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ABSTRACT. Let M be a complete Riemannian manifold of dimension n without
boundary and with Ricci curvature bounded below by —K, where K > 0. If b
is a vector field such that ||b]| <y and Vb < K« on M, for some nonnegative
constants v and K, then we show that any positive C*° (M) solution of the
equation Au(z) + (b(z)|Vu(x)) = 0 satisfies the estimate

[Vul® _ n(K + K.) .
u2 = w w(l —w)
on M, for all w € (0,1). In particular, for the case when K = K, = 0, this
estimate is advantageous for small values of ||b|| and when b = 0 it recovers the

celebrated Liouville theorem of Yau (Comm. Pure Appl. Math. 28 (1975),
201-228).

)

1. INTRODUCTION

In this paper we investigate the behaviour of positive C>°(M) solutions of the
equation

(1.1) Au(z) + (b(x)|Vu(z)) =0

on M, where M is an n-dimensional complete Riemannian manifold without bound-
ary.

We require smoothness of the manifold, uniform bound on the norm of the vector
field b as well as lower bounds on the tensor fields of the Ricci curvature and Vb
where

(1.2) Vb(X,Y) = (Vxb]Y), VX,Y € X(M),

where X(M) denotes the Lie algebra of vectors fields on M and V xb the associated
(Levi-Civita) Riemannian covariant derivative of b with respect to X.

Our main result is a gradient estimate for positive C°° (M) solutions of equation
(1.1), namely,

IVul®

K+ K, 2
' n( )Jr v

(13) w w(l —w)’

<
u

Received by the editors May 27, 1997; part of the results of this paper have been presented to
Equadiff 95, Lisboa, July 24-29, 1995.

1991 Mathematics Subject Classification. Primary 58G11.

Key words and phrases. Gradient estimate, Laplacian with drift, Bochner-Lichnerowicz-
Weitzenbock formula, Liouville theorem.

©1999 American Mathematical Society



620 BENITO J. GONZALEZ AND EMILIO R. NEGRIN

on M, for any w € (0,1), where the Ricci curvature is bounded below by —K,
Vb < K, and ||b|| < v for some nonnegative constants K, K, and 7.
For the particular case when K = K, = 0 inequality (1.3) yields

[Vul?
(1.4) 5 < 442,

Note that this simple estimation is independent of the dimension of M and for
the case when b = 0 it recovers the Liouville theorem of Yau [10]. The proof of
(1.3), and thus of (1.4), is essentially along the lines of Li and Yau [7] and Davies
[3, Chap. 5.

This method, originated first in Yau [10] and Cheng and Yau [2], has been
developed by several authors (cf. [3], [6], [7], [8], and [9], amongst others). More
specifically, for the case when b = V¢, and ¢ € C*°(M), a gradient estimate for any
positive C*° (M) solution of (1.1) has been obtained by Setti in [9].

In order to start, however, we need an extension of the Bochner-Lichnerowicz-
Weitzenbdck formula for the operator LP = A + (b|V ). This remarkable fact is
proved as an independent lemma. It is known for drift vectors b = V¢ of gradient
form; see e.g. the monograph of Deuschel and Stroock (cf. [4], §6.2).

2. GRADIENT ESTIMATES REVISITED

In the derivation of the main results, a central role will be played by the next
formula.

Lemma 2.1 (Bochner-Lichnérowicz-Weitzenbock formula for Lb). Let M be a
Riemannian manifold and assume that f € C*°(M). Then,

(2.1)
LY(| Vf11%) = 2| Hess(f) |12, +2(VFIV(LPf)) + 2( Ric — Vb)(V £,V f),

where || Hess(f) ||, denotes the Hilbert-Schmidt norm of Hess(f) (cf. [4, p. 262]),
Ric denotes the Ricci curvature and Vb denotes the tensor field given by (1.2).

Proof. Applying the well-known Bochner-Lichnerowicz-Weitzenbock formula for
the Laplacian, one obtains

LI VF 1) = 2|l Hess(f) [ +2(VIV(AS)) + 2Rie(V ],V f) + GV (| V7).
So, in order to prove (2.1) first we establish that

(2:2) VOV, V) = (V(OBIVIVS) - %(blv(ll V).
Now, one has
Vo(Vf, V)= (VusblVF) =V ((OIVS)) = (b]VvsV)
=—0IVvs V) + VI(OIVS)) = =0IVvs V) + (V(OIVIVS).
Thus, all that remains is to show that
(23) Vervi= 3V VE ).
In order to check (2.3) let any Z € X(M); then
(VU VLI 2) =21 V1 17) = Z(VFIV )
=2(VzV[IVf) =2((VvsZ +[Z,VIIV)
=2(VvrZIVf)+2([Z2,V[IVS)
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=2€{VIZIV]) = (ZIVvp)}+2(2, VIV
=2Aq{VS(Z)) = (ZIVesV )} + 202 VIV
=2V 215+ Z2((V ) = (ZIVes)} + 202, VAV )
=—2Z|Ves V) +22( V1),
where, for any X,Y € X(M), [X,Y] = XY — Y X is the commutator of X and Y.
Therefore,
(VI V1 1%)12) = ~2Z|Ves V) +2(V( V£ I)|2),
and so
(VI VI I|2) = 2(V5sV12), VZ € 2(M),
from which (2.3) follows. O
Remark 2.1. For the case when b = —VU, U € C*°(M), denoting LY = L=VY and
taking into account that Hess(U)(X,Y) = (Vx(VU)|Y), for all X, Y € X(M) (cf.
[4, p. 261]), formula (2.1) is written as
LYV I%) = 2| Hess(f) [I5.s + 2(VFIV(LY f)) + 2(Ric+ Hess(U))(V £, V),

which agrees with the Bochner-Lichnerowicz-Weitzenbéck formula derived in [4, p.
262] and [5, p. 32].

2
[

Now, formula (2.1) enables us to prove the next local gradient estimate.

Theorem 2.1. Let M be a complete Riemannian manifold of dimension n without
boundary. Let B,(2R) be a geodesic ball of radius 2R around p € M and denote by
—K(2R), with K(2R) > 0, a lower bound on B,(2R) of the Ricci curvature. Set b
a vector field on M and denote by v(2R) and K.(2R) some nonnegative constants
satisfying || b ||[< v(2R) and Vb < K,(2R) on B,(2R), where Vb is the tensor field
given by (1.2). If u(z,t) is a positive C*° solution of the equation
Ou(z,t)

ot
on M x [0,00), then for any a > 1 and any w € (0, 1), the estimate

| Vel (1) wlet)

u?(x, t) u(z,t)

(2.4) Au(z,t) + (b(zx)|Vu(z,t)) =

< -
- 2wt 2w

ve n 2y | ae ’
(2.5) +§+8(1T)(a—1)<7+§> }

holds on B,(R) x (0,00), where € >0 and v > 0 are some constants.

R2 R? TR

na?  na? {262 (n—1)(1+RVK)e v K+K,

Proof. Observe that the function f(x,t) = log u(x,t) satisfies the equation
Lf+ | VI IP= fi.

Now, using formula (2.1), it follows that

F(z,t) = t{|| V[ |* (2,1) — afi(z,)},
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satisfies the estimate
I’F — F, +2(Vf | VF) +t7'F
=t [L°(| V[ |I?) = aL’fi = 2(Vf | Vfi) + afu
2V VI VIIP) = 2a(Vf | V)]
L ST

2
=t | 20097 P +01 V) - £ -2+ K2 | 9 P
on B,(2R) x (0,00), where we have used the inequalities |[Hess f |2, > (Af)?/n
and (Ric —Vb) > —(K + K,).
Let ¢ be a C*(R) function such that
1 if re(—oo,1],
‘/’(T)_{ 0 if rel200),

and 0 <¢(r) <1, VreR.
Denote by € > 0 and v > 0 some constants with

d
S o120 2 S
02 62T U(r) 2 e
and
d2
Wﬂ’(?") > V.
_ () : .
Now we set ¢(z) = R ) where d(p, z) is the distance between p and x.

Using an argument of Calabi [1] (see also Cheng and Yau [2] and Setti [9]), we can
assume without loss of generality that the function ¢, with support in B,(2R), is
of class C2.

Let (a, s) be the point in B,(2R) x [0,¢] at which ¢F takes its maximum value,
and assume that this value is positive (otherwise the proof is trivial). Then at (a, s)
one has

V(6F) =0, A(6F)<0, F >0,
Therefore at (a, s) one has

OAF + FA¢ —2F|| Vo |26~ < 0.
This inequality together with the estimates

2

(26) 19617 < 5.

and

2.7) P 1)(11; RVK)E _ T

(cf. [1]) yields

(2.8) PAF < <2R—€22 + (n = 1)(1};— RVK)e + %) F, at (a,s).

Inequalities (2.6) and (2.7) at (a, s) imply that
GAF — (b|V)F — ¢F, — 2(VfIVO)F + s~ '¢F
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@9 2 {2001V - 5 -2 4 KD IV P s

From (2.8) the left-hand side of (2.9) satisfies
OAF — (b | VO)F — 6F, — 2(Vf | Vo)F + 5~ F

22 (n—1)(1+RVK)e v _
<<ﬁ+( )(R2 ) +ﬁ>F—(b|V¢)F—2(Vf|V¢)F+s LoF.
2
Denoting u = w, using (2.9) and the last inequality, we obtain
a, s
<2_622 (- 1)(1+ RVK)e . L) -
R R? R?
LOGIPE | 2p@) e
R R
2 ~1\? A(uF)V/? -1
> {—(u— £ ) p2_ AwE) Ty (u— i )F}s¢—2(K+K*)su¢F.
n as n as

Multiplying this inequality by s¢ and since ¢? < 1, we obtain

g B DO (20 ) p};/} oy
B {(%—F (n—l)(ltRx/E)R2 +%> 541

+%+2(K+K*)usz}(¢F) <0.

On the other hand, for any w € (0,1) we have
o {2 Y

an R
20— w)(1 + (@ = Dps)*(6F)*?
B a?n
(2.11)
- n 25y 2(1+ (00— Dpss)  esap!/?]
2(1—w)(1+ (a — 1us)? [ " +—F } (6F).

From (2.11) inequality (2.10) becomes
A1N2 = 2450 <0,
where 5
w 2
A:(bFa Alz%(1+(a_1)ﬂs)a
and

9y — (262 N (n—1)(1+RVK)e v ) wes

2
"2 R2 +ﬁ S+1+f+2(K+K*)M8

n n 25yu2(1 4 (a — 1) us) n esap/? ?
2(1 —w)(1 + (o — 1)ps)? n R
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As in [3, Lemma 5.3.3], we use the estimate

us? S

(14 (a—1)pus)? = 4(a—1)’

and so we obtain

24, < na®  na’s { <262 (n—1)(1+ RVK)e LY )

4w (\ B R i
K+ K, Ye n 2y ex 2
2.12 —_ =4 — + = .
(2.12) +2(a—1)+R+8(1—w)(a—1)<n+R>
Now, since A < 245/A;, s € [0,t] and using (2.12), estimate (2.5) holds. |

From Theorem 2.1 one obtains the next global gradient estimate

Corollary 2.1. Let M be a complete Riemannian manifold of dimension n without
boundary and assume that the Ricci curvature of M is bounded from below by — K
with K > 0. Also we suppose that the vector field b satisfies ||b]| < v and that the
tensor field Vb, given by (1.2), is bounded from above by K, , for some nonnegative
constants v and K. If u(x) is a positive C*°(M) solution of equation (1.1), then
for any w € (0,1), the following estimate holds on M :

[Vul® _n(K+K) 7
<

u w w(l —w)’

Proof. Letting R — oo and t — oo in (2.5) one has

2 2 2.2
(2.13) IVull® _ no”(K + K.) a’y ’
u? dw(a — 1) dw(l —w)(a —1)
on M. Setting a = 2 (which minimizes the right-hand side of (2.13)), the result
holds. O

Remark 2.2. If u(x) is a positive C>°(M) solution of Au(z) + (b(z) | Vu(x)) = 0,
and assuming that Ric > 0,Vb < 0 and || b ||< ~, for some v > 0, it follows from
Corollary 2.1 above that
2 2

Ival? v

w? T w(l-—w)
for any w € (0,1). Setting w = 1/2 (which minimizes the right-hand side of (2.14))
one obtains

(2.14)

[Vu® 2

T S
Remark 2.3. Let M = R be the one-dimensional Euclidean space with its standard
Riemannian metric. It is a complete Riemannian manifold without boundary and

with Ricci curvature identically zero. In this setting consider the equation

(2.15) u”(z) + bu'(z) = 0,

where b is a real constant. It is clear that u(z) = e~** is a positive C>(R) solution

Ivul*
u2

of (2.15), such that = b?. This case is contemplated by Corollary 2.1 with

Tull2
K = K, =0 and v = |b|, which establishes that % < 4b?.
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On the other hand, the equation

(2.16) u(z) — (14 €*)u'(z) =0

. Vul|®
has the function u(x) = e® as a positive C>°(R) solution such that % is
unbounded. Note that the function b(x) = —(1 + %) satisfies ¥’ < 0 and b is

unbounded. Thus, we see that the assumption of the boundedness of ||b]| is needed
for the kind of results obtained here.
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