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UNCONDITIONAL BASIC SEQUENCE IN Lp(µ)
AND ITS lp-STABILITY

LIHUA YANG

(Communicated by J. Marshall Ash)

Abstract. This paper is concerned with unconditional basic sequences in
Lp(µ). We prove that, under some conditions, a sequence in Lp(µ) is a bounded
unconditional basic sequence if and only if it is lp-stable. At last the results
are applied to the shift-invariant basic sequences generated by a finite subset
of Lp(Rs), which is very important in wavelet analysis.

1. Introduction

Unconditional basic sequences are very important in the basis theory of Banach
spaces. It is a motivation for the development of the recent wavelet analysis. In
general, it is difficult to verify whether a given basic sequence is unconditional.
Therefore, it is meaningful to find more practical but equivalent conditions. In
L2(µ) it is well known that a sequence is a bounded unconditional basic sequence
if and only if it is l2-stable. We want to know whether the result can be extended
to Lp(µ) (1 ≤ p ≤ ∞). In this paper, we mainly study some properties of uncon-
ditional basic sequences and then prove that, under some conditions, a bounded
basic sequence in Lp(µ) is unconditional if and only if it is lp-stable. Finally, the
results are applied to the shift-invariant basic sequence generated by a finite subset
of Lp(Rs), which is very important in wavelet analysis.

Let (Ω,Σ, µ) be a σ-finite (positive) measure space, Lp(µ) := Lp(Ω,Σ, µ) (1 ≤
p ≤ ∞) the space of all p-integrable functions on (Ω,Σ, µ) with norm defined by

‖f‖p :=

{
(
∫
Ω | f(x) |p dµ(x))1/p, f ∈ Lp(µ) (1 ≤ p <∞),

ess supx∈Ω | f(x) |, f ∈ L∞(µ) (p = ∞).

As usual, for 1 ≤ p ≤ ∞, lp := lp(N) (N denotes the set of all natural numbers)
denotes the space of all sequences a such that ‖a‖p <∞, where

‖a‖p :=

{
(
∑∞

j=1 | aj |p)1/p, 1 ≤ p <∞,

supj∈N | aj |, p = ∞.

For simplicity, let l := l(N) denote the space of all sequences and

l0 := l0(N) := {a ∈ l | aj 6= 0 for only finite j}.
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Let X be a Banach space. A sequence {xj}∞j=1 ⊂ X is called a (Schauder) basis if
∀x ∈ X , there exists unique sequence a ∈ l such that x =

∑∞
j=1 ajxj .

A Schauder basis {xj}∞j=1 of a Banach space X is called an unconditional basis
if ∀{aj}∞j=1 ∈ l, the convergence of

∑∞
j=1 ajxj in X implies

∑∞
j=1 θjajxj converges

in X provided θj = ±1; a sequence {xj}∞j=1 is called a (or: an unconditional) basic
sequence in a Banach space X if it is a (or: an unconditional) basis of a closed
subspace of X .

A sequence {xj}∞j=1 ⊂ X is called bounded if

0 < inf
j∈N

‖xj‖ ≤ sup
j∈N

‖xj‖ <∞.

{xj}∞j=1 ⊂ X is called lp-stable (1 ≤ p ≤ ∞) if there exist positive constants cp and
Cp such that ∀a ∈ l0,

cp‖a‖p ≤ ‖
∞∑
j=1

ajxj‖ ≤ Cp‖a‖p

i.e., simply

‖
∞∑
j=1

ajxj‖ ∼ ‖a‖p.

Hereafter, A ∼ B means there exist positive constants c, C such that cA ≤ B ≤ CA.
The preceding definitions can be found in [SYL], [JM] and [JIA].

The paper is organized as follows. In section 2, we give an intuitive charac-
terization and an equivalent norm for unconditional basic sequences. In section 3
the equivalence between lp-stability and unconditionality is studied. Finally, the
shift-invariant family generated by a finite set of Lp(Rs) is studied in section 4.

2. Unconditional basic sequence in Lp(µ)

The classical theory of unconditional bases in general Banach spaces contains
rich contents. Some sufficient and necessary conditions for unconditional bases and
their corresponding properties have been established (see [SYL]). In this paper, we
prove the following theorem at first, which gives an intuitive characterization on
unconditional basic sequences.

Theorem 1. A basic sequence {xn}∞n=1 in a Banach space is unconditional if and
only if, for any two disjoint finite subsets A, B of N, one of the following conditions
holds:

(i) ‖x+ y‖ ∼ ‖x− y‖ ∀x ∈ span{xj | j ∈ A}, y ∈ span{xj | j ∈ B}.
(ii) There exists a constant C > 0 such that ‖x− y‖ ≥ C for any x ∈ span{xj |

j ∈ A}, y ∈ span{xj | j ∈ B} with ‖x‖ = ‖y‖ = 1.

Proof. Let {xn} be an unconditional basis of Banach space X and A, B be two
disjoint finite subsets of N. Then there exists a constant K > 0 such that (see
[SYL])

‖y‖ ≤ K‖x+ y‖ ∀x ∈ span{xj | j ∈ A}, y ∈ span{xj | j ∈ B}.
Hence

‖x− y‖ = ‖(x+ y)− 2y‖ ≤ (1 + 2K)‖x+ y‖.
The inverse inequality can be proved similarly. (i) follows.

In the sequel, we prove (ii); we assume (i) holds now.
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∀x ∈ span{xj | j ∈ A}, y ∈ span{xj | j ∈ B} with ‖x‖ = ‖y‖ = 1, it is easily
seen that ‖x + y‖ ≥ 1

2 or ‖x − y‖ ≥ 1
2 . If ‖x − y‖ ≥ 1

2 , (ii) holds obviously; if
‖x+ y‖ ≥ 1

2 , then ‖x− y‖ ∼ ‖x+ y‖ ≥ 1
2 , i.e. (ii) also holds.

Finally, let (ii) hold. We prove that {xn} is unconditional.
Let x ∈ span{xj | j ∈ A}, y ∈ span{xj | j ∈ B} with x 6= 0, y 6= 0. Then there

exists C > 0 such that ∥∥∥∥ x

‖x‖ −
y

‖y‖
∥∥∥∥ ≥ C.

Choosing σ > 0 satisfying 0 < 2(1− σ) ≤ C and assuming ‖y‖ ≤ ‖x‖ without loss
of generality, we have that

(10). If ‖y‖ ≥ σ‖x‖, then

‖x− y‖ =
∥∥∥∥ x

‖x‖‖x‖ −
y

‖y‖‖x‖+
y

‖y‖‖x‖ − y

∥∥∥∥
≥

∥∥∥∥ x

‖x‖ −
y

‖y‖
∥∥∥∥ · ‖x‖ − ∣∣∣∣‖x‖‖y‖ − 1

∣∣∣∣ · ‖y‖
≥ C‖x‖ − (‖x‖ − ‖y‖)
≥ 1

2
C‖x‖.

Hence
‖x+ y‖
‖x− y‖ ≤

‖x‖+ ‖y‖
1
2C‖x‖

≤ 4
C
.

(20). If ‖y‖ ≤ σ‖x‖, one easily gets

‖x+ y‖
‖x− y‖ ≤

2‖x‖
‖x‖ − ‖y‖ ≤

2
1− σ

.

In any case, there always exists K > 0 such that ‖x+ y‖ ≤ K‖x− y‖. Hence

‖x‖ ≤ 1
2
‖x+ (−y)‖+

1
2
‖x− (−y)‖ ≤ 1

2
(1 +K)‖x+ y‖

which implies that {xn} is an unconditional basic sequence (see [SYL]). Theorem
1 follows.

Remark. We give an intuitive explanation of the theorem as follows. A basic se-
quence {xn}∞n=1 in a Banach space is unconditional if and only if, for any two disjoint
finite subsets A, B of N, the included angle between the subspaces span{xj | j ∈ A}
and span{xj | j ∈ B} is larger than a positive number independent of A and B.
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Theorem 2. Let {xj}∞j=1 be a basic sequence in Lp(µ) (1 ≤ p ≤ ∞). Then it is
unconditional if and only if

‖
∞∑
j=1

ajxj‖p ∼ ‖(
∞∑
j=1

| ajxj |2)1/2‖p ∀x =
∞∑
j=1

ajxj ∈ Lp(µ).

Proof. We only need to prove the necessity. In fact, ∀x =
∑∞

j=1 ajxj ∈ X , by
Khintchine’s inequality (see [SYL, p.30]) we have that∫ 1

0

|
m∑
j=1

rj(t)ajxj(ω) |p dt ∼ (
m∑
j=1

| ajxj(ω) |2)p/2 ∀ω ∈ Ω, m ∈ N

where {rj(t)} are the Rademacher functions, i.e.

rj(t) := signsin(2jπt) (j = 1, 2, · · · ).
Hence ∫ 1

0

‖
m∑
j=1

rj(t)ajxj‖ppdt =
∫ 1

0

dt

∫
Ω

|
m∑
j=1

rj(t)ajxj(ω) |p dω

∼
∫

Ω

(
m∑
j=1

| ajxj(ω) |2)p/2dµ(ω).

Since {xj} is an unconditional basic sequence and rj(t) = ±1 a.e., we have (see
[SYL, p.22])

‖
m∑
j=1

ajxj‖pp =
∫ 1

0

‖
m∑
j=1

ajxj‖ppdt ∼
∫ 1

0

‖
m∑
j=1

rj(t)ajxj‖ppdt

∼
∫

Ω

(
m∑
j=1

| ajxj(ω) |2)p/2dµ(ω).

Letting m→∞ we deduce that

‖
∞∑
j=1

ajxj‖p ∼ ‖(
∞∑
j=1

| ajxj |2)1/2‖p.

This completes the proof.

Remark. If X is the closed subspace of Lp(µ) such that {xj}∞j=1 is its basis, it is
clear that

|||
∞∑
j=1

ajxj |||p := ‖(
∞∑
j=1

| ajxj |2)1/2‖p (∀x =
∞∑
j=1

ajxj ∈ X)

is a norm on X .

3. lp-stability and unconditional basic sequences in Lp(µ)

In this section, we study the equivalence between the lp-stability and uncon-
ditionality of bounded basic sequences in Lp(µ). Our results show that, under
some conditions, {xj} is a bounded unconditional basic sequence if and only if it is
lp-stable.

Theorem 3. Let {xj}∞j=1 be a lp-stable (1 ≤ p ≤ ∞) sequence in a Banach space
X. Then it is a bounded unconditional basic sequence in X.
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Proof. ∀x ∈ span{xj}(the closure in X) and n ∈ N, let a(n) ∈ l0 such that

‖x−
∞∑
j=1

a
(n)
j xj‖ < 1

n
.

It is easily seen that

‖a(n) − a(m)‖p ∼ ‖
∞∑
j=1

(a(n)
j − a

(m)
j )xj‖ −→ 0 (n, m→∞).

Hence there exists a ∈ lp such that

‖a(n) − a‖p −→ 0 (n→∞).

For any n ∈ N, let m ≥ k be large enough such that a(n)
j = 0 (∀j ≥ k). By the

lp-stability, we get

‖
m∑
j=k

ajxj‖ = ‖
m∑
j=k

(aj − a
(n)
j )xj‖ ≤ Cp‖a− a(n)‖p;

therefore,
∑∞

j=1 ajxj converges in X . It is also clear that

‖
∞∑
j=1

a
(n)
j xj −

∞∑
j=1

ajxj‖ ∼ ‖a(n) − a‖p −→ 0 (n→∞).

Hence x =
∑∞

j=1 ajxj . Again by the lp-stability we conclude that such expression
is unique, thus {xj}∞j=1 is a Schauder basis of span{xj}. At last, the lp-stability
implies that it is unconditional and bounded obviously. The proof of the theorem
is complete.

Theorem 4. Let {xj}∞j=1 be a bounded unconditional basic sequence in Lp(µ) (1 ≤
p ≤ ∞). Then there exist positive constants cp, Cp such that

(i) if 1 ≤ p ≤ 2, there holds

cp‖{aj}‖2 ≤ ‖
∞∑
j=1

ajxj‖p ≤ Cp‖{aj}‖p ∀
∞∑
j=1

ajxj ∈ Lp(µ);

(ii) if 2 ≤ p ≤ ∞, there holds

cp‖{aj}‖p ≤ ‖
∞∑
j=1

ajxj‖p ≤ Cp‖{aj}‖2 ∀
∞∑
j=1

ajxj ∈ Lp(µ).

Proof. (i). For 1 ≤ p ≤ 2, we know that Lp(µ) is of Rademacher type p and
Rademacher cotype 2 (see [SYL, pp.151–152]), i.e. there exist cp, Cp > 0 such that

(
∫ 1

0

‖
∞∑
j=1

rj(t)zj‖2
pdt)

1/2 ≤ Cp(
∞∑
j=1

‖zj‖pp)1/p

and

(
∫ 1

0

‖
∞∑
j=1

rj(t)zj‖2
pdt)

1/2 ≥ cp(
∞∑
j=1

‖zj‖2
p)

1/2
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for all n ∈ N and {zj}∞j=1 ⊂ Lp(µ), where {rj(t)} are the Rademacher functions.
Since {xj}∞j=1 is an unconditional basic sequence in Lp(µ), we conclude that

‖
∞∑
j=1

ajxj‖p ∼ (
∫ 1

0

‖
∞∑
j=1

rj(t)ajxj‖2
pdt)

1/2

≤ Cp(
∞∑
j=1

‖ajxj‖pp)1/p

≤ Cp(
∞∑
j=1

| aj |p)1/p sup
j∈N

‖xj‖p

and

‖
∞∑
j=1

ajxj‖p ∼ (
∫ 1

0

‖
∞∑
j=1

rj(t)ajxj‖2
pdt)

1/2

≥ cp(
∞∑
j=1

‖ajxj‖2
p)

1/2

≥ cp(
∞∑
j=1

| aj |2)1/2 inf
j∈N

‖xj‖p.

This completes the proof of (i).
(ii). For 2 ≤ p <∞, the proof is similar. We consider the case of p = ∞ at last.

By Theorem 2, it is easily seen that

‖
∞∑
j=1

ajxj‖∞ ∼ ‖(
∞∑
j=1

| ajxj |2)1/2‖∞ ≤ (
∞∑
j=1

| aj |2)1/2 sup
j∈N

‖xj‖∞

and

‖
∞∑
j=1

ajxj‖∞ ∼ ‖(
∞∑
j=1

| ajxj |2)1/2‖∞ ≥ sup
j∈N

‖ajxj‖∞ ≥ ‖{aj}‖∞ inf
j∈N

‖xj‖∞.

Hence the theorem also holds for p = ∞. The proof is complete.

Theorem 5. Let {xj}∞j=1 be a bounded unconditional basic sequence in Lp(µ) (1 ≤
p ≤ ∞) and

x̃j :=| xj |2/p (
∞∑
i=1

| xi |2) 1
2− 1

p (1 ≤ p ≤ ∞)

where x̃j := 0 if
∑∞

i=1 | xi |= 0 and 1
p := 0 for p = ∞. If

0 < inf
j∈N

‖x̃j‖p ≤ sup
j∈N

‖x̃j‖p <∞

then {xj}∞j=1 is lp-stable.

Proof. (1). If 1 ≤ p < 2, by Theorem 4 and Theorem 2 we have that, ∀x =∑∞
j=1 ajxj ∈ Lp(µ), there exists Cp > 0 such that

‖x‖p ≤ Cp‖{aj}‖p
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and

‖x‖p ∼ (
∫

Ω

(
∞∑
j=1

| ajxj |2)p/2dµ)1/p.

Using the inverse Hölder-inequality, we have that, for θ := 2/p ,

(
∞∑
j=1

| ajxj |2)p/2 = (
∞∑

j=1,xj 6=0

| aj |2| xj |2θ| xj |2(1−θ))p/2

≥ [(
∞∑

j=1,xj 6=0

(| aj |2| xj |2θ)p/2)2/p(
∞∑

j=1,xj 6=0

| xj |2(1−θ)
p

p−2 )1−
2
p ]p/2

= (
∞∑

j=1,xj 6=0

| aj |p| xj |θp)(
∞∑

j=1,xj 6=0

| xj |2(1−θ)
p

p−2 )
p
2−1

=
∞∑

j=1,xj 6=0

| aj |p| xj |θp (
∞∑

j=1,xj 6=0

| xj |2(1−θ)
p

p−2 )
p
2−1

=
∞∑
j=1

| aj |p |x̃j |p.

Hence

‖x‖p ∼ (
∫

Ω

(
∞∑
j=1

| ajxj |2)p/2dµ)1/p

≥ (
∫

Ω

∞∑
j=1

| aj |p |x̃j |pdµ)1/p ≥ (
∞∑
j=1

| aj |p)1/p inf
j∈N

‖x̃j‖p,

i.e. ‖x‖p ∼ ‖{aj}‖p .
(2). If 2 < p < ∞, we can conclude by the same way that, ∀x =

∑∞
j=1 ajxj ∈

Lp(µ), there exists cp > 0 such that

‖x‖p ≥ cp‖{aj}‖p
and, for θ := 2/p ,

‖x‖p ∼ (
∫

Ω

(
∞∑
j=1

| ajxj |2)p/2dµ)1/p

= [
∫

Ω

(
∞∑
j=1

| aj |2| xj |2θ| xj |2(1−θ))p/2dµ]1/p

≤ [
∫

Ω

(
∞∑
j=1

| aj |p| xj |θp)(
∞∑
j=1

| xj |2(1−θ)
p

p−2 )
p
2−1dµ]1/p

= [
∞∑
j=1

| aj |p (
∫

Ω

|x̃j |pdµ)]1/p

≤ (
∞∑
j=1

| aj |p)1/p sup
j∈N

‖x̃j‖p.

Hence ‖x‖p ∼ ‖{aj}‖p .
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(3). If p = 2, the proof is trivial.
(4). At last, if p = ∞, it is easily seen by Theorem 4 that

‖x‖ ≥ cp‖{aj}‖∞
and

‖x‖p ∼ ‖(
∞∑
j=1

| ajxj |2)1/2‖∞ ≤ ‖{aj}‖∞‖(
∞∑
j=1

| xj |2)1/2‖∞

i.e. ‖x‖p ∼ ‖{aj}‖p . The proof of the theorem is complete.

Remark. From the proof above, we can see easily that, for 1 ≤ p < 2 and 2 < p <∞,
Theorem 5 holds still if x̃j is replaced by the following function:

gj,θ := |xj |θ(
∞∑
i=1

|xi|
2p(1−θ)

p−2 )
1
2− 1

p

where θ is any positive constant independent of j satisfying 2p(1−θ)
p−2 > 0. It is clear

that gj,θ = x̃j if θ := 2/p .

4. Shift-invariant subspace of Lp(Rs)

Let Lp(µ) = Lp(Rs) (s ∈ N, 1 ≤ p ≤ ∞) be the space of p-power Lebesgue
integrable functions. For a finite subset Φ ⊂ Lp(Rs), the set generated by the
shifts of Φ is defined by

S(Φ) := {φ(· − j) | j ∈ Zs, φ ∈ Φ}
where Z is the set of all integers. The lp-stability and unconditionality of S(Φ) are
important topics in wavelet analysis. In this field, many interesting results have
been established (see [MEYER, p.30], [DAU, p.298], [JM], etc.). In this section,
we will use Theorem 5 to show that S(Φ) is lp-stable if and only if it is a bounded
unconditional basic sequence under some weak conditions.

We recall the space Lp defined in [JM] by

Lp := Lp(Rs) := {f | f is Lebesgue measurable and | f |p:= ‖f0‖Lp([0,1)s) <∞}
where

f0 :=
∑
α∈Zs

| f(· − α) | .

For convenience, we define another space as follows:

Lp∗ := Lp∗(Rs) := {f | f is Lebesgue measurable and | f |∗p:= ‖f∗‖LP ([0,1)s) <∞}
where

f∗ := (
∑
α∈Zs

| f(· − α) |2)1/2.

It is easy to verify that{ Lp ⊂ Lp ⊂ Lp∗ (1 ≤ p ≤ 2),

Lp ⊂ Lp∗ ⊂ Lp (2 ≤ p ≤ ∞).



UNCONDITIONAL BASES IN Lp(µ) SPACE 463

Theorem 6. Let S(Φ) be generated by the shifts of finite subset Φ ⊂ Lp(Rs) ∩
Lp∗(Rs) (1 ≤ p ≤ ∞, s ∈ N). Then S(Φ) is an unconditional basic sequence in
Lp(Rs) if and only if it is lp-stable, i.e.

‖
∑

j∈Zs,φ∈Φ

ajφ(· − j)‖ ∼ ‖{aj}‖p ∀
∑

j∈Zs,φ∈Φ

ajφ(· − j) ∈ Lp(Rs).

Proof. We only need to prove the necessity. Let S(Φ) be an unconditional basic
sequence in Lp(µ). ∀φ ∈ Φ and j ∈ Zs, let

φ̃(· − j) :=| φ(· − j) |2/p (
∑

j∈Zs,ψ∈Φ

| ψ(· − j) |2) 1
2− 1

p .

One has
‖φ(· − j)‖p = ‖φ‖p

and

‖φ̃(· − j)‖p = (
∫
Rs

| φ(x − j) |2 (
∑

i∈Zs,ψ∈Φ

| ψ(x− i) |2) p
2−1dx)1/p

= (
∫
Rs

| φ(x) |2 (
∑

i∈Zs,ψ∈Φ

| ψ(x − i) |2) p
2−1dx)1/p

= (
∫

[0,1)s

(
∑
i∈Zs

| φ(x− i) |2)(
∑

i∈Zs,ψ∈Φ

| ψ(x − i) |2) p
2−1dx)1/p.

Hence

‖φ̃(· − j)‖p ≤ (
∫

[0,1)s

(
∑

i∈Zs,ψ∈Φ

| ψ(x− i) |2)p/2dx)1/p

≤ (
∫

[0,1)s

(
∑
ψ∈Φ

(
∑
i∈Zs

| ψ(x− i) |2)1/2)pdx)1/p

≤
∑
ψ∈Φ

(
∫

[0,1)s

(
∑
i∈Zs

| ψ(x− i) |2)p/2dx)1/p

=
∑
ψ∈Φ

| ψ |∗p

and

‖φ̃(· − j)‖p ≥ (
∫

[0,1)s

(
∑
i∈Zs

| φ(x− i) |2)p/2dx)1/p

= | φ |∗p .
Therefore

min
φ∈Φ

‖φ‖p = inf
j∈Zs,φ∈Φ

‖φ(· − j)‖p ≤ sup
j∈Zs,φ∈Φ

‖φ(· − j)‖p = max
φ∈Φ

‖φ‖p

and

min
φ∈Φ

| φ |∗p≤ inf
j∈Zs,φ∈Φ

‖φ̃(· − j)‖p ≤ sup
j∈Zs,φ∈Φ

‖φ̃(· − j)‖p ≤
∑
φ∈Φ

| φ |∗p .

Since S(Φ) is a basic sequence in Lp(Rs), we conclude that minφ∈Φ ‖φ‖p > 0 and
minφ∈Φ | φ |∗p> 0. Moreover, Φ ⊂ Lp(Rs) ∩ Lp∗(Rs) implies maxφ∈Φ ‖φ‖p <∞ and∑
φ∈Φ | φ |∗p<∞. Then, the conclusion follows from Theorem 5.
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By [JIA, Theorem 1.1–1.2] we further obtain the following theorem.

Theorem 7. Let S(Φ) be generated by the finite subset Φ ⊂ Lp(Rs) (1 ≤ p ≤
∞, s ∈ N). Then the following conditions are equivalent:

(1) S(Φ) constitutes an unconditional basic sequence in Lp(Rs),
(2) S(Φ) is lp-stable,
(3) {φ̂(ξ + 2πβ)}φ∈Π,β∈Zs are linearly independent,

where φ̂ is the Fourier transform of φ defined in [JIA].

For the definition of “linear independent”, we refer to [JIA].
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A.Le Méhauté and L.L.Schumaker (Academic Press, New York,1991) (209–246). MR
93e:65024

[JIA] Jia, R.Q., Refinable Shift-invariant Spaces: From Spline to Wavelets Approximation
Theory VIII, Vol.2: Wavelets and Multilevel Approximation, Charles K. Chui and
Larray L. Schumaker (eds.), (179–208) 1995. CMP 98:01

[MEYER] Meyer, Y., Wavelets and Operators, Cambridge University Press, Cambridge, 1992.
MR 94f:42001

[DAU] Daubechies, I., Ten Lectures on Wavelets, SIAM,Philadelphia, 1992. MR 93e:42045
[YOSIDA] Yosida,K., Functional Analysis, Springer-Verlag, New York, 1968. MR 39:741

Department of Scientific Computing and Computer Applications, Zhongshan Univer-
sity, 510275, People’s Republic of China

Institute of Mathematics, Academy Sinica, Beijing, 100080, People’s Republic of
China

E-mail address: yang@comp.hkbu.edu.hk

E-mail address: ylh@math03.math.ac.cn


