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ON THE CONSTRUCTIBLE NUMBERS
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ABSTRACT. Let Q be the field of constructible numbers, i.e. the numbers con-
structed from a given unit length using ruler and compass. We prove Z N €2 is
definable in Q.

1. INTRODUCTION

In 1930 A. Tarski [7] proved that the theory of the structure R = (R,+,-,<0,1)
is decidable. He asked whether or not his result could be extended to include certain
expansions of the reals, most notably by a predicate for the field of rational numbers,
a predicate for the field of real constructible numbers or by the function f(z) = 2*.
J. Robinson in [5] defined Z inside Q and thus answered negatively Tarski’s first
problem. The exponential function problem has been studied intensively for the
past 12 years and recently A. Macintyre and A. Wilkie [3] have made an important
advance. Our paper concerns the second question. If we write Q for the field of
constructible numbers and Z for the ring of algebraic integers, then our result is
that Z N € is first order definable in 2. We expect that Z should be definable in
Z N ). Hence, this paper is a step towards resolving the question negatively.

Our proof relies heavily on R. Rumely’s work in the theory of global fields [6].
Here Rumely defines a predicate P(z,l,¢,d), x a variable and [, ¢,d parameters,
such that for K a number field and p a prime ideal of Ok there is a choice of
¢,d € K and [ a prime integer so that for t € K, K E P(t,l,¢,d) &t € O,.

O, is the valuation ring of p, i.e. {z € K : ord, xz > 0}. Rumely’s idea is to use
the norm map from cyclic extensions of K. More precisely, for a number field K
containing the 2Ith roots of unity if K’ = K (b'/!) is a nontrivial extension for some
b e K, then K'/K is cyclic and the norm map Ng//x : K'* — K* defines a norm
form

Nl(b, 6) = NK//K(CL() + albl/l + -+ al_lbl_l/l)

where @ = (ag,a1,...,a1-1) € KU,

By the theorem on symmetric functions N;(b, @) is a homogeneous form of degree
! in the @ variables with coefficients in Z[b].

For example, Na(b, ag,a1) = a3 — a3b.
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These forms are therefore expressible in the usual vocabulary of fields. Rumely’s
basic predicate is:

Ri(t,e,d) < 3d13d23d33w (w = Ni(d,d1) A cw = Ni(ed, d2) ANt = Ni(w,ds)).

In section 2 we review some of Rumely’s results and make some minor but crucial
extensions. In section 3 we discuss the local-global properties of sets defined by the
predicate O(z,c,d) where Oj(z,c,d) < Ri(1 + cx',c,d). Section 4 contains our
main result.

All the facts that we need to know about the constructible field may be found in
[1]. On the number theory side one uses the Hasse local-global Norm theorem (for
cyclic extensions) and Artin’s Reciprocity Theorem. These can be found in [4]. For
p a prime of K, K, will denote the p-adic completion of K. If p is archimedean we
write K. The notation Lg/K, implicitly means that L/K is a finite extension of
number fields, p a prime of K, and  is a prime of L above p, i.e. 3/p.

2. RUMELY’S RESULTS AND EXTENSIONS
Define the predicate R;(t,c,d) by
3613623&33(}) (UJ = Nl(d, 61) N cw = Nl(Cd, 62) ANt = Nl(w, ﬁg))

To simplify notation the image Ng//x (K'*) will sometimes be written as N (K'*)
and statements like w = N;(d, @) will simply be expressed as w € N (d'/?).

Lemma 2.1. Let | be a prime number and assume K contains the 2lth roots of
unity. Suppose p is a prime of K such that the characteristic of the residue class
field K, is not l. Then we have:
(a) If ordy(b) # Omodl, then Kj/K, is totally ramified and of degree | and
N(K}) is generated by b and (K
(b) If ord,(b) = Omodl but b & (K))', then K}/ Ky is unramified and of degree
I and N(Kg*) = {z € K| ord,(z) = 0mod1}.

(c) Ifbe (K))', then Kj/K, is trivial and N(KJ*) = KX

For a proof see [6], Lemma 2.1.

Lemma 2.2. Suppose l is a prime and p a prime of K such that p11. Assume the
2lth roots of unity belong to K,,. If d € K is a non-lth power unit at p and c € K s
a prime element at p, then over K, R;(t,c,d) is satisfied only by 0 and by t € Ky
for which ord,t =0 mod!.

For a proof, see [6], Lemma 2.2. The result there is stated for the global case, but
the proof remains valid for the local case given here. We will need a generalization
of Lemma 2.2 for finite extensions L/K with L C Q. Given a prime § of L over p,
we ask what happens when the variables in R;(t, ¢, d) are allowed to range over Lg
instead of K. Because [L : K] is a power of 2, we are able to determine this.

Lemma 2.3. Let L/K be a finite Galois extension with L C Q. Fixe,d € K, 1 # 2
a prime integer, and p a prime of K with p11. Suppose the hypotheses of Lemma
2.2 hold, and let 8 be a prime of L with B/p. Then over Lg, Ri(t,c,d) is satisfied
only by 0 and by t € L for which ordg(t) =0 (mod1).

Proof. The proof breaks into two cases, according to whether 3/p is ramified or
not.
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(a) First suppose p is unramified in L/K. The ideal pOy, is either prime or
a product (13 ... 0, of distinct primes of L. For any flp ordgc = 1 and
ordgd = 0. The degree [Lg : Kp] = f is a power of 2 since [L : K| =2° = fg.
It follows that d is a non-lth power in Lg; otherwise K,(d'/!) C Lg, so
I|[L : K]. The hypotheses of Lemma 2.2 apply to Lg so ordg(t) = 0mod!.

(b) Now suppose p is ramified in L/K; write pO = 3% - - - Bg. The ramification
index e is a power of 2 larger than 1.

Fix B|p. Let ¢’ be a prime element at 3. Note that d is still a non-Ith power unit
at .

Consider the number w in the predicate R;(t,c,d). By Lemma 2.1 Lg(d'/!)/Lg
is unramified of degree I and Lg((cd)'/!)/Lg is totally ramified of degree I (since
ordg ¢ = e # 0mod!); hence from the description of the norm groups we have:

w=ud™, ordgu=0; w = (cd)™z!, we (L))
We may write ¢ = ¢’°v with v € (-unit.
Substituting we get cw = (°vd)™a!.
Multiplying the first equation by ¢ and equating we get cuc™ = (c*vd)™a'.
Taking ord values we have

e+ nl =me+lordg x.

Rearranging, I(n — ordgx) = e(m — 1).

If m = 1, then cw = cda! so w = dr'. So W/t = zd"/! and Lg(w'/') = La(d'/?).
Hence ordgt = Omod! by Lemma 2.1.

If m # 1, then Ijm — 1. Therefore there is an integer s so that 1+ ls = m. We
get

cw = (cd)' T2t = (ed)(c*d®z)!.

It follows from this equation that w = d(c*d®z)!; hence w'/! = dY/!'c*d*z with
c*d®x € Lj. Therefore the fields L(w/') and Lg(d*') are equal which implies
that ordg(t) = 0 (modl).

Lemma 2.4. Let M be any algebraic field extension of Q and suppose K C M is
a finite field extension of Q. Fix I a prime number and assume the 2lth roots of
unity belong to K. Take c,d € K. Then there is a finite set of primes S¢ 4,k of K
such that fort € M:

ME Ri(t,c,d) < 3IL/K finite LC M,t€L
such that for any [ prime of L above some prime p € Sc q x we have Lg E R;(t, ¢, d).

Proof. The set S g,k is {primes p of O : p|l or p|(d) or p|(c)}. Here, p|(d) or p|(c)
means that p appears in the fractional ideal decomposition of (d) or (¢) in Ok.

Suppose M E Ry(t,c,d). Let L be the subfield of M generated over K by the
elements of M whose existence is stated by R; (¢, ¢,d) and ¢. Then L/K is finite and
clearly L F Ry(t, c,d). Since L C Lg for each prime of L we have Lg F Ry(t, ¢, d).

In particular this holds for primes above primes in S¢ 4 k.

For the other implication note that for each g|p with p € S 4 there is an
wp € Lj such that wg € N(d"), cwg € N((ed)*/') and t € N(wé/l).

We will prove that L E Ry(t, ¢, d) by showing that R;(¢,c,d) holds locally at all
primes of Or. More precisely, we will define an element w in L and show that
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w € N(d'/"), cw € N((ed)*/') and t € N(w'/!). These three conditions will be
verified locally.

By the approximation theorem and the theorem on primes in arithmetic progres-
sions (see [6], pp. 201-202, and [2], p. 166) there is an w € Of, such that § = (w) is
a prime ideal and

w=w; modqg™ Vg|l and m sufficiently large
so that 2 € (L

w=wg modg  Vg|(d),

w=wg modg  Vgl|(c),

w=1 modg Vg|(t) but SN Ok ¢ Se.d. K-

We now argue as in [2], pp. 202-203:

Claim 1. L Fw € N(d'/").

At archimedean primes: Lo, = C 80 Loo(d*/!)/ Lo is trivial.

At Bl cw = wgf—ﬁ. Since :’—6 € (L;)l it is a norm; by assumption wg is a norm
SO w is a norm.

At Bl(d), B11, 8#6:w=wgso wiﬁ = 1. Since 1! Hensel’s lemma applies

and = € (L;)l. Hence w = wp > is a norm.

At Bt (d), Bt1, 8 +#6: Here ordgw = 0 and we have two possibilities. Either
de (L;)l so the extension is trivial or d ¢ (L;)l and ordgd = 0, in which case
Lg(d'/')/Lg is unramified and Lemma 2.1(b) shows w is a norm.

We have taken care of all primes of L except #. But here w is also a norm by
Artin Reciprocity. Thus, w is a global norm by the Hasse Norm Theorem.

Claim 2. L F cw € N((cd)'/?).

At archimedean primes: Lo, = C. So the extension is trivial.

At G|l - =€ (L;)l and cwg is a norm; hence cw = cwp % is a norm.

At Bl(d), B11, B#6: 5 = 1 and Hensel’s lemma shows 2 € (L;)l.

At Bt (d), 811, B1(c), B # 6: Here ordg(cw) = 0. We have two possibilities:
either cd € (L)' and then the extension is trivial or cd ¢ (L;)l and ordg(ced) =0

B
in which case cw is a norm by Lemma 2.1(b).

At B 1 (d), 811, Bl(c), B # 0: Here again 2 € (Lj)" by Hensel’s lemma, and
cwp is a norm. S0 cw = cwg > is a norm also.

Only § = 0 remains and here Artin Reciprocity shows cw is a norm.

Claim 3. LEt e N(w'/h).

At archimedean primes: L., = C.

At Bl -t e N(wé/l); since ;= € (L;)l it follows that Lg(w!'/!) = Lﬁ(wé/l).

At B|(d), 811, B # 6: As above.

At B 1 (d), B 11 Bl(c), B # 0: Again 2 = a' so w = wpa! and Lg(w!'/!) =

La(wy").
At 81 (d), Bt (), B1(c), B#06: If B|(t), then w = 1 so Hensel’s lemma shows
w € (L)) hence Ly(w'/')/Lg is trivial.

If 31 (t), then ordgt = 0, ordgw = 0. If w € (Lj )t also, then the extension is

trivial. If not, Lg(w'/!) is unramified so ¢ is a norm.
Finally, at 5 = 6 apply Artin Reciprocity.

For the next lemma fix a prime [ and a finite extension K/Q, such that K
contains the 2/th roots of unity. Let p be a prime of Ok such that p 1 1.
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Recall that O(z,c,d) stands for Rj(1 + ca',c,d). Then Rumely proves
6, p. 202]

Lemma 2.5. There is a choice of ¢,d € K and p1 a prime ideal of Ok, p1 # p,
such that fort € K

K E Ry(t,c,d) ©ordyt =0 mod! and
ord,, t =0 mod .

We do not need to know how this is done but some properties of p1, ¢, d will
be used. First, p; and ¢ are chosen such that (¢) = pp; and there are infinitely
many primes p; (and ¢’s) so that this can be done. The number d is chosen so that
(d) # p, p1 is a prime ideal and ¢ € (K(Xd))l. It follows that for x € K

KEOi(z,c,d) & x € 0p,NO0,,.

We will use this in section 4.

3. LOCAL-GLOBAL PROPERTIES OF O
We write ug; for a primitive 2/th root of unity.

Lemma 3.1. Let ¢,d, uo € K, with K/Q finite. Suppose L/K is a further finite
extension. Then for each x € L, we have L E O(x,c,d) if and only if for all
p € Sea,x and all B of L with B|p

L E Oz, c,d).
Proof. The proof is clear from Lemma 2.4 and its proof.

Lemma 3.2. Let ¢,d, ugy € K, with K/Q finite. For each finite extension L/K,
there is an r such that for all p € Sc.q,x and all B of L with B|p, if x € Lg satisfies

ordg(xz) > r, then Lgk Oi(zx,c,d).

Proof. For a € Lg, if « is sufficiently close to 1 (with respect to (), then it is an
Ith power. Hence « is a norm from the extension Lg(d'/!).
Now for 1 + cx! to be close to 1 (and hence an Ith power) it suffices to have
ordg(cx!) = ordg ¢ + lordg x be sufficiently large, say ordg c + lordgz > k.
Therefore if ordg z > £72, we have (with w = d) Lg F Oy(z, ¢, d).

In the next lemmas we consider the following situation: M is an infinite algebraic
extension of Q, K C M and ¢, d, pig; € K where [ is an odd prime.

Lemma 3.3. Suppose O; is closed under addition, i.e.
M EVz, y(Ol(xa ¢, d) A Ol(yu & d) = Ol(fE + ¢, d))

Fiz pyg € Sc,ax and suppose that in some finite extension L/K with L C M, and
for some By|po and z,y € Lg,, we have

Lg, E Oi(z,c,d) A Oy, c,d).

Then there is a finite extension L' /L with L' C M such that for all primes 3’ of L’
with 3'|Bo, then Ly, F Oi(z +y, ¢, d).
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Proof. Given r > 0, by the approximation theorem we can find 2,4y’ € L such that
' = xzmod Gy, ¥y = ymod Gj; and for all Blp with 8 # Gy and all p € S; 4.k, we
have 2’ =y’ = O0mod 3".
If r is chosen large enough that
1+ cat 1+cy
— — e (L% l7 - I
1+ ca't (Lg,) 1+cy

then Lg, F O;(z',¢,d) A Oy, ¢, d).

If r is also large enough that the condition of Lemma 3.2 is satisfied, then for
all p € Se.q,x and all Blp with 3 # By, we will have Lg F O;(2/, ¢, d) A Oi(y', ¢, d).
From Lemma 3.1 we get L E O;(2’,¢,d) A Oi(y, ¢, d).

By hypothesis, there is a finite L' /L with L’ C M such that L' E Oy(z’' +v/, ¢, d).
It follows that for all primes ' of L’ with §'[fo, then Lj, F Oi(2" +y', ¢, d). Since

L+e(z+y)l=1+cla +y)- % we obtain the result.

1+c(x+y)

e (LX), ————ZL_ e (L:),
( ﬁo) 1+C($'+y')l ( ﬁo)

Lemma 3.4. Suppose now M E Vo (0;(c? ¢,d) — Oi(a,c,d)). Fiz Bolpo, po €
Seax- If Lg, E Oi(a?,c,d), then there exists a finite L' /L with L' C M such that
VBIWO L/B/ E Ol(Oé,C, d)

Proof. As in the previous lemma we find x € L such that Lg F O;(2?, ¢, d) for all
B/p with p ranging over S, 4 x+ and such that at Gy

1+ cal

- LX l'

T+ © (L5,)
It follows that in some finite extension L'/L we have L' E O;(z, ¢,d). By writing

1+ cal
I _ l
1+CO[—1+CZII'W

we get Ly, F Oi(a, ¢, d) for all §'| 5.

Lemma 3.5. Suppose M F Y (0;(a?,¢,d) — Oi(a,c,d)).
Take L/K finite with L C M, and fix a prime By of L with Bo|lp for some
pe Sc7d,K' Let o € Lg,, a € Booﬁo'
Then there is a finite extension L'/ L with L' C M such that for all 8’ of L' with
A'1Bo
L E Oi(a, ¢,d).

Proof. Since ordg, (a) > 1, we have Lg, E O;(a®",¢,d) for some s € N by Lemma
2.3. Using Lemma 3.4 several times we get our result.

Lemma 3.6. Suppose M F Va(O,(c? — a,c,d) — Oi(a,c,d)). Fiz p € Sear.
Suppose in some finite extension L/K, L C M and some B|p Lz F Oj(a® — a, ¢, d).
Then there exists a finite extension L'/L with L' C M such that V3|5 Ll F
Oi(o, ¢, d).

Proof. The proof is similar to the proof of Lemma 3.4. Just note that if z =
0mod 3", then z? — 2 = 0mod 3".

Lemma 3.7. Suppose M F Vay((O)(z?,¢,d) A Oi(y3,¢,d)) — Oi(xy,c,d)). Fix
Po € Sec.a,x and suppose that in some finite extension L/K with L C M, and for
some Bolpo and x,y € Lg, we have

Lg, E O(2?,¢c,d) A Oy(y?, ¢, d).
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Then there is a finite extension L' /L with L' C M such that for all primes 3’ of L’
with 3'|Bo, then L, F Oi(zy, c,d).

Proof. As in the proof of Lemma 3.3, by the approximation theorem we find 2/,
y’ € L such that 2’ = zmod 3 and y' = ymod G; and for all S|p, 3 # By and all
p € Seax ' =y =0modj. For large enough r we have:
1+ c(a?)! P 1+e@?) 1+ c(ay)’
LX L>< 1 L>< l'
1+C($12)l e ( Bo) ’ 1+C(y/3)l e ( 50)’ 1+c(x’y’)l e ( Bo)
Hence Lg, F O)(z'%,¢,d) A O(y'3,¢,d) and Lg F Oy(z'?,¢,d) A O)(y"3, c,d) for all
Blp, B # Bo and all p € S¢ 4,5

From Lemma 3.1 we get L F O;(z'?,¢,d) ANOy(y"3, ¢, d). Therefore there is a finite
L'/L, L’ C M such that L' £ O;(2'y’,¢,d). Tt follows that for all primes 8’ of L/,

B'|Bo, then Ly, F O(a"y', cd). Since 1+ clzy)t =1+ c(z'y") - % we get the

result.

In the next lemma we take M = (, the field of constructible numbers. Given
¢, d € Q we say the formula O;(z, ¢, d) is good if

QEO0(0,¢,d) ANOi(1,¢,d) ANVz,y(O(z,¢,d) A Oi(y,c,d) — Oi(z +y,c,d))
AV2(01(2%, ¢, d) — Oy(z,¢,d))
AYw (O (w? —w, ¢, d) — Oy(w, c,d))
Az, y(Oy(x?, ¢, d) A Oy(33, ¢, d)) — Oy(zy, ¢, d)).

Lemma 3.8. Let ¢,d € Q and suppose O)(x,c,d) is good. Let K/Q be a finite
extension, K C Q, such that c,d, o € K. Fixp € Scarx. Let a € K, a € Op.

Then there is a finite extension L\P) /K, L) C Q such that V3|p Lgp) EOi(a, e, d).

Proof. The finite field O,/pO, has dimension a power of 2 over Z/pZ. We distin-
guish two cases.

Case A. p # 2.

We have a square-root tower Fy = Z/pZ C F1 C F5 C --- C F,, = 0,,/pO, with

Fii1 = Fi(aiy1), Qit1 € 0p/p0,y, @12 €F;, i=0,....,n—1.

By an induction argument we will show that for every ao € O), there is a finite field
extension L/K, L C Q such that Vi3|p Lg F O)(a, ¢, d).

First suppose & € Fy. Then o = m + & for some m € {0,1,...,p— 1} and some
& € pOy,.

Since Oy(z, ¢, d) is good, there is a finite extension L'/K with L’ C Q such that
Ly F Oi(n,c,d) for alln =0,1,...,p— 1 and all §'[p.

Using Lemma 3.5 in another finite extension L” /K with L” C Q we have L7, F
Oi(@, ¢, d) for all §”|p. If we let L' be the compositum of L’ and L”, then for all
primes of L with §|p we have

Lg E Oy(m,c,d) NOy(&,c,d).

Now apply Lemma 3.3

Now suppose the result proved for all a« € O, with @ € F,,_1; we show it for
a € 0, with a € F,.

Since (a,)? € F,,_1, there is a finite extension L/K with L C Q such that for all
6|pa Lg F 01(04721,6, d)
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Applying Lemma 3.4 to each 8 and taking the composite of the corresponding
extensions, we obtain a finite L'/L with L' C Q such that for each 3’ of L’ with
B'lp, Ly F Or(an, ¢, d).

Since a € F,,, we can write o = ma,, + 7 for some m € O, with m € F,,_; and
some 7 € O, with T € Fj,_;.

Note that (ma;,)? € F,_1 and so by the argument given above L%, E O;(may, ¢, d)
for some finite extension L’'/L with L' C Q and all 8’ of L’ with 3'|p. Applying
Lemma 3.3 several times we get the result.

Case B. The basis step Fy = Z/27Z is done as in case A. Now suppose that for
some ¢, we know that the assertion holds for all 7 € O, with 7 € F;_;. Let o € O,
be such that & € F;. Take a; with (&;)? —a&; € Fi_1 and F; = F,_1(a;). By
induction, the assertion holds for a? — ;. Since O;(z,c, d) is good, the assertion
holds for «; by Lemma 3.6.

Since Oy(z, ¢, d) is good and a? = a; + (a? — ;), Lemma 3.3 shows the assertion
holds for a?. We can write o = Aa; + 7 for some A\, 7 € O, with A\, 7 € F;_1, and by
induction the assertion holds for A, 7. But we also have \* € O, and (\)? € F;_; so
the assertion holds for A3. By Lemma 3.7 and the fact that O;(z,c,d) is good we
conclude that the assertion holds for Aa;. Then applying Lemma 3.3 we conclude
that the assertion holds for a = \ay; + 7.

4. MAIN THEOREM

In this section we prove that Z N Q is definable in Q.

Lemma 4.1. Suppose a € ZNA. Suppose for ¢,d € Q, that Os(-,c,d) is good.
Then Q E Oz(a, ¢, d).

Proof. Let K/Q be finite, with «,¢,d, ug € K and K C Q (note that ug € Q). By
Lemma 3.8, for each p € S¢ 4,k there is a finite extension L(p)/K with L) ¢ Q
such that L £ Os(a, ¢,d) for all § of L®) with f|p. The compositum of all these
fields works.

Lemma 4.2. Suppose Os(-,¢,d) is good. If a € ZN0Q, then QF Os(a, ¢, d).
Proof. Similar to the above proof.

Define the formula Int(«) by
Ve, d(O3(+, ¢,d) good — Os(a,¢,d)) AVe,d(Os(+, ¢,d) good — Os(a, ¢, d)).
Theorem 4.3. Let a € Q. Then
a€Z < QE Int(a).

Proof. “=": This is proved in Lemmas 4.1 and 4.2.

“c”: Suppose o ¢ Z. Let K/Q be a finite extension such that a, g, p1o € K
with K C Q (note that 19 € Q). Let p be a prime of K with ord,(«) < 0.

Let P = pNZ. We distinguish two cases: (a) P # 3 or (b) P # 5. In case (a)
we find a pair of numbers ¢, d € K such that Os(-, ¢, d) is good but O3(a, ¢, d) does
not hold. For case (b) we find ¢,d € K such that Os(-, ¢, d) is good but Os(«, ¢, d)
does not hold. We only do one case since the other is similar.

Suppose P # 5. Choose ¢,d € K as in Lemma 2.5 so that, for z € K, K F
Os(z,¢,d) © x € Op,N0Oy,.
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We show that Q ¥ Os(«, ¢, d). If it did, then there is a finite extension L/K L C
Q such that L F Os(«, ¢, d). Recall from Lemma 2.5 that (¢) = pp1 (p1 15) and (d)
is a prime ideal # p,pi. The set S¢ 4 x is {p, p1,(d),q1,- .., ¢s} where ¢;|5.

If the prime ideal p does not ramify in L (we may assume L/Q is a Galois
extension) then, applying Lemma 2.3, we get that ord,(1 + ca®) = 0mod 5. But
ordy(ca®) =1+ 5ord, a < 0 so ord,(1 + ca®) = 1 mod 5, which is a contradiction.

If p ramifies, again ordg(l + ca®) = O0mod5, for Blp. Here ordg(ca®) =
e(1+ 5ord, a) since ¢, € K. So again ordg(ca®) is negative so ordg(1 + ca®) =
e Z 0mod5 (using ¢|2"™) and we have a contradiction.

We show now that Os(, ¢, d) is good.

Claim 1. If O5(72, ¢, d) is true, then Os(v, ¢, d) holds.

Proof. Suppose L/K is finite, L C Q and L F Os(y?,¢,d). We show L F
Os5(v, ¢, d).

We consider primes 3 of L above primes in S. g4 x, and verify locally.

If B|(d), take ws = 1. Then 1 € N(d'/%) and ¢ € N((cd)'/?) (since ¢ € (K(Xd))f’;
see [6, p. 201]).

Finally Lg (wé/5)/Lﬁ is trivial so 14 ¢v® is a norm.

At 3|5: Again take wg = 1.

At B|p: Here we have to distinguish two cases: p unramified and p ramified. If
p is unramified, take wg = d. Then d € N(d'/%), cd € N((cd)'/®). Since ordgd =0
and d is not a 5th power in Lg, we get that N(d'/%) = {z € Lg : ordgz = 0 mod 5}.
Since L F O5(2, ¢, d) we know ord, v > 0. Therefore ordg(1+c¢y?) =0so 1+¢y° €
N(wy/®) = N(d"/?).

If p is ramified, then from ordg(1+c¢y'?) = 0mod 5 we get that ordgy > T& > =¢
(see Lemma 2.3).

Let wg = d. Now ordg(cy®) = e+ 5ordgy > e —e = 0. So ordg(l +¢y%) =0
and again by Lemma 2.3 we get 1 + ¢y® € N(d'/°) = N(wé/‘r’).

At B|p1: Similarly.

Claim 2. Suppose Q F O5(a? — «,¢,d). Then Q F Os(a, ¢, d).

This is similar to the previous case and we leave the details to the reader.

Claim 3. Q F O5(0,¢,d), O5(1,¢,d) and Os(-, ¢, d) is closed under addition.

Proof. K E O5(0,¢,d) A Os(1,¢,d) since 0,1 € Op N Op,. Next, suppose L F
Os(z,c,d) A Os(y, ¢, d). We will show that L F Os(z + y, ¢,d). Consider primes (3
of L above primes in Sc 4 k.

At 3|5 Take wg = 1.

At B|(d): Take wg = 1.

At B|p: If p is unramified, then ordgz > 0 and ordgy > 0. It follows that
ordg(1 + ¢(z +y)5) = 0.

If p is ramified, then ordgz > == and ordgy > =°.

Here ordgx > —e/5 follows from Lemma 2.3 as in the proof of Claim 1; the
strict inequality comes from the fact that e|2™, so e is not divisible by 5. Hence
ordg(z +y) > = and so ordg(l + ¢(x + y)°) = 0. So in both the ramified and
unramified cases we may take wg = d.

At B|p1: Similarly.

Claim 4. Q F Vz,y((O5(22,¢,d) A Os(y3, ¢,d)) — Os(zy, c,d)).

This is similar to the previous cases. We only consider primes above p. So
suppose L F Os(2?%,¢,d) A Os(y3,¢,d), and (3 is a prime of L above p. If p is
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unramified, then ordgx > 0 and ordgy > 0. It follows that ordg(1 + c¢(zy)3) = 0
so L F Os(zy, c,d) (as in the proof of Claim 1). If p is ramified, then ordgz > —5
and ordgy > —1%. Hence ordgzy = ordgz + ordgy > —&. Hence ordg(c(zy)’) =
e+ 5ordg(zy) > e — 3¢ > 0. So ordg(l + ¢(xy)®) = 0. Hence, as in Claim 1,

LE Os(xy,c,d).

Finally, I would like to thank G. Cherlin for introducing me to this problem and
for stimulating discussions. The referee made useful comments and improvements,
in particular to the proof of Lemma 3.8. The present proof was supplied by the
referee who noted that Case B of that Lemma could not be treated along the same
lines as Case A in the original proof. I thank him or her also. The referee also
suggested that the present methods could be used to define the algebraic integers
in pro-p extensions of number fields. This is indeed the case and in this wider
context some undecidability results can be obtained. These results will appear in
a future paper [8].
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