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ABSTRACT. It is known that there are only finitely many imaginary abelian
number fields with class numbers equal to their genus class numbers. Here, we
determine all the imaginary cyclic fields of 2-power degrees with class numbers
equal to their genus class numbers.

INTRODUCTION

Let K be an abelian number field of degree ng. The narrow genus field G of
K is the maximal abelian number field containing K and unramified above K at
all the finite places. Note that if K is imaginary, then Gk is an imaginary abelian
number field and Gk /K is unramified at all the places. According to class field
theory G is included in the narrow Hilbert class field Hj. of K and the degree
gx = [Gk : K] divides the narrow class number hj; of K. In particular, if K is
imaginary, then gx divides hx the class number of K. When the group Xgx of
Dirichlet characters associated with an abelian number field K is given, we can
easily compute the degree of Gx and the genus class number gx of K: we have
JK = % Hp e, where this product ranges over all the rational primes p which are
ramified in K and where e, denotes the index of ramification of p in the extension
K/Q (see Chapter 3 in [Wa]). In [Lou2] we proved that there are only finitely
many imaginary abelian number fields such that their class numbers hy are equal
to their genus class numbers gy and proved that apart from the quadratic and
bicyclic quadratic ones, one can find an effective upper bound on their conductors.
The aim of this paper is to determine all the imaginary cyclic fields of 2-power
degrees with class numbers equal to their genus class numbers. There are 28 such
number imaginary cyclic fields:

Theorem 1. There are 23 imaginary cyclic quartic fields with class numbers equal
to their genus class numbers. Their conductors are less than or equal to 255 and
their class numbers are less than or equal to 8. They are listed in Table 1 of Section
3. There are 4 imaginary cyclic octic fields with class numbers equal to their genus
class numbers. Their conductors are less than or equal to 85 and their class numbers
are less than or equal to 4. They are listed in Table 2 of Section 3. There is 1
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imaginary cyclic field of degree sixteen with class numbers equal to its genus class
numbers: the cyclotomic field Q((17) which has class number one. Finally, there is
no imaginary cyclic field of 2-power degree 2™ > 32 with class number equal to its
genus class number.

To prove this theorem we first use lower bounds on relative class numbers of
imaginary cyclic fields of 2-power degrees 2™ > 4 (see Theorem 5). Second, accord-
ing to Lemma 2, relative class numbers of imaginary cyclic fields of 2-power degrees
2™ > 4 with class numbers equal to their genus class numbers cannot be that large.
Hence, we will thirdly get bounds on the conductors of the imaginary cyclic fields of
2-power degrees 2™ > 4 with class numbers equal to their genus class numbers (see
Corollary 6). Fourth, we will compute the relative class numbers of all the possible
imaginary cyclic fields of 2-power degrees 2™ > 4 of conductors less than or equal
to these bounds. This will provide us with a short list of imaginary cyclic fields of
2-power degrees 2™ > 4 of conductors less than or equal to these bounds and with
relative class numbers satisfying the necessary condition of Lemma 2. Finally, we
will determine all the fields of this small list which are such that their class numbers
are equal to their genus class numbers.

Lemma 2. Let N be an imaginary abelian number field of degree 2n with mazimal
real subfield NT. Let t denote the number of rational primes p such that all the
ideals of Nt above p are ramified in the quadratic extension N/NT. If hy = gn,
then hyy = 2t=1+¢ where € = 0 or 1 according as G+ the narrow genus field of
N7 is real or imaginary.

Therefore, if N is an imaginary cyclic field of 2-power degree 2™ > 2 and if
hn = gn, then hyy = 271 where t denotes the number of prime divisors of fn, the
conductor of N.

Proof. Since hy = gy, then Hy = Gn. Let Hj\}+ denote the narrow Hilbert class
field of NT. Since H},, /N is an abelian extension unramified at all the finite
places and since N is imaginary, then HJJ{HN /N is an abelian extension unramified
at all the places. Therefore, we have Hj\hN C Hy = Gy and H]TH is an abelian
field. Hence, H;+ =Gpn+.

Now, if G, is real, we have Hy, = G, and we get hy, = [Hy, : NT] =
Gys i NT| = %Hp e which together with hy = gy = 5 [1, ep yields

ny =5 /o)

P
and the desired result. In the same way, if G\, is imaginary and if we let G}+
denote its maximal real subfield, then H,, = G;+ and we get hy, = [Hyy :
Nt = [GLs : Nt = 3[Gys : NT] = 5[], ¢ which together with hy = gn =
3= [1, ep yields

hy = H(ep/ e; )
P
and the desired result. e

1. IMAGINARY CYCLIC FIELDS OF 2-POWER DEGREES

Let N, fx, hn, NT, fy+ and by, denote a cyclic field of 2-power degree 2™ > 4,
its conductor, its class number, its only subfield of degree 2™~! and the conductor
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and class number of N, respectively. Let yx be a primitive Dirichlet character of
order 2™ associated with N. Then N is real or imaginary according as xny(—1) =
+1 or xn(—1) = —1. Now, assume N is imaginary. Then N is real, h divides
hy and we define the relative class number hy of N to be hy/hy. . Moreover, let
wy denote the number of roots of unity in N. Then wy = 2 except if p=2m + 1
is prime and N = Q((,), in which case wy = 2p (see [Loul, Lemma (b)]). Since
N/Q is cyclic, its Hasse unit index Qu is equal to 1 and

21
- 1 2j+1

(1) hy =wn H i1 Z XN7+ (x)
j+1

j=0 2(2 - XN (2)) 1<z<fn/2

(see [Wa, Theorem 4.17] and [Loul]). Now we explain how we construct the imag-
inary cyclic fields of degree 2™ > 4 and how we compute their associated charac-
ters. We use the factorization xny = [] alf Xa corresponding to the decomposition

fN = Hq|f qVQ(f)

1.1. Cyclic quartic fields. We notice that a quartic character of conductor a
g-power has conductor 16 or an odd prime ¢ = 1 (mod 4). Conversely, whenever
g = 1 (mod 4) is prime, we let Xg2) denote the quartic character of conductor ¢

defined by means of

x((f) (aq) =i =exp(2mi/4) where a, = min{a > 1; (2) =-1}
q

(where (%) denotes Legendre’s symbol). Hence, X,(f)(—l) = (=1)@=Y/% To com-

pute the values of x¢(12) we determine a4 and by = agq—1)/ 4

with ¢, we have

. Then, for each n coprime

2 -k . . —-1)/4 _ 1z
X‘(Z )(n) =i* where k=min{z >0; nla"1/* = by (mod q)}.

Note that xff) and its conjugate xff) are the only quartic characters of conductor

q. We also let xfﬁ denote the even quartic character of conductor 16 defined by the
following table:

n [1 3 5 7 9 11 13 15
Xig|l -1 i -1 -1 i —i 1

Set X16(n) = (=2)x{s(n). We notice that X7z and their conjugates i are the only

primitive quartic characters of 2-power conductors. Since Xg2) (n)=( %)xém (n), we

easily get:

Proposition 3. Let N be a cyclic quartic field. Then fxy = 2Ffify with k €
{0,2,3,4}, whith f = f1fa odd and square-free, and fo > 1 such that q | fo im-
plies ¢ = 1 (mod 4). Conversely, for such an fn we have a bijective correspondence



358 S. LOUBOUTIN

between the cyclic quartic fields N of conductor fx and the following quartic char-
acters of conductor fy:

AETIO) Fye [xn(=1) 9N d

0| (7o) My xs™ () fo |V (et J1<b< VR

2 | GO(FE) My ) [ [ )R [t [1<d < VR

3| G (5) Xi ) [ o [ EEDT R 2t [1<d < Vs

4| (ED(F)xds(m) 8z |£(-)"T T (4 [1<d<
'Hq\fz Xt(zz) (n)

Here, v and s denote the number of prime divisors of f1 and fa, respectively, ds
denotes a divisor of fa and when d is positive and odd, we let (%) denote the Jacobi’s
symbol.

1.2. Cyeclic fields of 2-power degrees. Now, let us describe the primitive char-
acters of any given 2-power order 2™ > 4. Whenever ¢ is an odd prime we set

jq =max{j >1; 27| ¢ — 1}, m, = min(j,, m) and a, = min{a > 1; (E) =-1}
q

and let x{™ be the character of conductor ¢ and order 2™« well defined by x{™ (ag)
= exp(2mi/2™7). Hence,

1 if jo >m
2 (m(—1) = @
@) X (1) {—1 if j, < m.

We note that any character of conductor ¢ and order dividing 2™ has order dividing

24 and is a power of x™. To compute the values of y{"™ we determine a, and

by = aflq_l)/ 2 Then, for each n coprime with ¢, we have

m - oMy o . —1)/2™a _ 1z
xg )(n) = exp(2kmi/2™) where k= min{z > 0; n@= /2" = by (mod q)}.

Finally, for £ > 3 we let ng) be the even primitive character of conductor 2* and

order 2¥=2 well defined by means of Xék)(—l) =1 and Xék)(’;')) = exp(27i/2F72).
Any primitive character y of conductor 2¥ has order 25=2 and there exists ng odd
such that x(n) = (%)(Xék) (n))"™.

Proposition 4. Let N be a cyclic field of degree 2™ > 4. Then fy = 2Ff with
k#1,0<k<m+2 and with f odd and square-free and such that if k < m + 2,
then at least one of the prime divisors of f satisfies ¢ =1 (mod 2™). Conversely,
for such an fn we have a bijective correspondence between the cyclic fields N of
degree 2™ and conductor fn and the following characters of order 2™ and conductor

fn:

Case | k xn(n) gN
— (m)\n —-m

1 k=0 I, (™) ( - 27" gz

2 k=2 (_74) Hq|f(Xq ) ’ 2 quf Cq
k g m)\ g —2—m

3 |3<k<m+2|(E)070) " I &™) [ 222" 1 e
E ONG

4 |k=m+2 (X8 () [y 0™ Iy eq

Here, we have 1 < ng < 2572 ng odd, 1 < ng <21 —1 and eq = 2™/ ged(2™9, ng)

is the order of the component (X,(Jm))nq of xn. Hence, in cases 1, 2 and 3, at least



IMAGINARY CYCLIC FIELDS OF 2-POWER DEGREES 359

one of the eq’s is equal to 2™, and we assume that ng = 1 for the greatest odd prime
q such that e, = 2™. Note that (2) enables us to compute xn(—1).

2. LOWER BOUNDS ON RELATIVE CLASS NUMBERS
OF NONQUADRATIC IMAGINARY CYCLIC QUARTIC FIELDS

We give reasonable upper bounds on the degrees and conductors of the non-
quadratic imaginary cyclic fields of 2-power degrees whose class numbers are equal
to their genus numbers.

Theorem 5 (See [Lou3]). Let N be an imaginary cyclic field of degree 2n = 2™ >
4 and conductor f. Choose ey = 1 — (2mne'/™/\/f) or ey = 2 exp(—2mn/\/f). We
have

- 26f f n/2
) v = e(2n—1) (WQ(logf+O.05)2> '

Corollary 6. Let N be an imaginary cyclic field of degree 2n = 2™ > 4 and
conductor f. Assume hy = gn. Then 2n = 4 implies f < 210000, 2n = 8 implies
f <14000, 2n > 16 implies f < 3800 and 2n > 32 implies f < 1800.

Proof. Let t be the number of prime divisors of f. Set f; = Hf-:l p; where p; = 3,
p2 =4 and (p;);>3 is the increasing sequence of all the odd primes greater than or
equal to 5. If hy = gn, then hyy = 207! (Lemma 2) and f > f;. First, assume N is
quartic. Using (3) with the choice e = 1 — (2mne'/™/\/f) = 1 — 4m+/e/ f, we get
> e 2f

= Tt 3en2(log f; + 0.05)2

which implies ¢ < 6, hy < 2° and using (3) once again yields
5 > €f 2f )
3en?(log f + 0.05)2
hence implies f < 210000. In the same way, if N is octic, then we get t < 5,

hy < 16 and f < 14000. Now, if 2n = 2™ = [N : Q] > 16, then we choose
€f = %exp(—%m/\/f). We get t <4, hy <8 and the desired results. o

2t—1

2

3. CONCLUSION AND TABLES

First, we use Propositions 3 and 4 to find all the non-quadratic imaginary cyclic
fields of 2-power degrees with conductors less than or equal to the bounds given
in Corollary 6. Second, we use (1) to compute the relative class numbers of all
these fields and we disregard those which do not satisfy the necessary condition for
hy = gn given in Lemma 2. This provides us with a short list of 28 nonquadratic
imaginary cyclic number fields of 2-power degrees containing all the nonquadratic
imaginary cyclic number fields of 2-power degrees with class numbers equal to their
genus class numbers. Third, we use Propositions 3 and 4 to compute the genus
class numbers gy of these 28 fields N. To prove Theorem 1, it finally remains to
compute the class numbers h ;. of the maximal real subfields N* of the 28 fields N
of this list and to check whether hy = gn holds, which holds for the 28 occurrences
of this short list. The following three tables sum up the results of our numerical
computations (we let Cyr denote a cyclic group of order 2¥ and Hy denote the
ideal class group of N):
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TABLE 1. The quartic case

Tndex | Fn | s | 95 | B | oms | iw | N Hn

1 5 |5 |1 |1 |1 |1 Q(\/—(5+2\/5)) 1

2 13 13 |1 |1 |1 |1 Q(\/—(13 + Nﬁ)) m

3 6 (s |1 |1 |1 |1 |e(y-e+vd) m

4 29 |29 |1 |1 |1 |1 Q(,/—(zg + 2@)) 1

5 37 |37 |1 |1 |1 |1 Q(,/—(37 + 6\/@) m

6 0 |5 |2 |2 |1 |2 Q( —(5+ \/5)) Cs

7 188 |2 2 |1 |2 |Q(y-32+v2) Cs

8 53 |53 |1 |1 |1 |1 Q(\/—(53 + 2\/@) m

9 60 |5 |4 |4 |1 |4 Q( —3(5+ 2\/5)) Ca x Ca

10 |61 |61 |1 |1 |1 |1 Q(,/—(fsl + 6\/6_1)) m

11 |65 |5 2 |1 Q(,/—13(5 + 2\/5)) Cs

12 |65 |13 |2 |2 [1 |2 Q( —5(13 + 2@)) Cs

13 |80 |8 |2 1|2 | e(y-se+v) Cs

14 |8 |40 [4 |2 |2 |4 Q(\/—(m + 3\/@) Cy

15 |85 [5 |2 |2 |1 |2 Q(\/—17(5 + 2\/5)) Cs

16 |8 |8 |4 |2 |2 |4 Q( —(85+ 6\/%)) Ci

17 |1w4]13 [2 |2 |1 |2 Q( —(13+ 3\/ﬁ)) Cs

18 |105|5 |4 |4 |1 |4 Q(,/—zl(s + 2\/5)) Ca x Ca

19 11917 |2 |2 |1 |2 Q( —7(17+4m)) Cs

20 |120]5 |4 |4 |1 |1 |Q(/-36+V5) Cs % Cs

21 |10|5 |4 |4 |1 |4 Q( (15 + 2\/5)) Ca x Co

22 19565 |8 |4 |2 |8 Q( —3(65 + 8\/@) Co x C4

23 |25 |17 |4 |4 |1 |4 | Q1507+ 4\/ﬁ)) Co x Cs

TABLE 2. The octic case

Index [/ [ fys |9 [Px [NV NT Fons | hn | HN
24 (3216 |1 |1 Q<\/—(2+M)) QW2+ 2) 1|1 |
25 |41 (41 |1 [1 [N o® Q(vVar+4var) |1 |1 {1}
26 |51 [17 |2 |2 |N o x®Px® Q \/mg 1|2 |G
27 (8585 |4 [2 [N o ()X Q( 5(17 + 4\/ﬁ)) 2 |4 |
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TABLE 3. The degree > 16 case

[Index: 28| fnv = fy+ =17]|hy = 1[N = Q(C17) [NT = Q(cos(3F) [ hv = 1| Hn = {1}]

Our computations agree with those done in [PK], [Yam], [Loul] and [Lou3]. In
particular, according [Lou3, Proposition 5] the 22 nonquadratic imaginary cyclic
number fields of 2-power degrees with cyclic ideal class groups of 2-power orders
found in [Lou3] also appear in our present determination. Note that our present
paper, [Loul] and [Lou3] provide us with the solutions of the following three class
groups problems for nonquadratic imaginary cyclic number fields of 2-power de-
grees: 1) the exponent 2 class group problem, 2) the cyclic class group of 2-power
order problem, and 3) the one class in each genus problem.
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