. Put
A = §inf; A(i). Let us first construct sequences 1 = ip < i1 < iz < --- and {Ag(4)},
{A1(2)}, {A2(2)}, ... such that

(2.8) p(i) = o0(An(i)) and An(i) > oo (i — oo, n>0),

— o(B2) and — o(B2),

(2.9) 2V p(i) < Ap(i) < Ap_1(i) and AA, (i) = %AAn_l(i) (n>1, > i),
(2.10) Anali) < 2Anafi) (022,02 ).

These sequences are constructed inductively in n. First we put ig = 1 and A (i) =
A(3). Tt is clear that (2.8) is satisfied for n = 0. After i,,—1 and {A,_1(?)} have
been constructed, we define 4,, and {A,,(7)} as follows: We can take j > i,_1 such
that

(2.11) p(i) € Ano1(i)/2 and Ap_o(in_1) < An_a(i)/3 (i > 7).

(The second condition must be omitted in case n = 1.) Let us take i,, > j such
that A,,—1(in) = min;>; A,—1(2) holds, and define A, (¢) by

L An—l(i)v Z < i'n,a
0 {(An_lm +Ana(in)) /2, 0> i

By definition, (2.11) holds if we put j = 4,, and A,—1(i¢) > A, (i) holds for all
1 > in. Therefore A, (i) < A,,—1(7) holds for ¢ > i, and the rest of (2.9) is clear from
definition and the first inequality of (2.11). (2.10) follows from the last inequality
of (2.11). By definition, (2.8) is clear, and the sequences are well constructed.



THE CENTRAL LIMIT THEOREM FOR LACUNARY SERIES 605

If we put A(¢) = A (i) for i, <4 < ipt1, it satisfies 2A V p(7) < A7), AX(i) =
AL (i) = (3)"AAG) = o(1) and A() = Ap(i) < An_1(i) < (2)"7'AG) = o(A(D)).

Finally, we derive Theorem 1 from the Corollary. By this we see that Theorem 1
and the Corollary are equivalent. We now assume (1.5), (1.6), (1.7) or p(i) =
O(A(4)), and (1.8), and derive the conditions of the Corollary. Conditions (1.5) and
(1.8) imply a;/A; — 0. We can therefore take an increasing sequence A(i) of positive
numbers such that A(i)a;/A; — 0 and AX(i) = o(1). If we put Ao(i) = A(i) + (i),
we have 0 < A\o(i) — oo, AXg(i) = o(1), p(i) = O(Ao(i)) and Xo(i)a;/A; — 0.
Next we construct 1 = ig < i3 < 2 < -+ and {A(4)}, {A2(9)}, ... such that
An(l) > An—l(i)v

0 < A(i) =00, AN (1) =0(1), and N,(i)a;/A; — 0 (i — oo,n>0),

)\n(l) a;

%

1AM ()] < 1, Adn (i) = 2AM_1 (i),

<1(i>ip,n>1),

An_1(i) > /\n 2(i) (6> ip,n > 2).

It can be achieved first by taking i,41 to satisfy A, (ip41) = ming>;, ., An (i),

An(i)a; 1
<=, A\

ol B NSO
and then putting A,4+1(7) = 20, (%) — A\ (int1) if @ > ipq1 and Apy1(2) = A (0)
otherwise. If we put A(i) = A\, (@) for n; < i < n;y1, we can verify the conditions
on A(7) in a similar way as before.

and  Ap—1(2) > 2X—1(in) (8 > dpnt1),

2
) -

3. CONSTRUCTION OF COUNTEREXAMPLES

We may assume A(7) — oo, since the condition a,, = 0(A,,) is necessary for (1.1).
There is no loss of generality if we assume ¢ = 1 and A(¢) > 1. Let us denote by
I - loo the sup-norm on [0,1]. Redefine {p(k)} by

oRLd S

and define I(k), P(k), p(k) and v(k) as before by using new {p(k)}.
If p(k) +1 < p(k + 1), we have

p(0)=0 and p(k) max{

I(k) 1 1 PRI 1 k)

o D e T 2 300 2 @ T )
which implies liminfI(k)/v(k) > 1 and I(k) < u(k). By using [(k) < p(k), in the
same way as before, we can prove (2.2), u(j) ~ v(j), and (2.3) in turn. Consequently
we have u(j) ~ v(j) ~ I(j) — oo, and therefore we can take jo > 1 such that
w(g)/2 <1(j) <2v(j) for j > jo. We note that

1 1) 1
;T Z 20y 2 2 2 e =

Let us put

1 if i < p(jo),
a; = o N
Appy/UG) ifdi e P(j), § > jo,
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and define A, as before. We easily have Ap(;,) > 0, a; = O(4;/A(i)) and

k

1
2 2 H P(J ) 2 :

J=Jjo Jj=Jo
Let us take an increasing sequence {q(j)} of integers such that
q(jo) =p(jo) +1 and  290FV74D > max{21(j + 1), w451 (7)5° },
and introduce {n;} by

B 2PDFLif 5 < o, 1 <1 <1(5),
Mp()+1 = 2001 if j> jo, 1 <1< 1(j)-

If j > jo and 1 <1 <1(j), (1.7) is verified by noting {(j) < 2v(j) < 2A(p(j) +1);

Do+t o LIRS 1+ N 1O 24(7)~a(G=1) y
ot L0 T Ale() +1) () WGy -

By using the Dirichlet kernel, we see that there exists an absolute constant ¢y > 0
such that for all integers m and [, P(|Z;:1 cos 27ijw| > l/e) > ¢o/l. Applying
this, we have P(|A;] > b;l(j)/e) > co/l(j). Note that b;l(j)/e = A, /e for j > jo.
Ifweputsz{j:jO,.. ym | eAp; >Am+1)}wehave

- Ap(m+1) Apg) co
ZP(IAjI > L) >y P<|Aj| > —) >y @
=1 € GE€Im € GETm 1)

Since we have Ap41)/Ap;) < exp(% Z?:j-u 1/l(k)), by putting J/, = {j =
oy osm | gy 1/1(k) <2}, we have J}, C Jp, and hence

G A;D(m-i-l) Co
(3.2) ZP(|Aj| > 6—2) >y O 2c0.

Jj=1 JeJI,

Let w =) 2,2 "d,(w) be the dyadic expansion of w, and put

q(i+1) _ _
Z a; cos 27m1< Z 2_TdT(w)> and X; =X, — EX].
i€ P(j) r=q(j)+1

Clearly, {X;} is an independent sequence. Because of EA; = 0 and the estimate
1A; — Xj”oo < b Z 2mn; 2710t < ijl2(j)2q(j)—q(j+1) < 1/]'2’
1€P(j)
we have [|A; — X;|| < 2/5% If we put 07 = EX? and s, = Y7, 07, we get

- 2
[sm = Apmin| < Y14 = Xjlloo <4 and oy — EY?A% < =

i=1 J

Combining these with (3.1) and EA? = A][Z)(j)/Ql(j)7 we have

(3.3) sm— 00 and o, =O0(1/m?) + EY2AZ = o(Apm)) = 0(5m).
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If the central limit theorem (1.1) holds, then it holds for {X;}. The Lindeberg
theorem claims that (cf. Chapter XV of Feller [2]) under (3.3), the central limit

theorem s,_nl 2211 X 2, No,1 implies the Lindeberg condition

s Y E(X]:|Xi| > esp) — 0 forall e>0.
i=1
From this we have

lim " P(|X;| > esp) =0 forall ¢>0.

m—oo 4

On the other hand, by (3.2) we have

0<cy < ZP(|AZ| > Ap(m+1)/€2) < ZP(|XZ| > Sm/€3)
=1

i=1
for large m. These contradict each other.

4. FOURIER CHARACTER OF LACUNARY SERIES

We prove Theorem 3 for v = 2. The general case can be proved by iterating the
following argument ~ times. Let us put S, (w) = Y i, a; cos(2mn;w + ¢;). We may
assume ¢ = sup, |a;| < oo, otherwise the conclusion is clear. Let us put

r(0)=0 and r(m)=max{i|A; <dm} (m>1).
By 6*m? > Af(m) = A72“(m)+l - f(m)/2 > 02(m? — 1/2), we have A, () ~ dm,
A2y — Al qy ~ 20%m and AT_1 A;(m py =0(m™2).

First we assume that {5, } converges on some set £ with |E| > 0 and derive a con-
tradiction. Let us put b; = a;/A;, By, = £ 30", b? and T (w) = Y017 b; cos 2mn,w.
Since each term of T}, is a product of the term of S,,, and non-negative decreasing se-
quence 1/A;, by using the Abel’s Theorem (cf. (2.4) of Chapter I in Zygmund [11]),
{T,} converges on E. Since we have

mOR @ S Ay N2
2 T - 2 2
B; m)_z Z A2 NZEwlogm ~ log A7,
k=1i=r(k—1)+ T(k) k=1

we get B,% ~ log Ak, and hence we can prove

(4.1) b; = o(B“/log BZ/)\(Z)) and B; — oo.
Let us repeat the above argument, i.e., take a sequence {r'(m)} as By(,,) ~ m and

define ¢; = b;/B;, Cp = % Zl Lt and Zp,(w) = 3 ¢;cos2mn;w. In the same
way we can prove that C’2 ~ log B} and hence

(4.2) = O(Oi/)\(i)) and C; — oo,

and that Z. converges on F and thereby Z,,/C,, — 0 on E. By (4.2) we can
apply Theorem 1 and conclude that Z,,/C,, converges to Ny on E, which is a
contradiction.

Next we assume that the series is a Fourier series or a Fourier-Stieltjes series.
Let us take p € (1/2,1). By the Riesz-Kolmogorov inequality (cf. (6.8) or (6.27) of
Chapter VII in Zygmund [11]), we have E|S,,|? = O(1).
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Let us redefine b; as b; = a; /A, (1) if 7(m) < i <r(m+ 1), and define By and
T, as before by using these b;. In a similar way, we can prove Bi ~ log A7 and
(4.1). For any m, let us take n such that r(n) < m < r(n + 1). By applying the
Abel’s partial summation (the Abel transformation) to Ty, = (Sy—Sr(n))/Arm+1)+

> et (Srr) — Sr(k—l))/Ar k), we have

n 1 p
[Tl Ar (n+1) ; Ay Ao ()
—7—ESnl” + < 7) E|Syx)l”-
Af: (n+1) =1 7‘ T(k+1)
Since (ﬁ(k) - #ﬂ))p = O(k™?") is summable in k, we have E|T,,|” = O(1).

Let us redefine ¢; as ¢; = b;/By/(m+1) if 7'(m) <i < 7'(m+1), and define C, and
Zm as before. Then we have (4.2) and E|Z,,|? = O(1). Thus Z,,/C,, converges to
Np,1 in law, and to 0 in L”-sense and hence in probability. This is a contradiction.
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