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ABSTRACT. It is shown that within a parameterized family of semi-dynamical
systems enjoying a mild uniform dissipative condition, the property that a
locally asymptotically stable steady state is globally attracting is an open
condition in the parameters.

1. INTRODUCTION

The ultimate goal in the analysis of most dynamical systems arising in applica-
tions is to determine the asymptotic behavior of its solutions. In the language of
dynamical systems, one wishes to determine the nature of the global attractor. In
doing this, one often uses special properties of functions in the equations or, indeed,
of the nature of the model itself. A particular example of the latter is in several
models of microbial competition based on the chemostat. In the chemostat, two
(or more) organisms compete for a limiting nutrient. Thus the model has features
common to a predator-prey model in the consumption of the nutrient. However,
the basic conservation property of the chemostat allows a reduction of the order to
two competitive equations where the theory of monotone dynamical systems is ap-
plicable. See the monograph [8] for many examples. Monotone dynamical systems
have a strong tendency to convergence [7]. In many of these chemostat-like systems,
the result is that the global attractor (of the interior) is a rest point (also called
an equilibrium or steady state). However, a slight change in the model parameters
destroys the form of the conservation principle and the reduction to a monotone
dynamical system is no longer possible. Similarly, a Liapunov function may be
known under certain restrictive conditions but not for the general system.

In section 2 we provide perturbation theorems for both discrete and continu-
ous dynamical systems that will address this problem. The local perturbation of
an asymptotically stable rest point is a standard result (see [6] for upper semi-
continuity of the basin of attraction); the focus here is retaining the rest point as a
globally stable attractor. Essentially, we show that within a parameterized family
of dynamical systems enjoying a mild uniform dissipative condition, the property
that a locally asymptotically stable steady state is globally attracting is an open
condition in the parameters.
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In section 3, our main result is applied to the Droop model of phytoplankton
growth in a chemostat environment. If the phytoplankton death rate is ignored,
solutions are attracted to a lower dimensional manifold and the system becomes
tractable; inclusion of a death rate makes this property less explicit but our result
applies.

2. PERTURBATION THEOREMS

Let T : U x A — U be continuous where U C X, X is a Banach space, and A
is a metric space with metric p. We sometimes write T)(z) = T'(z, A) and use the
notation Bx(x,s) (Ba(A,s)) for the open ball of radius s about the point z € X
(A € A). For a linear operator A on X, we write r(A) for its spectral radius.

Theorem 2.1. Let (z9, o) € U x A, Bx(x0,8) C U for some § > 0 and assume

that DT (x, \) exists and is continuous in Bx (xg,d) x A. Suppose that T'(xg, \o) =

xo, (DT (z0,Xo)) < 1, and T, x — x¢ for every x € U. In addition, suppose that:

(H1) For each A € A, there is a set Bx C U such that for each x € U, there exists
N = N(z,)) such that TNz € By.

(H2) C = Uyep Ta(By) is compact in U.

Then there exists ¢ > 0 and a continuous map & : Ba(Xo,€9) — U such that

#(No) = @0, T((N\), A) = () and:

(2.1) TPz — &(\), €U, € By, co).

Proof. We may suppose that the norm on X is such that ||D,T (20, Ao)|| < p < 1.
See ([10], page 795 or [5], sec. 2.5.2). As D,T(x,\) is continuous, there exist
€1,7 > 0 such that ||D,T(x,\)|| < p for x € Bx(xzo,n) and A € Bx(Ao, €1). Choose
€0 < €1 such that ||T(zo, Ao) — T'(zo, \)|| < (1 — p)n for A € Ba(Ao,€0). Then, for
x, 2" € Bx(xg,n) and X € Ba(Xo, €), we have

1
1T (2, A) = T, A)]| < / DT (s + (1 = s)a’, A|lds|lz — 2| < pllz — 2|
0

and
IT(z, ) —zol| < [ T(2, ) = T(zo, \)|| + [|T (20, \) = T'(z0, M)l
< pllz =zl + (1 —p)n <.

Thus, T) is a uniform contraction self-mapping of Bx (zg,n) for A € Ba (Ao, €o)-
The uniform contraction mapping theorem implies the existence of the continuous
map 2 : Ba(Mo,€0) — Bx(xo,n) such that T(Z(N\),\) = &(\) and &(N\g) = =o.
Furthermore, Tz — &(\) for every « € Bx (zo,n) and A € Ba (Ao, €0).

By choosing € smaller, if necessary, we claim that for A € B (Ao, €9) and = € C,
Tz € B(xo,n) for some m. If not, there exist A\, € A, A, — Ao, and z, € C
such that || T5" x, — zol| gen for all m > 0, n > 1. As C' is compact, we may
assume that x, — = € C. But x is globally attracting for T, so there is a p
such that ||TY = — xol| < 1/2. Hence, by continuity of the function F(z,\) = Ty,
F(zn, \n) — F(z,X0) = T} = and therefore ||TY x, — 20| < n for all large n, a
contradiction. The claim is established.

Now, given z € U and XA € Bp()o, €0), there exists N such that T)J\Vx € By so
T/{V 1z € C. By the previous paragraph, T{"z € Bx(zo,n) for some, and hence all
large, m. Obviously, Tz — Z(A). |
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The main assertion of Theorem 2.1 is (2.1). The existence of the perturbed fixed
point &(A) is usually not an issue, indeed, it may be known explicitly. Continuity
of eigenvalues under perturbation implies the local stability of Z(A). We have given
conditions for the global asymptotic stability of the fixed point xo to be stable to
perturbation: the perturbed fixed point &(\) is also globally attracting.

In the applications, the set B in (H1) will typically be bounded and the com-
pactness of C' will derive from a uniform complete continuity assumption on the
{Tr}xrea in case X is infinite dimensional. In finite dimensional spaces X, (H2)
is implied by (H1) if B is bounded. Typically, the discrete dynamical system will
be defined on a larger set, perhaps containing other invariant sets. U may then be
chosen to be some positively invariant (for each Ty ) subset of the basin of attraction
of xg.

Remark 2.1. The assumption that xo is an interior point of U is unnecessarily
restrictive. An examination of the proof indicates that it is sufficient that T can
be extended to Bx(zg,d) x A for some 0 > 0 and has a continuous derivative on
that set and that Bx (xg,d)NU is convex. Alternatively, one-sided derivatives with
respect to some cone or wedge in X may also be used. See, e.g. [1].

We now formulate a continuous-time version of Theorem 2.1, beginning with
some notation and definitions. Let T': U x [0, 00) x A — U be continuous and define
a family of (nonlinear) semi-dynamical systems on U parameterized by A € A. As
above, U C X, where X is a Banach space and A is a metric space. We often
write Tix = T(x,t,\). More precisely, the continuous map T defines a family of
semi-dynamical systems on U parameterized by A € A provided that for each A € A:

(i) T)(\J =idx.

(i) T¢ o Ty =Ty for t,s > 0.
The continuous-time version of Theorem 2.1 reads as follows.

Theorem 2.2. Let T be a family of semi-dynamical systems parameterized by

A, Let (zo, o) € U x A, Bx(x0,0) C U for some 6 > 0 and assume that

D,T(x,t,\) exists for (x,t,\) € Bx(xg,d) x [0,00) X A and for each fixed t > 0,

D,T(z,t,\) is continuous on Bx (xg,d) x A. Suppose that Tf\oﬂCo =9 forallt >0,

Ut) = Dwa\o (x0) defines a strongly continuous semigroup with negative growth

bound (r(U(t)) = exp(—wt) with w > 0), and T} (x) — xo for each x € U. In

addition, suppose that:

(H1) For each X € A, there is a subset By of U such that for each x € U, Ti(x) €
By for all large t.

(H2) C =Uxea TR(B2) is compact in U for some s > 0.

Then there exist g > 0 and a continuous map & : Ba(Xo,€0) — U such that

(X)) = mo, Thi&(\) = &(N) for t >0, and

(2.2) Tix — #()), x €U, A€ By(Xo,co).

Proof. Let P: U x A — U be defined by Py(z) = P(z,\) = T35z where s > 0 is as
n (H2). Using that P{(z) = Tz, observe that all the hypotheses of Theorem 2.1
hold for P. By that theorem, the function & exists satisfying Py (Z())) = TR2(X\) =
Z(A) and T{"z — Z(\) for every x € U and A € Bp(Xo,€). For y € U and
7 >0, put z = T{y € U in the previous limit to obtain T3**7y — &()). Thus,
T{(T3%y) — (). But T{(T{®y) — T{&(A) so T{&(A\) = &(A) for each 7 > 0 and
AE BA()\Q,&()).
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We claim that Tix — #(\) for each z € U and A € Ba (o, €0). If not, there exist
z € U, A\ € By(Mo,€), n > 0 and t, — oo such that | T}z — #(\)|| > 5 for n > 1.
Write t,, = ks + 7, where k, is a positive integer, 7, € [0, s), and k, — oo. We
may assume that 7, — 7 € [0, s]. Then

Tire =Tyt e = TT(T¥*z) — TE(N) = &(N),
a contradiction. O

As a corollary, we formulate a result for ordinary differential equations in finite
dimensions. Consider

(2.3) ' = f(z,\)

where f : U x A — R” is continuous, where U C R and A C R¥ and D, f(x, \) is
continuous on U x A. We assume that solutions of initial value problems are unique
and remain in U for all £ > 0 and each A € A. We write z(t, 2, A) for the solution
of (2.3) satisfying z(0) = z.

Corollary 2.3. Assume that (xg,N\o) € U x A, g € IntU, f(xo,No) = 0, all

eigenvalues of Dy f(xo, Ao) have negative real part, and xq is globally attracting for

solutions of (2.3) with A = Ao. If

(H1) there exists a compact set D C U such that for each A € A and each z € U,
x(t,z,\) € D for all large t,

then there exist € > 0 and a unique point £(\) € U for A € Bx(Xo,€) such that

F(@&N),A) =0 and z(t,z,\) — £(A) as t — oo for all z € U.

If the existence and local asymptotic stability of Z(A) are known to hold for all
A € A, then Theorem 2.1 implies that the subset of A for which Z()) is globally
asymptotically stable is an open subset. It may not be all of A however. A simple
example is afforded by (2.3) where f : R x (=1,1) — R is defined by f(z,\) =
—23 4+ 222 — (1 + N)z. For all X € (—1,1) the equilibrium #(\) = 0 is locally
asymptotically stable but it is globally attracting only when A € (0, 1) because a
saddle-node bifurcation occurs at A = 0 producing a pair of equilibria near z = 1
for A < 0.

We remark that similar results can be proved for more general compact invariant
sets than single equilibria or fixed points.

3. AN EXAMPLE

In this section, we give an application of our results to the Droop model of
phytoplankton growth on a limiting nutrient in a chemostat, considered in Chapter
8 of [8]. Although the example is simple, it illustrates the difficulties encountered
in applications where more than one steady state is present. Consider the system
of ordinary differential equations:

' = 2(u(@) —m),
(3.1) Q" = p(S.Q) - nQQ,

Sl = 1—S—$p(S,Q)
where x denotes (scaled) phytoplankton biomass, () denotes average stored nutrient
concentration per unit biomass of phytoplankton, and S is the nutrient concentra-

tion in the chemostat. When m = 1, system (3.1) is just (2.4) in Chapter 8 of
[8]. The value m = 1 results from assuming that the phytoplankton death rate is
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negligible so that the only loss of biomass is due to “washout” at the same rate
that nutrient is lost (see the third equation). It is common to ignore the death rate
of cells (as in [8]) because it is typically small compared to the washout rate and
the system is much simpler when it is ignored, as we will see below. Here, we allow
m to differ from m = 1, although not by much. From a biological perspective, the
case m = 1 + d, where d > 0 represents a death rate for phytoplankton, is of most
interest and the restriction that d << 1 is not a severe one.

Concerning the functions p and g, it is assumed that they are continuously
differentiable and satisfy:

where P > 0 and

p(0,Q) = 0,
Ip
% > 07
dp
— <
0Q — 0

The domain of interest is given by
U={(z,Q,5):2>0,Q>P S >0}
which is easily seen to be positively invariant. There is a unique root Q* of
p(1,Q%) = u(@Q)Q" =0

because of the monotonicity of p and p. We assume that u(Q*) > 1 and restrict m
to the set

A= fm:m < (@)}

Note that m = 1 belongs to A. If m € A, then there exists a unique steady state
for (3.1) in U, given by

Ey = (20, Qo, 50),
where 1(Qo) = m, p(So, Qo) = mQo, and zo = L=5¢ > 0. The positivity of x,

implied by Sy < 1, follows automatically from the moonotonicity of p and p and the
definition of @Q*. It is an easy exercise to show by the Routh-Hurwitz criterion that
E; is locally asymptotically stable. In [8], Theorem 2.2, it is shown that if m = 1,
then Ej is globally attracting for (3.1) in U. We use Corollary 2.3 to establish the

following result.

Theorem 3.1. There exists € > 0 such that for |m—1| < €, Ey attracts all solutions
of (3.1) with initial data in U.

The steady state Fy = (0,Q*,1) on the boundary of U greatly complicates the
proof of the theorem.
To see why the case m = 1 is special, consider the quantity

T=5+Qz.
If m = 1, it satisfies the differential equality
T'=1-5-Qx=1-T.
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In this special case, the differential equality implies that all solutions approach the
surface S + Qx = 1 at an exponential rate. This in turn implies that the system
can be reduced to a planar system by dropping the S equation and making the
substitution S = 1 — Qz in the remaining two equations. In [8], we refer to this as
a conservation law for (3.1). Similar conservation laws are common in the analysis
of chemostat models. However, if m # 1, one has only the differential inequality

T = 1-S—-mQx
< 1-94T,

where 6 = min(1,m) and a similar reduction to a lower order system is not obvious.
One can, however, conclude that the system (3.1) is dissipative. In order to fix §
independent of m, we hereafter restrict m to m > 1/2 and set § = 1/2.

Lemma 3.2. B,, = [0,(6P)!] x [P,Q*] x [0,1] attracts all solutions of (3.1).

Proof. The differential inequality above implies limsup, ,  T(t) < 671 As Q >
P > 0, we conclude from this that limsup, . z(t) < (6P)~!. The differential
inequality S” < 1—.S, from the third equation of (3.1), leads to lim sup,_, ., S(¢) < 1.
Thus, for each € > 0 and all large t, the second equation leads to Q' < p(1+4¢,Q) —
w(Q)Q. Thus, limsup,_, . Q(t) < QF where Qf is the unique root of the right side.
Letting € — 0, we find that limsup,_, ., Q(t) < Q™. O

Lemma 3.3. There exists n > 0 and € > 0 such that if |m — 1| < e, then
liminf; . z(t) > 7.

Proof. The assertion says, essentially, that (3.1) is uniformly persistent, uniformly
in m near m = 1. Thus it should not be surprising that we use tools from
persistence theory, e.g. [2], [3], [4], [9]. Proposition 1.2 in [9] shows that, with
some compactness, one can prove liminf;_, ., 2(t) > n provided that one can prove
limsup,_,, z(t) > ¢, for some ¢ > 0. This holds for a given parameter value m
but we want this to hold uniformly in the parameter m, for m near m = 1. If we
incorporate the parameter into our dynamical system in the trivial way (e.g. add
the equation m’ = 0 to system (3.1), we can get this uniformity with respect to m
for free (but we need to include m in the compactness condition (Cy 1) of [9]). The
compactness requirement is satisfied by Lemma 3.2.

Thus, it suffices to show that the conclusion of the lemma holds with lim sup in-
stead of liminf. If the latter fails to hold, then there exist m,, — 1 and correspond-
ing solutions (xy, @Qn, Sy) of (3.1) with m = m,, such that limsup,_, _ z,(t) — 0.
We may assume, after shifting the start time forward if necessary, that sup,sq <, (t)
— 0. This, together with Lemma 3.2, implies that S/, > 1 — S,, — 7, where
7, — 0. Again, after shifting the start time forward if necessary, we can assume
that S, (t) > 1 — 27, for all t > 0. Therefore, Q), > p(1 — 21y, Qrn) — (Qr)Qn,
which implies that Q,(t) > Q* — r,, for all large ¢, where Q* — r,, is the unique
root of the right side of the differential inequality and 7, — 0 from continuity
(nn, — 0). By shifting the start time forward, we assume that Q,(t) > Q* — r,
for all ¢ > 0. As p(Q*) —1 > 0, p(Q* — ry) — my, > 0 for all large n and, since
al > 2 (u(Q* — ry) — my,), we conclude that z,,(t) — oo as t — oo for large n, a
contradiction that proves our assertion. O

Proof of Theorem 3.1. Lemma 3.2 and Lemma 3.3 imply that we can take for the
compact set D in Corollary 2.3 the set D = [/2, (6P)™' + 1] x [P,Q* + 1] x [0,2].
E is global attracting for m = 1. Corollary 2.3 completes the proof. O
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