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ABSTRACT. Let K be a compact convex subset of a real Hilbert space, H; T :
K — K/' a continuous pseudocontractive map. Let {an}, {bn},{cn}, {a;}, {bln}
and {c,} be real sequences in [0,1] satisfying appropriate conditions. For
arbitrary z1 € K, define the sequence {xn}32, iteratively by zn41 = ann +
’ ’ ’
bnTyn + cnun;yn = a,Tn + bnTxn + cvn, N > 17 where {un}7 {U'n} are
arbitrary sequences in K. Then, {z,}2; converges strongly to a fixed point
of T. A related result deals with the convergence of {z,}5%; to a fixed point
of T when T is Lipschitz and pseudocontractive. Our theorems also hold for
the slightly more general class of continuous hemicontractive nonlinear maps.

1. INTRODUCTION

Let H be a Hilbert space. A mapping T': H — H is said to be pseudocontractive
(see e.g., [1], [2]) if

(1) [T = Ty||> < ||z =yl +[|(I = T)z — (I = T)y|]*, Y,y € H
and is said to be strongly pseudocontractive if there exists k € (0,1) such that
(2) ITx = Tyl* < |lz —yl* + kl|(I = T)z — (I = T)yl*, Yo,y € H.

Let F(T) := {x € H: Tx = x} and let K be a nonempty subset of H. A map
T : K — K is called hemicontractive if F(T) # () and

[Tz — || < ||z —z*|]* + ||z — Tx||* V 2 € H,2* € F(T).

It is easy to see that the class of pseudocontractive maps with fixed points is a
subclass of the class of hemicontractions. The following example, due to Rhoades
[25], shows that the inclusion is proper. For z € [0,1], define T : [0,1] — [0,1]
by Tx = (1 — x%)2. It is shown in [25] that T is not Lipschitz and so cannot
be nonexpansive. A straightforward computation (see e.g., [28]) shows that T is
pseudocontractive. For the importance of fixed points of pseudocontractions the
reader may consult [1].

In the last ten years or so, numerous papers have been published on the iterative
approximation of fixed points of Lipschitz strongly pseudocontractive (and corre-
spondingly Lipschitz strongly accretive) maps using the Mann iteration process (see
e.g., [17]). Results which had been known only in Hilbert spaces and only for Lips-
chitz maps have been extended to more general Banach spaces (see e.g., [3]-[6], [7],
[8], [9], [10], [11], [12], [13], [16], [21]-[24], [25], [26]-[28], [29], [30], [31], [32] and the
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references cited therein) and to more general classes of maps (see e.g., [4]-[6], [7],
[8], 91, [10], [11], [12], [13], [14], [16], [18]-[20], [21}-[24], [26][28], [29], [30], [31],
[32] and the references cited therein). This success, however, has not carried over
to arbitrary Lipschitz pseudocontraction T even when the domain of the operator T'
is a a compact conver subset of a Hilbert space. In fact, it is still an open question
whether or not the Mann iteration process converges under this setting. In 1974,
Ishikawa introduced an iteration process which, in some sense, is more general than
that of Mann and which converges, under this setting, to a fixed point of T. He
proved the following theorem.

Theorem I (Ishikawa [15]). If K is a compact convex subset of a Hilbert space H,
T : K — K s a Lipschitzian pseudocontractive map and xqo is any point in K,
then the sequence {x,}n>0 converges strongly to a fized point of T, where x,, is
defined iteratively for each positive integer n >0 by

(3) Tn1 = (1 - an)xn + anT[(l - ﬁn)xn + ﬁnTxn]

where {an}, {Bn} are sequences of positive numbers satisfying the conditions

(i) 0 < an < By < 1 (i) lim B, =0 (idd) Y anfB = oo,

n>0

Since its publication in 1974, Theorem I, as far as we know, has never been
extended to more general Banach spaces. In [18], Qihou extended the theorem to
the slightly more general class of Lipschitz hemicontractions and in [19] he proved,
under the setting of Theorem I, that the convergence of the recursion formula
(3) to a fixed point of T when T is a continuous hemicontractive map, under the
additional hypothesis that the number of fized points of T is finite. The iteration
process (3) is generally referred to as the Ishikawa iteration process in light of [15].
Another iteration process which has been studied extensively in connection with
fixed points of pseudocontractive maps is the following: For K a convex subset of
a Banach space E, and T : K — K, the sequence {x,}52, is defined iteratively by
r1 € K,

4) Tn+1 = (1 —ep)zn + e Txn,n > 1,

where {¢,} is a real sequence satisfying the following conditions: (i) 0 < ¢, <
1; (4) lime, = 0; (46i) Y .-, ¢, = oo. The iteration process (4) is generally referred
to as the Mann iteration process in light of [17].

In 1995, Liu [16] introduced what he called Ishikawa and Mann iteration pro-
cesses with errors as follows:

(a) For K a nonempty subset of £ and T : K — E, the sequence {z,} defined
by 1 € K, zpt1 = (1 — an)xn + anTyn + Un; yn = (1 = Bp)xn + BT xn + vy n >
1 where, {an}, {08} are sequences in [0,1] satisfying appropriate conditions and
Sunl] < 00, D |Junl| < oo is called the Ishikawa Iteration process with errors.

(b) With K, E and T as in part (a), the sequence {z,} defined by x; € K,
Tnt+1 = (1 —ap)xn +anTxp + up,n > 1 where {a,, } is a sequence in [0,1] satisfying
appropriate conditions and Y ||u,|| < oo, is called the Mann iteration process with
errors.

While it is known that consideration of error terms in iterative processes is an
important part of the theory, it is also clear that the iteration processes with errors
introduced by Liu in (a) and (b) are unsatisfactory. The occurrence of errors is
random so that the conditions imposed on the error terms in (a) and (b) which
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imply, in particular, that they tend to zero as n tends to infinity are, therefore,
unreasonable. Recently, Yuguang Xu [30] introduced the following more satisfactory
definitions.
[A] Let K be a nonempty convex subset of £ and T': K — K a mapping. For
any given x; € K, the sequence {x,}°2 , defined iteratively by

Tptl = ATy + by TYn + Cpn; yn = a nTn + b, Tx, + c nUn, 1 > 1

where {un} {v,} are bounded sequences in K and {a,}, {b } {cn} {a,},{b,}
and {c, } are sequences in [0,1] such that a,~+by,+cn = a,,+b, +c, =1Vn > 1
is called the Ishikawa iteration sequence with errors.

[B] If, with the same notations and definitions as in [A], b, = ¢, = 0, for all
integers n > 1, then the sequence {x,}52; now defined by =1 € K, z,41 =
AnZy +bnTxn+cpu,,n > 1, is called the Mann iteration sequence with errors.
We remark that if K is bounded (as is generally the case), the error terms
Unp, Up, are arbitrary in K.

It is our purpose in this paper to extend Theorem I to the Ishikawa iteration
process with errors in the sense of [A] and to the slightly more general class of
Lipschitz hemicontractions. Our theorem will include Theorem 2 of Qihou [18] as
a special case. Furthermore, we shall prove a theorem similar to Theorem I for
continuous hemicontractions.

2. PRELIMINARIES

We shall make use of the following results.
Lemma 1 ([29]). Suppose that {pn},{on} are two sequences of nonnegative num-
bers such that for some real number Ng > 1, pn+1 < pn + 0 ¥ > Np.

(@) If > o < 00, then, lim p,, exists.

(0) If > o, < 00 and {pn} has a subsequence converging to zero, then lim p,, = 0.

We shall also use the following well-known identity for Hilbert spaces, H:
11 =Nz + Xyl = (1= Nll|® + Allyll?

(5) >

3. MAIN THEOREMS
We prove the following theorems.

Theorem 1. Let K be a compact convexr subset of a real Hilbert space, H; T :
K — K a continuous hemicontractive map. Let {an},{bn},{cn},{a,},{b,} and
{c.} be real sequences in [0,1] satisfying the following conditions:

(i) an+bp+cn=a,+b,+c,=1Yn>1;

(i1) limb, = limb, = 0;

(ii1) S en < 00; Y€, < 00;

(iv) Y anfin = 00; Y. @ fBnbn < 00, where 6y, := |[Txn — Tynl|%;
(v) 0<a, <B,<1Vn>1, where ay := by + ¢p; B i= b;l—|—c/n.

For arbitrary x1 € K, define the sequence {x,}°° ; iteratively by

Tntl = ATy + 0 TYn + Crtin; yn = a,Tn + b, Ty + ¢, vn,n > 1,
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where {un},{vn} are arbitrary sequences in K. Then, {x,}52, converges strongly
to a fixed point of T'.

Proof. The existence of a fixed point of T follows from Schauder’s fixed point the-
orem. So F(T) # (. Let z* € K be a fixed point of T. Using the identity (5), we
obtain the following estimates: For some constants M; > 0, My > 0,

lyn — 21> = (1= Ba)(@n — &) + Bu(Twn — 2*) — ¢ (Tzn — va)||?

(11 = Ba)(@n — %) + Ba(Tx — a)|| + [T — va])?

(1= Bu)llzn — &*|% + Bl Ty — 2|

(6) ~Ba(1 = Bu)llzn — T + ¢, M

I? 11 = B)(@n — Tyn) + Bu(Tn — Tyn) — ¢ (Tn — )2
< (1_ﬁn)Hzn_Tyn”Q"’ﬂn”Txn_Tyn”Q

(7) _ﬁn(l - ﬁn)”xn - Txn||2 + C;zMZ

so using the fact that 7" is hemicontractive with the estimates above, we obtain,

IN N

1Yy — Tyn

[T2n —2*[* < lon — 2% + [lon — Tzall®
ITyn — 21> <y — 2> + llyn — Tyal?
< (1 _ﬁn)Hxn_fC*lF"'ﬁnHTxn_x*||2
—Bn(1 = Bu)llzn — Txn||2 + (1 = Bn)llzn — Tyn||2
+5n||Txn - Tyn||2 — Bn(l - ﬁn)”xn - Txn||2 + MSCIn
< |\$n—$*||2—ﬁn(1 _2ﬁn)”xn _Tanz

+(1 = Bn)ll7n — Tyn||2 + Bul| Tn — Tyn||2 + MBC;
where M3 = M7 + Ms. Therefore, for some constant M, > 0,
et —2** < (1= an)lzn — 2" |* + anl Tyn — 2"
— an(l —an)llzn — Tyn”Q + My
< (- an)|zn — 2| + an[llen — 2|2
= Bn(1 = 28p) |2y — TfEn”2 + (1= Bu)llzn — Tyn||2
+Bn || Txn — Tyn||2 + MSC;]
— an(l —an)l|lzn — Tyn||2 + My
= |l@n — x*HZ — anfBn(1 = 26,) |20 — TanZ
+ anfBn||Tx, — Tyn||2 — an(Bn — an)l|zn — Tyn||2
+ Ms(cn + c;l)
where My = max{Ms, M4}, since a,, < 1. Thus, since ,, > @, we have
|1 =21 < flon = 2*|* = @nBu(l = 260)[|lzn — Tl
(8) 0 | Tn — Tynl|? + Ms(cn + c,).
Since K is compact and T is continuous, {||z,, — Tz,||} is a bounded sequence.

Let liminf, o ||€n — Tan| =0 > 0.

Claim. 6 = 0.
Suppose the claim is false, that is, 6 > 0. Then, there exists an integer N; > 0
such that ||z, — Tz,|| > § ¥n > Nj. Observe that ||z, — yu|| = Bullzn — Tan| +
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|| Txn—v,]] < diam(K) (B, +c,,) — 0asn — co. Compactness of K and continuity
of T imply that | Tz, — Tyyn|| — 0 as n — co. Thus, there exists an integer Ny > 0
such that |Tx, — Tyn| < % Vn > Ns. By conditions (i7) and (iii), there exists
an integer N3 > 0 such that 5, < % Vn > N3. Let N = max{Ny, No, N3}. Then,

VYn > N, inequality (8) now yields

« N 52 52 '
|Znt1 — 2 ||2 < lop -2 ||2 — apfn(1l = 2571)1 + O‘nﬁn% + Ms(cn +¢c;,)
52 /
(9) < lan -2 - Tg Wl + Ms(en + Cn);
/ 52
(10) = Aanfn < [lzn — 212 = 2ng1 — 2*1° + Ms(ca +¢,); A= s

n n
=AY 0B < llan — | = |znpa — 22+ MY (¢ +¢)).
j=N j=N
Since the right hand side is finite, this implies that > >N Bj < oo which contra-
dicts hypothesis (iv). Hence, liminf, o |2, — T2,| = 0 and the claim is estab-
lished. By compactness of K this immediately implies that there is a subsequence
{xn,} of {x,} which converges to a fixed point of T, say x*.

(For the rest of the argument, «* refers to this fixed point.) Let
v, = ”xn - x*HQ; On = O‘nﬁn”Txn - Tyn”Q + M5(c7’b + Cn)

and observe that ¥,, >0, o, >0, Vn>1 and ZnZl on < 00 by conditions (i)
and (iv). Then, inequality (8) yields

(11) Uyr1 <V, +0,, Yn>0.
It now follows from Lemma 1 that ¥,, — 0 as n — oo, i.e., x, — x* as n — oo.
The proof is complete. O

Corollary 1. Let K be a compact conver subset of a real Hilbert space H, T :
K — K a Lipschitz hemicontractive map. Let {an},{bn},{cn},{a,},{b,} and
{c.} satisfy conditions (i)-(iii) of Theorem 1. Let (iv) S onfn = oo, (v) 0 <
an < Bn < 1Vn > 1, where ay, B, are as defined in Theorem 1. For arbitrary
x1 € K, define the sequence {x,}32 iteratively by

Tnt1 = @nZn + 0 TYn + Coin; Yn = a;xn + b;ZTJCn + C;Un,

where {un},{vn} are arbitrary sequences in K. Then, {x,}52, converges strongly
to a fizved point of T.

Proof. Since T is hemicontractive, F(T) # (. Let * € F(T). As in the proof of
Theorem 1, we obtain inequality (8). Let L > 0 denote the Lipschitz constant of
T. Then,

[Tzn — Tynll < Lllyn — @all < L{Bullen — Tanl| + ¢, Mg}
for some constant Mg > 0. Thus, for some constant M; > 0,
T — Tyull? < L2B2|[n — Tanl[2 + ¢ Mo
and so inequality (8) now yields, for some constant Mg > 0,

lens1 = 271 < ||z = 2%|* = anBa(l = 280 — L282) |20 — Taa||” + ¢, Ms.
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Since lim 3,, = 0, there exists an integer Ng > 1 such that 23, + L2382 < % so that

1 ’
l|Tns1 — 17*”2 < ||wn — 17*”2 — 5 fBul|Tn — T$n||2 + ¢, Ms.

2
The rest of the argument now follows as in the proof of Theorem 1 to yield that
T, — x* as n — o0o. The proof is complete. O

Remark 1. Corollary 1 is an extension of Theorem I to the more general Ishikawa
iteration sequence with errors in terms of [A] and to the slightly more general class
of nonlinear Lipschitz hemicontractions. The corollary also extends Theorem 2 of
Qihou [18] to the more general iterative scheme with errors.

Corollary 2. Let K, H,{an},{bn},{cn}, {a,}, {0}, {c,},0n, B0  Dbe as in
Theorem 1. LetT : K — H be a continuous hemicontractive map. Let P : H — K
be the projection operator of H onto K. Then, the sequence {x,}°2 , defined iter-
atively by

Tn+1 = PKZ’I’L; Zn = ApTp + bnTyn + Cnln;

Yn = Prwn; wn, = a;lxn + b;.LTLCn + c;lvn, n>1
where {u,},{v,} are arbitrary sequences in K, converges strongly to a fized point
of T.

Proof. The operator Pk is nonexpansive (see e.g., [2]). K is a Chebyshev subset
of H so that, Px is a single-valued map. Hence, we have the following estimates:
For some constants Mg > 0, M1 > 0,

lyn —2*I° = ||Pxwyn — Pxa®|* < |lw, — 2*|
(1= Bo)llzn — z*||* + Bul| Txp — z*||?
_Bn(l - 5n)||xn - TanZ + Cn]\fg7

lzns1 —a*|* = ||Pxzn — Pxa’|?

<z —a*|?
= |z, — x*HZ — (1 - QBn)Hxn - Txn||2
+n Bn || T — Tynl|? + Mio(cn + c;l)

The set K UT(K) is compact and so the sequence {||z, — Tz, ||} is bounded. The
rest of the argument follows exactly as in the proof of Theorem 1 and the proof is
complete. |

Remarks. 1. Conditions similar to our condition (iv) have been imposed in the
literature. Reich [22] imposed the condition Y 7 c2||Tz,||* < oo (where
cn, is a real sequence in (0, 1) satisfying appropriate conditions) to prove the
convergence of the Mann iteration process to the solution of an operator equa-
tion involving strongly accretive operator T' defined on a uniformly smooth
Banach space.

2. A prototype for our parameters is

S S P DR SRy
" (n+1) T ) (12
Cp = 1 _C/

"1z
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for all integers n > 1. Observe that if T' is Lipschitz, then
— 2 . 2
WnBnbn = > ——— (n <L Z (Bt ¢,,)[diam (K )]

9 1 1 . 9
= 1*Y (n+1)( ) + (n+1)2)[d1am(K)] < 0.

3. Extensions of our theorems to set-valued maps are basically mere repetitions
of our arguments (once a single-valued selection has been made) and are
therefore omitted.

In connection with the iterative approximation of fixed points of pseudocontrac-

tions, the following question is still open.

Question. Does the Mann iteration process always converge for continuous pseu-
docontractions, or for even Lipschitz pseudocontractions?

Let F be a Banach space and K be a nonempty compact convex subset of E.
Let T : K — K be a Lipschitz pseudocontractive map. Under this setting, even
for F = H, a Hilbert space, the answer to the above question is not known. There
is, however, an example of a discontinuous pseudocontractive map T with a unique
fixed point for which the Mann iteration process does not always converge to the
fixed point of T.

Example (Hicks and Kubicek [14]). Let H be the complex plane and K := {z €
H :|z| <1}. Define T: K — K by

- 2ret®t3) for 0 <r < T
0N\ _ )
T(re") { GOHE) for L << 1

Then, zero is the only fixed point of T. Tt is shown in [12] that T is pseu-

docontractive and that with ¢, = n+r1, the sequence {z,} defined byz,11 =

(1 =cp)zn + enTzp,20 € K,n > 1, does not converge to zero. Since the T in
this example is not continuous, the above question remains open.
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