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ABSTRACT. Let J be a Jacobi matrix defined in I? as ReW, where W is a
unilateral weighted shift with nonzero weights Aj such that limg A\ = 1. De-
Ak—1

fine the seqences: e = vl 1, 0, = A,;;l’ Ng = 20k +e. If g =

O(k=), nr = O(k™7), % <a<7, a+vy>3/2and vy > 3/4, then J has an
absolutely continuous spectrum covering (—2,2). Moreover, the asymptotics
of the solution Ju = Au, A € R is also given.

1. INTRODUCTION

Let W be a unilateral weighted shift defined in {? by the formula We, =
2Anén+t1, for some real sequence {\,}. In this paper we consider the operator
J = Re W which has the matrix form given by

0 M 0 O
M0 A O

J=1 0 X 0 X3

The matrix structure of operator J will be used to obtain information about ab-
solutely continuous component of its spectrum. In what follows we always assume
that Ay # 0, for all £ and moreover that limy A\, = 1. Then J is a compact per-
turbation of 2Re U, where U is the unilateral shift, Ue,, = e,41. In other words J
is a compact perturbation of a discrete Schrodinger operator with zero potential,
i.e. A = 1. One can call this subclass of Jacobi matrices discrete string operators
by analogy with the continuous case; see (2.1). Preservation of the absolutely con-
tinuous spectrum of Re U under certain assumptions on the rate of convergence of
{Ar} to 1 will be given.

The methods used in the analysis of the above problem combine the standard
theory of subordinacy due to Gilbert-Pearson [5], a slight modification of the Harris-
Lutz method [6] and a recent Kiselev approach to absolute continuity of discrete
Schrédinger operators [9].
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Let us explain briefly how these techniques and notions will be used below.
Consider the system of equations

(1.1) An—1Un—1 + ApUpt1 = Aln, n>1,

for a generalized solution eigenfunction u = (u,,)%%, which does not belong to ? in
general [1]. Following [5] we call u # 0 a subordinate solution of (1.1) if for every
solution v of (1.1) which is not a constant multiple of u we have

lim 2en=tluel

n=oo 3y |vkl?
As a consequence of the Gilbert-Pearson theory we know that if for almost all
A € (a,b) there is no subordinate solution of (1.1), then (a,b) C o(J) and the
spectrum of J has absolutely continuous component filling (a,b). It is well known
that boundedness of all solutions of (1.1) implies that no solution of (1.1) is subor-
dinate [12]. Therefore the only point remaining concerns finding when all solutions
of (1.1) are bounded. This point is analysed by applying a modified Harris-Lutz
transform which linearly changes the coordinates and replaces the equation (1.1) by
an equivalent one. The same strategy has been successfully used by Kiselev in his
work [9] devoted to one-dimensional Schrédinger operator (discrete or continuous)
with absolutely continuous spectrum.

One also could consider more general tridiagonal matrices with nonzero main
diagonal (discrete potential) by combining our approach with the above mentioned
Kiselev’s results. We concentrate on the discrete string operator however, because
its analysis brings new algebraic and analytic difficulties in comparison with the
Discrete Schrodinger Operator (DSO). This is related to a more complicated alge-
braic structure of J; see formula (2.7) for the transfer matrix. For earlier works
devoted or related to the question we consider in this paper we refer the reader to
[2], [4], [7], [8], [11], [13]. The authors thank A. Kiselev for sending them his papers
prior to publication.

2. PRELIMINARIES

Let {e,}5%; be the standard orthonormal basis in [?. For a bounded sequence
{Ar} of positive numbers denote by A the diagonal operator given by
Ae,, = A\pep. If U is the unilateral shift, Ue,, = e,11, then the operator

(2.1) J = (UA)* + UA.

Here we always assume that limg A\, = 1. We introduce the new parameters &, 6,
by

An—1 1
2.2 =1l4¢e,, 1——=56b,
(2.2) N +e N
Then one can easily check that
(2.3) ex = O0g—1 — Ok + O(0k—1(0k—1 — i) k > 2.

The next parameter which will naturally appear later (see (2.8)) is:
(2.4) Nk = 20k + €k.

We have the relation

(2.5) M = 6x—1 + 0 + O(0k—1(0k—1 — 01)).
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In what follows we always assume that the parameters €,, d,,, and 7,, satisfy the
following growth conditions:

1
£, =0(n"%),a>0, 6,=0(n"),> 3 and 7, =0(n""),v>0.

By (2.3) and (2.5) one can easily check that
(2.6) B> min(a,y) and a>0<4.
We have two possibilities:

(a) if min(a, ) = «, thena = 3,

(b) 4f min(a,y) =7, thena > 3>~ > [ and so 5 = 7.
Therefore we only have two independent parameters a and .

As we mentioned in the Introduction, Kiselev’s results (the discrete Kiselev

Lemma) will be used in the analysis of absolute continuity of J. Therefore for
convenience to the readers we formulate this lemma.

Lemma (Kisielev). If a sequence {r,} belongs to I, then

N .
Z re*® = O(log N)
k=1

for almost all © € (—m, 7).

The next result is a slight extension of Lemma 3.4 in [9]. Actually it was proved
by Kiselev for p = 1/4. Formally it is not contained in [9], however.

Lemma 2.1. For any complex sequence {qi} such that {qpk?} is square summable
for some p > 0 we have

| Z qre”*®| = O(n="Inn),
k=n

for almost all © € (—m, ).

Proof. Applying the Abel summation formula we have

S 00
Z qke—ik®:n—p Z qkkpe—ikG

k=n+1 k=n-+1

o0 o0

+ Z kf —(k—1)7"] Z ¢;3°e""® = O(n""logn).
k=n-+1 Jj=k

In the last equality, Kiselev’s lemma and the Carleson theorem on almost every-

where convergence of Fourier series with square summable coeflicients have been

used. |

In particular we have

Corollary 2.2. Ifer = O(k™®), a > 3 , then
| Z exe™®| = O(k~FT2%%),  for all w > 0,
k=n

and almost all © € (—m, 7).
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The next result can be called a Levinson type theorem and will also be needed
below.

Lemma 2.3. Let B, be a sequence of s x s matrices such that {||B,|} € I*. Then
for a sequence A,, of s x s matrices the product [[;_, (I + Ay + By) and its inverse
is uniformly bounded from above in norm provided that the product

[Tho, (I + Ag) has the same property.

We do not prove this simple result because its proof is very close to the continuous
case, see [3, Chap.III, Exer.4].

For A € (—2,2) consider a solution u of the equation (1.1).

Let

0, 1
(27) Bn = ( _)\n,1 A >
>\n ’ >\’7l

be the transfer matrix, i.e.

()= (5 ) e
Un+1 Un

Applying Stolz result [12, Cor.2] we look for criteria (restrictions on « and v )
which guarantee that {u,} is bounded. Actually his theorem was proved only for
DSO but the same proof also works in our case.

Let A = 2cos ©. Denote

A / A2
,u:§+z' 1—I:cos®+isin®.

Note that the matrix W = 1 is invertible and
Rep Imp
_ 0] 0
/. 1 _ _
(2.8) B, =W™B,W = (I ( mctg® —en )) P,
0 1 . . .
where P = exp |O 1 0 is the rotation matrix.

Let

1/1 —i
U_E(l z)

1 0
0 -1
The matrix B, can be expressed as follows:

1 Eny, En (0 1 U 0 1 OB
U [(1—%—2)] 2<1 0)—|— 20tg®(B+<_1 0 e"CFU.

Denote by
(2.9)

B .— Enyy En (0 1 W 0 1 OB
Bn._{(1+2)l 5 (1 0>+ 5 ctg@(B+<_1 O))]e .

We have P = U~ 1e'®BU, where B =
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< Un >:Bn.3n_1...32<“1 >
Un+1 U2

is uniformly bounded, iff By Bp_1-- BoUW™! < Zl > is uniformly bounded.
2

Note that

3. ABSOLUTELY CONTINUOUS SPECTRUM OF J

As we mentioned in the Introduction the methods used in the analysis of the
boundedness of solutions of (1.1) consist in repeated use of the Harris-Lutz (HL)
transform and Kiselev’s lemma as well.

We shall analyse the case 8 = «, i.e. situation (a) mentioned above.

Define the product

Zyp = B(I+T,)(I+Q,),

where ¢,, € R,Q,, ', are suitable 2 x 2 matrices of small norm. We shall describe
precisely the choice of parameters ¢,,, ,,[',, below.
Take Ny so large that Z are invertible for all £ > Ny. Consider the identity
Bn e 'BZ = Zn-l—l(Z_ianZn) T (Z]:/'ol-i-lBNOZNO)ZJ;olBNO_l o 'BZ'

n

We concentrate on the factor Z;ilénZn.
We proceed step by step by constructing ¢,,, ', and €,.

Step 1 (the choice of vn). Put ¢, = n® and note that

e~ iPn+1B 0 1 pion+1B _ 0 exp(—2i(n+1)0)
1 0 exp(2i(n +1)0) 0

and

o~ iPn+1B 0 1 cin1B _ 0 exp(—2i(n+1)0)

-1 0 —exp(2i(n+1)0©) 0 '

Hence (using (2.9)) we have

—ipn+1B R LipnB _ Enyr  En 0 exp(—2i(n+1)0)

e P Bttt = (14 )1 = 5 (exp(%(nﬂ)@) 0

i 0 exp(—2i(n+1)0)
Ty cte® [B“L ( — exp(2i(n + 1)0) 0 :

Step 2 (the choice of T',,). In this step we assume that v > 3/4 and o+ > 3/2.
Denote

= 0 exp(—2i(n +1)0)
Qn = < exp(2i(n+1)0) 0 ) ,
._ 0 exp(—2i(n + 1)0) i
= ( —exp(2i(n +1)O) b 0 ) y Pn = 7ctg®.

Now, according to a slightly modified Harris-Lutz Ansatz we look for I';,, in the

0 an
form ( @, 0 )
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Since (I +Tpi1) ! = (14 |ant1)?) "I — Tpa1) we have
(14 D) MM+ 5L = G Qu+ puB o+ puTa)( 4 T0)

2
_ En En
=1+ |an+1|2) 1[(1 + 7)1 - 7Qn + pnB + pn Ty
En En
_(1 + 7)1—‘11-1-1 + ?Fn-l-lQn - pnrn+lB
En En

+p. T,y — (1 + %)FH.HI‘” + E?WFn—HQnFn

—pn L1 BTy — pn T Tnlnl.
Now, choose T';, to satisfy
(3.1) 1+ %")(Fn “Tyit) = —puTh.
It follows that -

T, =— ;ka(l n %’“)‘1%.

Corollary 2.2 ensures that
(3.2) IT,|l = O(n~7%%),  for almost all © € (—, ),

where w > 0 is arbitrary small.
Since (1 + 2)Cpy1ln = —|ant1*(1 + )1 — pplng1Th, equalities (3.1), (3.2)
and our assumptions « 4y > 3/2, v > 3/4 imply

(3.3) (I+Tng1) e BB e B(14T))
En En - _
=1+ ) -0+ |an411*) 7' Qn + pu(1 + [an+1]?) 7' B + Ry,

where {||R,||} € 1.

Indeed, the norms of matrices p, BT',, and €,I',11Q, are of order O(n%_h“’)
and O(nz=*=7+%)  respectively. Here w > 0 is arbitrary small. The other matrices
which have been included in the R,, term have the same or higher orders of decay.

But e,|any1]? = O(n'=*727+29) and p,|ans1|? = O(n!=2729), w > 0, and the
right hand side of (3.3) can be written as

(3.4) 1+ %”)[I— %Qn+pnB+Rn],

where {||R,||} € I".

Step 3 (the choice of ). In this step we assume that o > 2/3.

0 by N
Let Q,, = ( 5.0 ) and denote &, := %,
Since (I + Qpy1)™ ' = (1 — [bpr1|?) "I — Qpi1) we have
(3.5) (I + Q1) I = E,Qn + pu BI(1 + Q)

= (1 - |bn+1|2)_1[1 —EnQn + pnB — Qn+1
+5~nQn+lQn - ann-l-lB + Qn - gnQnQn
+pnBQn - Qn+1Qn + é:nQn+162nQn - ann+1BQn]
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Define €2, by the relation
(3.6) Qp — Q1 =E,Qn-
Thus -
Q, = Z Ex Q.
Again by Corollary 2.2 we know that =
Q]| = O(nY? ) w >0, ae in O€ (—m,n).
Similarly as above using (3.6) and the assumption o > 2/3 we can write the right
hand side of (3.5) as
(3.7
(1= |bpg1]®) I + pnB = En(QnQn — Qus1Qn) — Qnp1 QU + Hal,
where {||H,||} € I'. This can be easily checked by observing that matrices p,Q,+1B
have norms of order O(n%_o‘_*“"), w > 0. The other matrices absorbed in the H,

term have the same or higher order estimations of their norms.
But Q,419Q, = Q2 1 + £, 41Qy and the right hand side of (3.7) equals

(3-8) I+ (1 - |bn+1|2)_1[pnB — EnQnSln + Hn]

=1+ puB —£,Q,, + H,, where{||H,|} €’
by using the estimation |b,| = O(n'/27%+%) ae. in © € (—m, 7).

Therefore the problem of boundedness of the solution {u,} of (1.1) has been
reduced to the question of uniform boundedness from above and below (in a proper
way) of the matrix product

n
[1 + pnB - £.Qn00).
k=2
This is immediate consequence of Lemma 2.3.

Here we meet new obstacles in contrast to the DSO case. This is one situation
where the discrete string operator displays its character.

Note that the matrix p, B — £,Qn{, is of diagonal form given by

Pn — énznl_)n 0
0 P — EnZnbn )’

where z, = exp(—2i(n + 1)0©).
Due to the above constructions and definition of B,, we have (see (3.4))

(3.9) i—l =det(B,, ---By) = det(I + T11)-

.

H(l + &)) det H(I — EkQr + prB + Rk) -det(I + Fg)_l.
k=2 k=2
Combining (3.4) and (3.8) we have

=14 ppB—£,Q,Q, + H,, where {||H,|} el
Since {ex} € I? and >, ey is convergent, the product [[,_,(1 + &) converges also.
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Therefore (3.9) and the above equalities imply that

det H (I + piB — €,Qr + ﬁk)
k=N,

is convergent. Hence

det H (I + pxB — EkaQk) = H |1 + Pk — 5k2k5k|2
k=N, k=N,

is convergent!

It follows (remember that py, and e belong to 1?) that the series 3", & Re(zxbx)
is convergent (because Re py = 0). Finally we infer (by Lemma 2.3) that the ma-
trix product [T;_ . (I+prB—ExQxS) is uniformly bounded from below and above.

This proves the following

Theorem 3.1. Lete, = O(n™%),n, = O(n™7), where a and vy satisfy the following
inequalities: v > o > 2/3, v > 3/4 and a+~ > 3/2. Then the absolutely continuous
component of the spectrum of J fills the interval (—2,2).

Hence Theorem 3.1 exhibits an interesting interplay (o + v > 3/2) between
parameter « (which measures local behaviour of A;) and v (related to the local
oscillation property of A;); see (2.2) and (2.4). By analysing the proof of Theorem
3.1 we can even obtain the asymptotics of the solution {u,} of (1.1).

Indeed, transforming back via (3.8), (3.7) and (3.3) we have

(3.10)

un _— _1 :-..: _1~ ...~ _1 ul
< i ) = WU Zy41Bn -+ BngZy! Byy-1- - B2UW ( u2 )

where ék = Z,:ilngk. Again by (3.8) we know that for & > Ny

By =1+ pipB — £,Q1, + Hy, where {||Hyl|} € 1"
and I 4 ppB — £,Qr ) is the diagonal matrix given by
1+ pr — Ernzib 0
0 147, — ExZibr ’

Now formula (3.10) implies that (for a suitable choice of u; and usg)

uy, = e H (14 pr — Exzibr)(d+ cn), d#0
k=N,

where ¢, = o(1) as n tends to infinity. This equality can be checked using the forms
of matrices WU ™!, Z,,.1 and the uniform boundedness of

n

H (1 + pr — ékzkgk).
k=Ng

Since Y, xR (Zxbr) is a.e. convergent, we can rewrite the above equality (after a
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renormalization of u,,) as

(3.11) Uy, = ™ exp Z (pr — 166 (2br))
k=No

n

-exp[— Z ExR(zrbr)] (1 + én),
k=No

where é, =o(1) as n — oo.

Summing up, we have

Theorem 3.2. If the weights {\r} satisfy all assumptions of Theorem 3.1, then
we have two linearly independent solutions {u},{u} of the equation (1.1) with the
asymptotics given for almost all X € (—2,2) by

(3.12)

_ _in® { - = €s .
Up = € exp{§ ];[(25;.C ctg© — e ; - sin 2(s — k)O]}H1 + o(1)),

where A = 2 cos ©.

Formula (3.12) shows that asymptotics of the solution u contain besides the
WKB factor

expi[n® + ctg © Z O]

k=2

the additional term
i n ) . .
exp 5[— kzﬂak ; 5 sin(s — k)©]

which has many more complicated characters in comparison with the first one. On
the other hand it is remarkable that the non-oscillating factor

exp() _ exR(biZr))

k=2

disappears due to the a.e. convergence of the series ), e,R(brZr). Again we can
observe an interesting feature of the discrete string operator.

Despite the above theorem we have no information concerning the set in R} on
which the singular part of the spectral measure might be supported. In our earlier
paper [7] some sufficient conditions were found implying the absence of the point
spectrum of J in (—2,2), however.

Remark 3.3. Recently Kiselev [10] found a beautiful new technique for dealing with
absolute continuity of the Discrete Schrédinger Operator

Up — Up+1 + Un—1 + V(R)u,, provided V(n)= O(n_Q/?’_s), e > 0.

His method combined with our approach looks promising to allow us to extend
results of the present paper to a more general class of perturbation.
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