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Abstract. Consider a compact Hausdorff topological space Ω, a JB∗-triple E
and F := C(Ω, E), the JB∗-triple of all continuous E-valued functions f : Ω →
E with the pointwise operations and the norm of the supremum. Let G be the

group of all holomorphic automorphisms of the unit ball BF of F that map
every equicontinuous subset lying strictly inside BF into another such a set.
The real Banach-Lie group G and its Lie algebra are investigated. The identity
connected component of G is identified when E has the strong Banach-Stone
property. This extends to the infinite dimensional setting a well known result
concerning the case E = C.

1. Introduction

Let ∆ and D denote respectively the unit ball of the complex line C and the unit
ball of F := C(Ω), the algebra of all continuous complex valued functions f : Ω → C
on the compact Hausdorff space Ω with the norm of the supremum. Let Aut(∆) and
Aut(D) be the corresponding groups of holomorphic automorphisms. The former
group is connected and if Aut0(D) is the identity connected component of the latter,
then a classical result states that Aut0(D) and C(Ω,Aut(∆)) are isomorphic real Lie
groups ([4], remark 3.10).

In recent years, much attention has been given to the study of groups of holomor-
phic automorphisms of bounded domains in infinite dimensional complex Banach
spaces, particularly in the case of JB∗-triples. These are Banach spaces E whose
open unit balls BE are homogeneous under the action of the group Aut(BE) of
all holomorphic automorphisms of BE . Thus it is reasonable to ask whether the
above result is valid if we replace C by an arbitrary JB∗-triple E and C(Ω) by
F := C(Ω, E). In this note, the infinite dimensional analogue of that result is ob-
tained. Let G0 denote the identity connected component of G whenever the latter
is a topological group. Here we introduce a closed subgroup Eaut(BF ) of Aut(BF )
such that Eaut0(BF ) and C(Ω, Aut0(BE)) are isomorphic as real Banach-Lie groups
and EautB(F ) coincides with Aut(BF ) if dimE <∞. It turns out that Eaut0(BF )
is characterized by the behaviour of its elements in the family E of the equicontinu-
ous subsets of BF that are bounded away from the boundary ∂BF , a family whose
elements are defined without any reference to the holomorphic structure of E or F .
Notice also that E consists of all relatively compact sets of BF if dimE <∞.
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Notation and preliminary results are introduced in section 1. In section 2, the
subgroup Eaut(BF ) of all φ ∈ Aut(BF ) which preserve E is studied. It is proved that
Eaut(BF ) is a real Banach-Lie group whose Banach-Lie algebra consists of the triple
derivations of F that preserve the family of all bounded equicontinuous subset of F ,
and that Eaut0(BF ) and C(Ω, Aut0(BE)) are isomorphic as real Banach-Lie groups.
In section 3, the case in which E has the strong Banach-Stone property is discussed.
Necessary and sufficient conditions are established for Eaut(BF ) to coincide with
Aut(BF ) and an example is given to show that in general Eaut(BF ) 6= Aut(BF ).

Notation and preliminary results. For complex Banach spaces Z, W denote by
L(Z,W ) the Banach space of all bounded linear operators Z →W . In the Banach
algebra L(Z) := L(Z,Z) the group of all invertible elements is denoted by GL(Z).
We let B (or BZ when a reference to Z is needed) be the open unit ball of Z and
Aut(B) is the group of all holomorphic automorphisms of B. A complex Banach
space Z with a continuous mapping (a, b, c) 7→ {abc} from Z ×Z ×Z to Z is called
a JB∗-triple if the following conditions are satisfied for all a, b, c, d ∈ Z, where the
operator a�b ∈ L(Z) is defined by z 7→ {abz} and [ , ] is the commutator product:

(i) {abc} is symmetric complex linear in a, c and conjugate linear in b.
(ii) [a�b, c�d] = {abc}�d− c�{dab}.
(iii) a�a is hermitian and has spectrum ≥ 0.
(iv) ‖{aaa}‖ = ‖a‖3.
JB∗-triples may be considered as a generalization of C*-algebras and JB∗-

algebras (see [6],[8]). For every C*-algebra with product (a, b) 7→ ab and invo-
lution a 7→ a∗ the underlying Banach space is a JB∗-triple with respect to {abc} :=
(ab∗c+ cb∗a)/2. Also for every JB∗-algebra with Jordan product (a, b) 7→ a ◦ b we
get a JB∗-triple with {abc} := (a ◦ b∗) ◦ c − (c ◦ a) ◦ b∗ + (b∗ ◦ c) ◦ a. A complex
Banach space is a JB∗-triple if and only if B is homogeneous under the action of
the group Aut(B) and in that case the triple product is uniquely determined. Let Z
be a JB∗-triple; then a closed subspace J ⊂ Z is an ideal if {ZJZ} ⊂ J and Z is a
JBW∗-triple if Z is a dual Banach space. A derivation of Z is an element δ ∈ L(Z)
such that δ{zzz} = {(δz)zz}+ {z(δz)z}+ {zz(δz)}, z ∈ Z, and an automorphism
is an element φ ∈ L(Z) such that φ{zzz} = {(φz)(φz)(φz)} for z ∈ Z. This occurs
if and only if φ is a surjective linear isometry of Z, the set of which is denoted by
Isom(Z). Both Isom(Z) and Aut(B) are real Banach-Lie groups whose real Banach-
Lie algebras are respectively isomZ (the set of all derivations of Z) and aut(B) (the
set of all complete holomorphic vector fields on B). Each X ∈ aut(B) is a polyno-
mial of degree ≤ 2 of the form Xa(z) ∂∂z =

(
a + δ(z) − {zaz}

)
∂
∂z for some a ∈ Z,

where z is the coordinate in Z and δ ∈ isom(Z). We have the topologically direct
vector space decomposition aut(B) = isom(Z)⊕ p, where p, the set of transvections
of B, consists of all vector fields of the form pa(z) ∂∂z := (a − {zaz}) ∂∂z for a ∈ Z.
Similarly we have Aut(B) = Isom(Z) ·P where P := exp p is the set of all Moebius
transformations of B. All Banach-Lie groups and Banach-Lie algebras considered
here will be endowed with the topology of local uniform convergence. Whenever G
is a topological group, G0 is its identity connected component, and we have

Aut0(B) = Isom0(Z) ·P.(1.0)

A vector field X can be considered as a differential operator acting on holo-
morphic functions and in that case it is represented by X̃ . Recall that X̃0g := g,
X̃1g(z) := g′(z)X(z) and X̃n+1g := X̃1(X̃ng) for n ≥ 1. If g is defined in C ⊂ Z,
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we let ‖g‖C := supz∈C ‖g(z)‖ which is written ‖g‖ if C is the unit ball. Let C ⊂ B
be an open set such that dist(C, ∂B) = r > 0. Then ([11], prop. 5.5)

‖X̃ng‖C ≤ (
n

r
)n‖X‖n‖g‖

for all n ∈ N. In particular, for g := id and z in the ball C := {z ∈ Z | dist(z, ∂B) >
r}, the exponential series φt(z) := exp tX(z) :=

∑∞
0

tn

n! X̃
nid(z) is dominated by

∞∑
0

nn

n!
( |t|.‖X‖

r

)n
,(1.1)

which is convergent for |t|.‖X‖ < r. Moreover we have

lim
t→0

1
t
(φtz − z) = X(z)(1.2)

uniformly for z ∈ C if |t|.‖X‖ < r, since

‖1
t

(
φt(z)− z

)
−X(z)‖ = ‖

∞∑
2

tn−1

n!
X̃nid(z)‖

≤ |t|
∞∑
2

nn

n!
|t|n−2(

‖X‖
r

)n ≤ |t|M → 0,

where M does not depend on z ∈ C or t. We refer to [11] for the definition and
properties of the Carathéodory distance as well as for the background material on
JB∗-triples.

2. Holomorphic automorphisms and equicontinuous sets

Let X ∈ aut(BF ) and E ⊂ F be given. Then X̃ id : F → F is an entire function,
therefore

X̃E := {X̃ id(f) | f ∈ E} = {X(f) | f ∈ E} ⊂ F,

and one can speak of the equicontinuity of X̃E . Similar considerations can be made
on

X̃nE := {X̃nid(f) | f ∈ E}, n > 1.

2.1 Definition. i) An element φ ∈ Aut(BF ) is called an equiautomorphism of BF
if it preserves the family of all subsets E ⊂ BF that are equicontinuous and bounded
away from the boundary ∂BF . ii) An element X ∈ aut(BF ) is called an equivector
field if it preserves the family of all bounded equicontinuous sets E ⊂ F .

The set Eaut(BF ) of all equiautomorphisms of BF is clearly a closed subgroup
of Aut(BF ) and eaut(BF ), the set of all complete equivector fields, is a closed Lie-
subalgebra of aut(F ).

2.2 Proposition. A continuous oneparameter group t 7→ φt ∈ Aut(BF ) satisfies
φt ∈ Eaut(BF ) for all t ∈ R if and only if its infinitesimal generator X belongs to
eaut(F ).

Proof. Assume that φt ∈ Eaut(BF ) for all t ∈ R and let X be its infinitesimal
generator. Let E ⊂ F be any bounded equicontinuous set. Replacing E by a suitable
scalar multiple one can assume that E ⊂ BF and that r := dist(E , ∂BF ) > 0. We
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show that X̃E is (obviously bounded) equicontinuous at every point x0 ∈ Ω. Let
ε > 0 be given. For f ∈ E , y ∈ Ω and t ∈ R one has

Xf(y)−Xf(x0) = [Xf(y)− 1
t

(
φtf(y)− f(y)

)
]

+[
1
t

(
φtf(y)− f(y)

)
− 1
t

(
φtf(x0)− f(x0)

)
]

+ [
1
t

(
φtf(x0)− f(x0)

)
−Xf(x0)].

By (1.2) there is a value of t (say T ) which does not depend on f ∈ E or y ∈ Ω
such that

‖Xf(y)− 1
T

(
φT f(y)− f(y)

)
‖ ≤ ε.

By assumption the family {φT f | f ∈ E} is equicontinuous, hence so is the family
{ 1
T

(
φT f − f

)
| f ∈ E}. Therefore there is a neighbourhood Vx0 of x0 in Ω such

that whenever f ∈ E and y ∈ Vx0

‖ 1
T

(
φT f(y)− f(y)

)
− 1
T

(
φT f(x0)− f(x0)

)
‖ ≤ ε.

Thus ‖Xf(y)−Xf(x0)‖ ≤ 3ε which shows the equicontinuity of X̃E at x0.
Conversely, let X ∈ eaut(BF ) be given and let E ⊂ BF be an equicontinuous set

that is bounded away from ∂BF . Set r := dist(E , ∂BF ) > 0. Let ε > 0 be given
and fix any x0 ∈ Ω. By (1.1) for |t| · ‖X‖ < r there is an index n0 not depending
on f ∈ E such that

∞∑
n0

kk

k!
( |t| · ‖X‖

r

)k ≤ ε.

By assumption E , X̃E , . . . , X̃n0E are equicontinuous sets, hence there is a neigh-
bourhood Vx0 of x0 in Ω such that

‖ 1
k!
X̃kidf(y)− 1

k!
X̃kidf(x0)‖ ≤

ε

n0 + 1

for all 0 ≤ k ≤ n0, all f ∈ E and all y ∈ Vx0 . Therefore

‖φtf(y)− φtf(x0)‖ ≤
n0∑
0

‖ 1
k!
X̃kidf(y)− 1

k!
X̃kidf(x0)‖

+ 2
∞∑

n0+1

kk

k!
( |t|.‖X‖

r

)k ≤ 3ε

holds for all f ∈ E and all y ∈ Vx0 . This shows that for small values of t (hence for all
t ∈ R), φtE is equicontinuous at x0. Since dist(E , ∂BF ) > 0 and the Carathéodory
distance on BF is invariant under the group Aut(BF ) and it is equivalent to the
norm distance on every subset of the ball that is bounded away from the boundary,
one can show that dist(φtE , ∂BF ) > 0.
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We have the following commutative diagram where the horizontal arrows are the
canonical inclusions:

Eaut0(BF ) Id−−−−→ Aut0(BF )

exp

x xexp

eaut(BF ) id−−−−→ aut(BF ).

2.3 Corollary. Eaut0(BF ) is a real Banach-Lie group whose Banach-Lie algebra
is eaut(BF ).

Proof. It follows easily from (2.2).

2.4 Lemma. Let the JB∗-triples E and F be as above. Then i) Every transvection
in aut(BF ) is a complete equivector field. ii) Every Moebius transformation of BF
is an equiautomorphism.

Proof. By (2.2) it suffices to prove i). Let E ⊂ F and pa ∈ P be a bounded
equicontinuous set and a transvection respectively. Then paE := {a− {faf} | f ∈
E} is equicontinuous.

Unlike transvections, there are derivations of F that do not preserve the family
of all equicontinuous subsets of F (see example (3.4) in §3). Thus we define

2.5 Definition. i) An element φ ∈ Isom(F ) is called an equiisometry if for every
equicontinuous set E ⊂ F the image φ E is equicontinuous. ii) An element δ ∈
isom(F ) is called an equiderivation of F if for every bounded equicontinuous set
E ⊂ F the image δE is equicontinuous.

The set Eisom(F ) of all equiisometries of of F is a closed subgroup of Isom(F )
and the set eisom(F ) of all equiderivations of F is a closed real Lie subalgebra of
isomF .

2.6 Proposition. A one parameter group t 7→ φt ∈ Isom(F ) satisfies φt ∈
Eisom(F ) for all t ∈ R if and only if its infinitesimal generator δ satisfies δ ∈
eisom(F ).

Proof. Repeat the argument in (2.2) with X replaced by δ.

2.7 Corollary. Eisom0(F ) is a real Banach-Lie group whose Banach-Lie algebra
is eisom(F ).

Proof. It follows easily from (2.6).

We do not know whether Eisom(F ) is an algebraic subgroup of Isom(F ). More
generally, by [11], prop.8.13, Eisom(F ) is a Lie subgroup of Isom(F ) if and only if
eisom(F ) is a split subspace of isom(F ) and it would be interesting to find conditions
for this to happen.

2.8 Corollary. The following topologically direct vector space decomposition holds

eaut(BF ) = eisom(F )⊕ p,

where p is the set of all transvections of BF . Similarly, for P := exp p we have

Eaut(BF ) = Eisom(F ) ·P = P · Eisom(F ).

Proof. It follows easily from (1.0) and (2.6).
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We establish the following isomorphisms of Banach-Lie algebras and Banach-Lie
groups. See [10], prop. 2.1, for the case dimE <∞:

eisom(F ) ∼ C(Ω, isom(E)) Eisom0(F ) ∼ C(Ω, Isom0(E))

eaut(BF ) ∼ C(Ω, aut(BE)) Eaut0(BF ) ∼ C(Ω, Aut0(BE))

Recall ([1], Remark 4.4) that if Z is a JB∗-triple, δ ∈ isom(Z) and J ⊂ Z is an
ideal, then δJ ⊂ J . Now fix x ∈ Ω and δ ∈ isom(F ). We define δx : E → E
by δx := εx ◦ δ ◦ ε−1

x , where εx : C(Ω, E) → E, the evaluation at x, is a triple
homomorphism. Hence J := ker(εx) is a triple ideal and so δ(ker(εx)) ⊂ ker(εx)
which shows that δx is a well defined map. It is a routine to show that δx ∈ isom(E)
and we have the following commutative diagram:

C(Ω, E) εx−−−−→ E

δ

y yδx

C(Ω, E) εx−−−−→ E.

Let us define δ̂ : Ω → isom(E) by δ̂(x) := δx, x ∈ Ω.

Remark. Every vector z ∈ E can be considered as an element of C(Ω, E) by iden-
tifying z with the constant function f(x) = z and whenever this is done we stress
it by writing z in boldface characters. We shall frequently use that δx(z) = δz(x).

2.9 Proposition. The mapping λ : δ 7→ δ̂ is a surjective isometric isomorphism of
the Banach-Lie algebras eisom(F ) and C(Ω, isom(E)).

Proof. We divide the proof into several steps.
Step 1 . For every fixed δ, δ̂ : Ω → isom(E) is continuous. Fix any point x0 ∈ Ω.
Let ε > 0 be given. Identifying each w ∈ E such that ‖w‖ ≤ 1 with the constant
function w one has

‖δyw − δx0w‖ = ‖(δw)y − (δw)x0‖.
The set E := {w | w ∈ E, ‖w‖ ≤ 1} is clearly bounded and equicontinuous, hence
so is {δw : ‖w‖ ≤ 1}. Therefore there is a neighbourhood Vx0 of x0 in Ω such that

‖δyw − δx0w‖ = ‖(δw)y − (δw)x0‖ ≤ ε

holds for all w ∈ E with ‖w‖ ≤ 1 and all y ∈ Vx0 . Then, for all y ∈ Vx0 we have

‖δy − δx0‖ = sup
‖w‖≤1

‖δyw − δx0w‖ ≤ ε.

Step 2 . λ : δ → δ̂ is a continuous Lie algebra homomorphism

eisom(F ) → C(Ω, isom(E)).

It is easy to show that λ is a Lie algebra homomorphism and ‖λ‖ ≤ 1 since
‖λ(δ)‖ = sup

x∈Ω
‖δx‖ = sup

x∈Ω
sup
‖z‖≤1

‖δx(z)‖

= sup
x∈Ω

sup
‖z‖≤1

‖(δz)x‖ ≤ sup
‖z‖≤1

sup
x∈Ω

‖δ‖ ‖z(x)‖ ≤ ‖δ‖.

Step 3 . λ is surjective. Let ψ ∈ C(Ω, isom(E)) be given. For each fixed f ∈ C(Ω, E)
we define another continuous function δψf : Ω → E by δψf(x) := ψ(x)f(x), x ∈ Ω.
It is a routine to show that δψ is a derivation of F = C(Ω, E), that δψ belongs to
eisom(F ) and λ(δψ) = ψ.
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Step 4. Clearly the mapping ψ → δψ is linear and λ is an isometry since

‖δψ‖ = sup
‖f‖≤1

‖δψf‖ = sup
x∈Ω

sup
‖f‖≤1

‖δψf(x)‖

= sup
x∈Ω

sup
‖f‖≤1

‖ψ(x)δψf(x)‖ ≤ sup
x∈Ω

‖ψ(x)‖ = ‖ψ‖.

This completes the proof.

It is known ([9], p. 30) that for every Banach-Lie group G with Banach-Lie algebra
g, the space C(Ω, G) with the pointwise operations, the compact-open topology and
a suitable manifold structure is a Banach-Lie group whose Lie algebra is C(Ω, g).
Applying this to G := Isom0(E) and g := isom(E) we get the existence of a unique
Banach-Lie group isomorphism that makes the following diagram commutative:

Eisom0(F ) Λ−−−−→ C(Ω, Isom0(E))

exp

x xexp

eisom(F ) λ−−−−→ C(Ω, isom(E)).

2.10 Theorem. With the precedent notation, Eaut0(BF ) and C(Ω,Aut0(BE)) are
isomorphic as real Banach-Lie groups.

Proof. Using the decomposition in (2.8), λ extends to an isomorphism between
eaut(BF ) and C(Ω, aut(BE)). For that purpose define

(
λ(a − a∗)

)
(x) := a(x) −

a(x)∗, a ∈ F, x ∈ Ω. Thus there exists a unique Banach-Lie group isomorphism
that makes the following diagram commutative:

Eaut0(BF ) Λ−−−−→ C(Ω,Aut0(BE))

exp

x xexp

eaut(BF ) λ−−−−→ C(Ω, aut(BE)).

This completes the proof.

An explicit expression for Λ in pF can be obtained in this way: Let φ : R →
C(Ω, E) be a Fréchet differentiable function; then εx

d
dtφt = d

dtεxφt. Given a ∈ F ,
we recall that φtf := exp t(a−a∗)f is the maximal solution in F of the initial value
problem d

dtφt = a−{φtaφt}, φ0 = f . Applying here εx one gets that ϕt := εxφt =
φt(x) satisfies in E the differential equation d

dtϕt = a(x) − {ϕta(x)ϕt}, ϕ0(x) =
f(x). In other words, one has(

exp t(a− a∗)f
)
(x) = exp t

(
a(x)− a(x)∗

)
f(x).(2.10)

For a JB∗-triple Z and α ∈ Z, z ∈ B, it is customary to write β := exp(α − α∗)0,
Mβ(z) := exp(α − α∗)z. With this notation (2.10) is written for t = 1

b(x) := exp
(
a(x)− a(x)∗

)
0, (Mbf)(x) = Mb(x)f(x), x ∈ Ω, f ∈ BF ,

which gives the formula Λ: PF ↔ C(Ω, PE) we were looking for.
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3. Holomorphic automorphisms
and the Banach-Stone property of E

We recall ([3], p. 142) that a complex Banach space E is said to have the
strong Banach-Stone property (the sBSp for short) if for every pair M, N of lo-
cally compact Hausdorff topological spaces and for every surjective linear isometry
φ : C0(M, E) → C0(N, E) there are a homeomorphism τ : N →M and a continuous
function u : N → Isom(E) such that

(φ f)(x) = u(x) f [τ(x)], f ∈ C0(M, E), x ∈ N.(3.0)

Notice that here Isom(E) ⊂ GL(E) is endowed with the strong operator topology
which in general is weaker than the norm topology.

3.1 Example. 1. Every complex Banach space E whose centralizer Z(E) is one-
dimensional has the sBSp ([3], th. 8.11). Every Cartan factor E satisfies the above
condition since by [5], th. 2.8, for JB∗-triples the centralizer is the same as the
centroid which for irreducible JBW∗-triples is one-dimensional ([5], cor. 2.11).

2. Every complex Banach space E with no nontrivial M-ideals has the sBSp ([3],
prop. 5.1). For a JB∗-triple E, M-ideals are the same as closed triple ideals ([2], th.
3.2), hence every simple J∗-algebra ([6], p. 347) has the sBSp. In particular that is
case for the space E := K(H) of all compact operators on a Hilbert space H .

3.2 Theorem. Let E be a JB∗-triple with the sBSp and set F := C(Ω, E) where
Ω is a compact Hausdorff space. Then the following statements are equivalent:

i) For every φ ∈ Isom0(F ), the function u : Ω → Isom(E) given by (3.0) is
continuous when Isom(E) is endowed with the norm topology.

ii) Every isometry φ ∈ Isom0(F ) maps every bounded equicontinuous subset E ⊂
F into an equicontinuous set.

iii) We have Isom0(F ) ∼ C(Ω, Isom0(E)) as Banach-Lie groups.
iv) We have Aut0(BF ) ∼ C(Ω, Aut0(BE)) as Banach-Lie groups.

Proof. i) ⇒ ii). Let φ ∈ Isom0(F ), whence by (3.0) one has τ = idΩ. Let E ⊂ F be
bounded and equicontinuous, and fix x0 ∈ Ω and ε > 0. By the norm continuity of
u and the equicontinuity of E , there is neigbourhood Vx0 of x0 in Ω such that

‖u(y)− u(x0)‖ ≤ ε, ‖f(y)− f(x0)‖ ≤ ε

hold for all y ∈ Vx0 and f ∈ E . If M is an upper bound of E , then the identity

φf(y)− φf(x0) = u(y)f(y)− u(x0)f(x0)

= u(y)
(
f(y)− f(x0)

)
+

(
u(y)− u(x0)

)
f(x0)

yields ‖φf(y)− φf(x0)‖ ≤ (1 +M)ε for f ∈ E and y ∈ Vx0 hence ii) holds.
ii) ⇒ iii). The assumption means Isom0(F ) ⊂ Eisom0(F ) hence equality holds

and iii) follows from the discussion in the proof of (2.9).
iii) ⇒ iv). One has

Aut0(BF ) = Isom0(F ) ·PF by (1.0) applied to Z := F

Isom0(F ) = Eisom0(F ) by assumption

Eisom0(F ) ∼ C(Ω, Isom0(E)) by (2.9)

PF ∼ C(Ω, PE) as seen in (2.10).
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Thus combining everything

Aut0(BF ) = Isom0(F ) ·PF ∼ C(Ω, Isom0(E)) · C(Ω, PE)

∼ C(Ω, Isom0(E) ·PE) ∼ C(Ω, Aut0(BE)).

iv) ⇒ i). If in Aut0(BF ) ∼ C(Ω, Aut0(BE)) we take the identity component
of the isotropy subgroups at the origin we get Isom0(F ) ∼ C(Ω, Isom0(E)). Hence
those isometries of F which are close to idF have the form u : Ω → Isom0(E) for some
continuous function u. Here Isom0(E) has the topology inherited from Aut0(BE),
that is the uniform topology. Thus i) holds.

3.3 Corollary. If dimE < ∞, then Aut0(BF ) ∼ C(Ω, Aut0(BE)) as Banach-Lie
groups.

Proof. In that case E has the sBSp and the strong operator topology on GL(E) is
the same as the uniform topology; so the result follows from (3.2).

3.4 Example. Suppose we had a JB∗-triple E with the sBSp, a compact space Ω
and a function u : Ω → Isom(E) which is continuous when Isom(E) carries the strong
operator topology but it is discontinuous if Isom(E) carries the uniform topology.
By the sBSp of E we would have u ∈ Isom0(F ) whereas by (3.2) u /∈ Eisom0(F ).
Now we construct such a function. Let Ω := {eit | t ∈ R} be the unit circle of the
complex plane and E := L2(Ω). Then E is a separable Hilbert space, hence it has
the sBSp. The set T of trigonometric polynomials

√
2πen(t) := eint, ±n ∈ N, t ∈ Ω,

is an orthonormal basis in E. For every x ∈ R we define en(·, x) as the result
of rotating en(·) by x, that is en(t, x) := ein(t+x). Since the Lebesgue measure is
rotation invariant, the en(·, x) form an orthonormal basis in E and one can define
u(x) ∈ Isom(E) as the unitary operator given by u(x)en(·) := en(·, x). Then we
have a function u : Ω → Isom(E) that meets the requirements:

Continuity in the strong operator topology : Let h ∈ E be given and let h =∑
hnen(·) be its Fourier series with respect to the basis T . Then(

u(y)− u(x0)
)
h =

∑(
u(y)− u(x0)

)
hnen(·)

=
∑(

einy − einx0
)
hnen(·) =

∑
αnen(·),

where the αn are defined in an obvious way. Let ε > 0 be given. Since
∑
|αn|2 is

summable, there is an index n0 such that
∑

|n|>n0
|αn|2 < ε and by the continuity

of y 7→ einy we may take y in a small neigbourhood of x0 in Ω so that

‖
(
u(y)− u(x0)

)
h‖2 =

∑
|n|<n0

|hn|2 · |einy − einx0 |2 +
∑

|n|≥n0+1

|αn|2 < 2ε.

Discontinuity in the uniform topology : One has

2π‖
(
u(y)− u(x0)

)
en(·)‖2 =

∫ 2π

0

|ein(t+y) − ein(t+x0)|2dt = 2π |1− ein(y−x0)|2.
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Let ε > 0 be small. Then
‖u(y)− u(x0)‖2 = sup

‖h‖≤1

‖
(
u(y)− u(x0)

)
h‖ ≥ sup

n
‖
(
u(y)− u(x0)

)
en(·)‖

= sup
n
|1− ein(y−x0)|2 > ε

unless y = x0 as one easily sees.
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