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ABSTRACT. This paper is concerned with unconditional basic sequences in
LP(p). We prove that, under some conditions, a sequence in LP (1) is a bounded
unconditional basic sequence if and only if it is [P-stable. At last the results
are applied to the shift-invariant basic sequences generated by a finite subset
of LP(R?®), which is very important in wavelet analysis.

1. INTRODUCTION

Unconditional basic sequences are very important in the basis theory of Banach
spaces. It is a motivation for the development of the recent wavelet analysis. In
general, it is difficult to verify whether a given basic sequence is unconditional.
Therefore, it is meaningful to find more practical but equivalent conditions. In
L?(p) it is well known that a sequence is a bounded unconditional basic sequence
if and only if it is [2-stable. We want to know whether the result can be extended
to LP(u) (1 < p < 00). In this paper, we mainly study some properties of uncon-
ditional basic sequences and then prove that, under some conditions, a bounded
basic sequence in LP(u) is unconditional if and only if it is [P-stable. Finally, the
results are applied to the shift-invariant basic sequence generated by a finite subset
of LP(R?®), which is very important in wavelet analysis.

Let (2,%, 1) be a o-finite (positive) measure space, LP(u) := LP(Q, X, u) (1 <
p < 00) the space of all p-integrable functions on (€, %, 1) with norm defined by

. { (o | F@) P du(@)?, [ € L(n) (1< p < ),

ess supzeq | f(z) |, ferL>)(p=o0).

As usual, for 1 < p < oo, P :=[P(N) (N denotes the set of all natural numbers)
denotes the space of all sequences a such that ||a||, < oo, where

(32520 Ly [PV, 1<p< oo,
lallp :=

SUpjen | aj |, p = oo.
For simplicity, let [ := [(N) denote the space of all sequences and
lo . =1o(N) :={a €| a; #0 for only finite j}.
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Let X be a Banach space. A sequence {z;}3°; C X is called a (Schauder) basis if
Vz € X, there exists unique sequence a € [ such that x = Z;’il a;x;.

A Schauder basis {z;}32, of a Banach space X is called an unconditional basis
if V{a;}52, €1, the convergence of 372 | a;a; in X implies Y272, 0;a;x; converges
in X provided 0; = £1; a sequence {x;}32, is called a (or: an unconditional) basic
sequence in a Banach space X if it is a (or: an unconditional) basis of a closed
subspace of X.

A sequence {z;}2°; C X is called bounded if

0 < inf ||z;|| < sup ||z;|| < oo.
jeN” J||7jelg” J”

{z;}52, C X is called [P-stable (1 < p < o00) if there exist positive constants ¢, and
Cp such that Va € I,

oo
collally < I ajzill < Cylall,
j=1

oo
1Y ajasll ~ llall,.
j=1

Hereafter, A ~ B means there exist positive constants ¢, C such that cA < B < CA.
The preceding definitions can be found in [SYL], [JM] and [JTA].

The paper is organized as follows. In section 2, we give an intuitive charac-
terization and an equivalent norm for unconditional basic sequences. In section 3
the equivalence between [P-stability and unconditionality is studied. Finally, the
shift-invariant family generated by a finite set of LP(R®) is studied in section 4.

i.e., simply

2. UNCONDITIONAL BASIC SEQUENCE IN LP(u)

The classical theory of unconditional bases in general Banach spaces contains
rich contents. Some sufficient and necessary conditions for unconditional bases and
their corresponding properties have been established (see [SYL]). In this paper, we
prove the following theorem at first, which gives an intuitive characterization on
unconditional basic sequences.

Theorem 1. A basic sequence {x,}52 1 in a Banach space is unconditional if and
only if, for any two disjoint finite subsets A, B of N, one of the following conditions
holds:

(i) [z +y|| ~ |z =yl Vo € span{z; | j € A}, y € span{z; | j € B}.

(ii) There exists a constant C' > 0 such that ||z —y|| > C for any x € span{z; |
j €A}, yespan{z; | j € B} with ||z]| = [lyl| = 1.

Proof. Let {z,} be an unconditional basis of Banach space X and A, B be two
disjoint finite subsets of N. Then there exists a constant K > 0 such that (see
[SYL])

lyll < Kllz + y]| Vo € span{z; | j € A}, y € span{z; | j € B}.
Hence
lz =yl = [z +y) = 2yll < (1 4 2K)|z + yl|.
The inverse inequality can be proved similarly. (7) follows.
In the sequel, we prove (ii); we assume (7) holds now.
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Vo € spanf{z; | j € A}, y € span{z; | j € B} with ||z|| = [Jy|| = 1, it is easily

seen that [lo +yl| > 5 or [lz —y| > %. If ||z —y|| > %, (i) holds obviously; if

|z +y| > 3, then ||z — y|| ~ |lz + yl| = 5, ie. (ii) also holds.
Finally, let (i4) hold. We prove that {x,} is unconditional.
Let « € span{xz; | j € A}, y € span{z; | j € B} with  # 0, y # 0. Then there

exists C > 0 such that
‘ lzll Iyl H

Choosing o > 0 satisfying 0 < 2(1 — o) < C and assuming ||y| < ||z|| without loss
of generality, we have that
(1%). If [ly[l > o[z, then

N R P e H
||y|| ||y||
=l
> = = == =l - 1 - [lyll
’IIwII IIyIH Tyl
> Cllz| = (=] - llyl)
1
> ZC|zl.
> 5Clll
Hence
lz+yl _ =l + 1yl _ 4
lz—yl = 3Clz| —C
(29). If ||y|| < o||z||, one easily gets
z + vyl < 2|z < 2
lz—=yll = Nzl =yl ~ 1-0

In any case, there always exists K > 0 such that ||z + y|| < K||z — y||. Hence
1 1 1
o < Llle + (o)l + £z~ ()]l < 30+ Kl + o]

which implies that {z,} is an unconditional basic sequence (see [SYL]). Theorem
1 follows. O

Remark. We give an intuitive explanation of the theorem as follows. A basic se-
quence {x,, }22 ; in a Banach space is unconditional if and only if, for any two disjoint

finite subsets A, B of N, the included angle between the subspaces span{z; | j € A}
and span{z; | j € B} is larger than a positive number independent of A and B.

yMw -
0 € 0 0
4\x_y 1 )
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Theorem 2. Let {z;}52, be a basic sequence in LP(u) (1 < p < 00). Then it is
unconditional if and only if

1> " ajailly ~ 10 Taza; )21, Vo =Y ajr; € LP(n).
=1 j=1 j=1

Proof. We only need to prove the necessity. In fact, Vo = Zj’;l ajr; € X, by
Khintchine’s inequality (see [SYL, p.30]) we have that

1 m m
/ IS riagai@) [Pt~ (3 Jagss @) P2 VweQ, meN
0 =1 j=1

where {r;(t)} are the Rademacher functions, i.e.
ri(t) = signsin(27rt) (Gj=1,2,---).

Hence

1 m 1 m
/ ||er(t)ajxj||gdt=/ dt/ 1S (aga (@) P de
o = 0 o o

~ / (3 | gz (@) [P/ 2dp(w).

j=1
Since {x;} is an unconditional basic sequence and 7;(t) = £1 a.e., we have (see
[SYL, p.22])

m 1 m 1 m
IS ajas ) = / IS agalizdt ~ / ISy (agas ndt
j=1 0 j=1 0 =t
m

~ / (3 | gz (w) [P/ 2dp(w).

j=1
Letting m — oo we deduce that
o0 o0
1>~ azaslly ~ 1 1 agay ).
j=1 j=1
This completes the proof. O

Remark. If X is the closed subspace of LP(u) such that {z;}32, is its basis, it is
clear that

o0 o0 oo
1Y ajasll, = 10 | azz; 1), (Vo= ajz; € X)
j=1 j=1 j=1
is a norm on X.

3. [P-STABILITY AND UNCONDITIONAL BASIC SEQUENCES IN LP(u)

In this section, we study the equivalence between the [P-stability and uncon-
ditionality of bounded basic sequences in LP(u). Our results show that, under

some conditions, {z;} is a bounded unconditional basic sequence if and only if it is
[P-stable.

Theorem 3. Let {z;}32, be a [P-stable (1 < p < 00) sequence in a Banach space
X. Then it is a bounded unconditional basic sequence in X.
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Proof. Yz € span{x;}(the closure in X) and n € N, let a™ € Iy such that

o n 1
lz =" a{ayll < -
j=1

It is easily seen that

o0

[0 = at™p ~ 130G ~ af™ sl — 0 (n, m— o0).
j=1

Hence there exists a € [P such that
la®™ ~all, —0 (1),

For any n € N, let m > k be large enough such that a§") =0(Vj > k). By the
[P-stability, we get

IIZaJxJH = ||Z Nl < Cplla — a™|;

therefore, > 7 | ajz; converges in X. It is also clear that

7j=1
||Za"> ZamIINIIa —all, — 0 (n— o0).

Hence =z = Zoil a;jz;. Again by the [P-stability we conclude that such expression

is unique, thus {z;}%2; is a Schauder basis of span{z;}. At last, the [P-stability
implies that it is uncondltlonal and bounded obviously. The proof of the theorem
is complete. O

Theorem 4. Let {;}32, be a bounded unconditional basic sequence in LP(p) (1 <
p < 00). Then there exist positive constants cp, Cp such that
(i) if 1 < p <2, there holds

cpll{atlz < 1) azaslly < Cyll{as}ly ¥ Y aju € LP(p);

j=1 j=1

(ii) if 2 < p < oo, there holds

col{ai}ly < 1) azilly < Gyll{as}ll2 vy aju; € LP(p)
j=1

=1

Proof. (i). For 1 < p < 2, we know that LP(u) is of Rademacher type p and
Rademacher cotype 2 (see [SYL7 pp.151-152]), i.e. there exist ¢,, Cp > 0 such that

1 oo o)
(/ 1D i)zl < Cu (3 llzl1) M7
0 =1 j=1
and

1 oo ')
( / 1S (0212002 > e(3 [125]12) /2
=1 =1



460 LIHUA YANG

for all n € N and {2;}32; C LP(u), where {r;(t)} are the Rademacher functions.
Since {x;}32, is an unconditional basic sequence in LP(u), we conclude that

o0 1 o0
1S gzl ~ / 1S v (B)age; |22
=1 j=1

Cp(Y  llaja;|[2)/
j=1

IN

IN

o

Co(Y_ 1 aj )7 sup ||z,
j=1 JEN

and

oo 1 oo
1S gzl ~ / IS s (B)aga; |22
j=1 Jj=1

o0
(Y llagy|I2)'?
j=1

Y]

Y]

[e'S)
(D Ly M) Inf [|z5]lp
Jj=1

This completes the proof of (i).
(ii). For 2 < p < oo, the proof is similar. We consider the case of p = oo at last.
By Theorem 2, it is easily seen that

oo o0 oo
1D aszilloo ~ 1 Tagay 1) 2lloo < (7 | ag )Y sup |||
=1 =1 JEN

j=1
and
o0 o0
13 aslloe ~ 1 Tages )2 lloe > sup llagaslloe > Hag}loo in (1.
J=1 J=1 JEN Je
Hence the theorem also holds for p = co. The proof is complete. O

Theorem 5. Let {;}52, be a bounded unconditional basic sequence in LP(p) (1 <
p < 00) and

o0
- 11
By =y PP O] i )2 (1<p<oo)
i=1
where T; :=0if > o, | z; |= 0 and % =0 forp=o0. If
0 < inf [|Z;][, < sup [|Z;][, < oo
JjEN jEN
then {x;}52, is [P-stable.

Proof. (1). If 1 < p < 2, by Theorem 4 and Theorem 2 we have that, Vz
S22 a;x; € LP(p), there exists C, > 0 such that

j=1
lzlls < Cpll{as}lp
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and
el ~ ( / (> | agey [2)/2dp)r?.
j=1

Using the inverse Holder-inequality, we have that, for 6 := 2/p |

oo oo
O laja PP =( > fag Play ||z PA-0)p/2
i=1 i=1a;#0
oo oo

>0 D0 (ag Plag POPRYr( Y Jay PO075) e/

j=1,z;7#0 Jj=1,z;#0
o o0
=( Y dagPla ) >0 Jay P05
Jj=1,z;#0 Jj=1,z;#0
oo oo
= > laiPlay (Y] |y PO
J=1,z;7#0 Jj=1,z;#0

oo
= la; P |37,
j=1
Hence

Il ~ /Q (> | agay 2P 2dp)t7
=1

> (L3 las P @i = (3 Loy PP ing 1
j=1 Jj=1

Le. lzllp ~ [{aj}p -

(2). If 2 < p < o0, we can conclude by the same way that, Vo = Y

LP(u), there exists ¢, > 0 such that

zllp = cpli{a;}Hlp
and, for 6 :=2/p ,

Izl ~ /Q (> | agay 2 2dp)t7
=1

= 1 O Vg Play Py P00t

=1

<

= 1Yy P )
=1 @

< (o 1) sup gl
=1 JjEN

Hence ||z|[p, ~ |[{a;}Hp -

(30 1y Py PSS Ly 200750
j=1 j=1

461

a;T; €
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(3). If p = 2, the proof is trivial.
(4). At last, if p = oo, it is easily seen by Theorem 4 that

[zl = epll{a;}loo

and
lello ~ 1CY a1 2l0 < I Hlool (S 15 12)H2 oo
j=1 =
ie. ||lzllp ~ |[{a;}llp - The proof of the theorem is complete. O

Remark. From the proof above, we can see easily that, for 1 < p < 2and 2 < p < oo,
Theorem 5 holds still if Z; is replaced by the following function:

o0

2p(1—#6 1_1

g0 = lxi° Q) fa Tr 2 )2
i=1

where 6 is any positive constant independent of j satisfying (-9 - 0. Tt is clear

p—2
that gj 9 =, if 0 :=2/p .

4. SHIFT-INVARIANT SUBSPACE OF LP(R?)

Let LP(n) = LP(R®) (s € N,1 < p < o0) be the space of p-power Lebesgue
integrable functions. For a finite subset ® C LP(R?®), the set generated by the
shifts of ® is defined by

S(@) ={¢(-—j)|j€Z* ¢}

where Z is the set of all integers. The [P-stability and unconditionality of S(®) are
important topics in wavelet analysis. In this field, many interesting results have
been established (see [MEYER, p.30], [DAU, p.298], [JM], etc.). In this section,
we will use Theorem 5 to show that S(®) is [P-stable if and only if it is a bounded
unconditional basic sequence under some weak conditions.

We recall the space £P defined in [JM] by

LP:= LP(R®) :={f | f is Lebesgue measurable and | f |,:= ||f%||rr(0,1)s) < 0o}

where

=Y 1f=a)l.

aEZs
For convenience, we define another space as follows:

LY = LE(R®) :={f | f is Lebesgue measurable and | f [5:= || f*||Lr(o,1):) < oo}

where

=00 1fC=a) P2

acZs
It is easy to verify that
£y c L C LY (1<p<2),
Lr c LY cLr (2 <p< o).



UNCONDITIONAL BASES IN L?(u) SPACE 463

Theorem 6. Let S(®) be generated by the shifts of finite subset & C LP(R®) N
LE(R®) (1 < p < o0, s€N). Then S(®) is an unconditional basic sequence in
LP(R?®) if and only if it is [P-stable, i.e.
I D ais-— D~ I{ai}, VoY aie(-—j) € LP(RY).
JEZ®,HED JEZS,pED

Proof. We only need to prove the necessity. Let S(®) be an unconditional basic
sequence in LP(u). V¢ € ® and j € Z*, let

O O D DL ) N DL

JEZS )ed
One has
lo¢ =y = l18llp
and
8=l = ([ To-DPC Y vt-i)P)itdn
ke I€EZ 2HED
= ([ I ( |z — i) |*)2 " dw)' /P
/RS iezg@
= (/ O Te@=) D D e —i)[*)5 dn)'/P.
[0,1)® =y Al IEZS WYED
Hence
(- =D, < ( ( | Y(x — i) |P)P/?dx) /P
' ‘/[0>1)3 iEZSZﬂIJE@
< ( OO 1ol —i) ))Y2)rda)t/?
/{OJ)Sw;DiEZZ@)
< vz — i) 2P 2dx) /P
g/{o?l}sgezzj (z— i) [2)P/2dw)
= > vl
Ped
and
A — g > — ) 2P/ 2dz) /P
166~y > </[071)3<iezzs|¢<x i) P d)
= |ol.
Therefore
min [l = j Jnl ot =lp < _sup_ lI6¢ =il = maxiol,
and

. *< . f It A < 7 LA < ” )
min | o< _nf 100 =il swp N6 =l <D 1o}
peD
Since S(®) is a basic sequence in LP(R*), we conclude that mingeq |||, > 0 and
minges | ¢ [5> 0. Moreover, ® C LP(R®) N LL(R®) implies maxyeq [|¢]l, < co and
> ¢eca | ¢ [< 0o Then, the conclusion follows from Theorem 5. |
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By [JTA, Theorem 1.1-1.2] we further obtain the following theorem.

Theorem 7. Let S(®) be generated by the finite subset ® C LP(R®) (1 < p <
00, s € N). Then the following conditions are equivalent:

(1) S(®) constitutes an unconditional basic sequence in LP(R?),
(2) S(®) is IP-stable,
(3) {@(&+27mB) e, pezs are linearly independent,

where ¢ is the Fourier transform of ¢ defined in [JIA].

For the definition of “linear independent”, we refer to [JIA].
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