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ABSTRACT. The main result of the paper confirms, for generic coordinates, a
conjecture which states that »(R/I) < r(R/in(I)). Here I is a homogeneous
polynomial ideal in R and r(R/I) and r(R/in(I)) are the reduction numbers.

1. INTRODUCTION

Let R = k[z1,...,2,] be a polynomial ring, k an infinite field and I # 0 a
homogeneous ideal in R. We set m = (21, ...,2,)R/1.

Definition 1. A homogeneous ideal J C m is called a reduction of m if m" ™! = Jm"
for some integer » > 0. J is called a minimal reduction, if J does not properly
contain a reduction of m (see [6]). The reduction number of m with respect to a
minimal reduction J of m, denoted by rj(m) or r;(R/I), is the smallest » > 0
such that m"*! = Jm". The (absolute) reduction number of m, denoted by 7(m) or
r(R/I), is the infimum of r;(m) over all possible minimal reductions J of m. (This
notion was introduced by J. Sally and has proven to be an important invariant (see,
eg. 7], [8]).)

Let in(I) be the initial ideal of I with respect to some admissible term order
on the terms of R (see [4], Chapter 15, or [3]). in(I) is a monomial ideal and
frequently contains important information about I (see [4], Section 15.10, and [8]).
A natural question therefore is to ask what relationship exists between r(R/I) and
r(R/in(I)). In [8] it was conjectured that

r(R/I) < r(R/in(I)).

The purpose of this note is to prove that the conjecture is true for generic coordi-
nates (Theorem 12). This supports the general conjecture to the extent that in all
examples done by us r(R/gin(I)) is minimal among r(R/in(I)), where gin(l) is
the initial ideal of I in generic coordinates (for a definition of gin(I) see [4], Section
15.9). We obtain our result as a consequence of our study of the reduction number
of Borel-fixed ideals in Section 3. Section 2 gives some preliminary results on the
reduction number of a special class of monomials ideals. In conclusion in Section
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4, we make a remark on the relationship between the reduction number and the
maximal degree in a minimal homogeneous generating set of I.

2. PRELIMINARY RESULTS

We assume throughout that R, I and m are defined as in Section 1 and dim(R/T)
= d. By § we denote the image of y € R in R/I.

Definition 2. If M is any Z-graded R-module, we define

x{p; M, #0} if M #0,
a(M):{T:o{p 7 ;fMiO.

By [6], a minimal reduction of m can always be generated by a system of param-
eters. The following lemma is well known. We provide a proof for the convenience
of the reader.

Lemma 3. The ideal J = (1,...,5a) € R/I is a minimal reduction of m iff
U1, -, Ja is a system of parameters (s.o.p.) of R/I with g; linear forms, 1 <i <d.
In this case

ry(m)=a(R/(I,y1, .., Yd))-

Proof. Let r = rj(m) and a = a(R/(I,y1,...,ya)). We have mP*L = (3j1,..., Jg)m?
for all p > r. Suppose some element, say 74, has degree greater than 1. Then
[R/Ip+1 € 1 [R/I]p+- - -+Ga—1[R/I]p, where [R/I]; are the homogeneous elements
of degree i in R/I. From this it follows that m?*! C (4, ..., Ja—1), a contradiction
since dim(R/I) = d. Also [R/I]p+1 C (¥1,.--,Ja), hence Rypr1 € (I, y1,.-sYd),
and thus a < r. Conversely if § € m®*! then its image y € R/(I,y1,...,yq) is 0,
since otherwise it would have degree at least a+ 1, which is impossible. This means
[TRS (jl]l, ...,gd), ie. Yy =19y, 21+ '+giq2q7 where Zj € R/I andl1 <ip <--- < iq <d.
W.l.o.g. we may assume ¢ to be minimal. Then, comparing degrees on both sides,
we have deg(z;) > deg(y) — deg(y;,) = a, i.e. zZ; € m®. Thus m*™! C (y1,..., ga)m”
which implies m**! = (1, ..., Ja)m®; hence a > r. |

Proposition 4. r(R/I) > min{deg(F); F € I, F homogeneous} — 1.
Proof. Let J = (§1, ..., Ja) be a minimal reduction of m. Since I # 0, I Z (y1, ..., Yd)-
Set I' := (I, y1,..,9a)/(y1, -, ya) € R :2 R/(y1,...,ya). Then
ry(R/I) = a(R/(I,y1,...,yd)) = a(R'/T')
> min{deg(F'); F' € I', F' homogeneous} — 1
> min{deg(F); F € I, F homogeneous} — 1.
O

We note that this lower bound can actually be attained (see Example 7). The
following result will be useful for the study of reduction numbers of a certain class
of monomial ideals.

Lemma 5. Assume that I is a monomial ideal of R such that Tp_g41,...,Tn 1S a
s.o.p. of R/I. Then any minimal reduction J of m is generated by d linear forms
gl, veey ﬂd with

Yi = Tpedi + Q121 + -+ Gipn—a®n-d, 1 <1 <0d,
where a; ; €k, 1 <j<n-—d.
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Proof. Let p be a highest dimensional associated prime ideal of I. Then x,,_ g1, ...,
T, are not in p. Since any associated prime ideal of a monomial ideal is generated
by a subset of variables and dim(R/p) = d, it follows that p = (x1,...,xn—q). Let
S = R/I and for an integer i, 1 < ¢ <d, let n; := (T1, .., Tn—dy Tru—dtit1s -y Tn)S-
By Lemma 3 we may assume that yi, ..., yq are linear forms. If thereisno i, 1 <14 <
d, such that a nonzero summand of y; is a multiple of z,_411, then (71, ..., Ja) C ny;
thus dim(S/ (g1, ..., Ja)) > 1, a contradiction. Assume w.l.o.g.
n
Y1 = Tn—d+1 + Z bijz;.
j=1,j#n—d+1

Subtracting multiples of y; if need be, we eliminate x,,_4+1 from y;, i # 1. Suppose
there is no ¢, 2 < i < d, such that a nonzero summand of y; is a multiple of x,,_412.
Since then(ga, ..., J4) C ng, dim(S/ (g2, ...,Ja)) > dim(S/n2) = 2, a contradiction.
W.lo.g. assume

n—d n
Y2 = Tp—d+2 + E bajx; + E baj;.
j=1 j=n—d+3

Subtracting multiples of ys if need be, we eliminate z,, 442 from y;, i # 2. Con-
tinuing, we obtain a s.o.p. y;, 1 < i < d, as claimed. O

Corollary 6. Assume that I is a monomial ideal as in Lemma 5. Then for any
minimal reduction J of m we have

TJ(m) < T(wn7d+17~~7wn)(m)'
Proof. By Lemma 5 we may assume that J = (71, ..., Jq), where y; = Tp_d+i +
a;i121 + + + QGin—d¥n—d, 1 < i < d. Consider k[z1,...,2n—q4] as a subring of
R and set I = I N k[xl,...,xn_d], I, = (I,yl,...,yd) N k[:l?l,...,ilin_d]. Then

R/(I,p—dt1,-Tn) 2 k[x1, ooy tpn—al/I1, R/(T,y1,..-,yq) = k[x1, ..., Tp—qg]/I2 and
I; C I,. Therefore the corollary now follows by Lemma 3. O

The following examples show that the difference between 7, _, +11___,%)(111) and
r(m) in the setting of Lemma 5 can be very large. They also show that the reduction
number r;(m) with respect to a minimal reduction J of m depends very much on
the choice of J. Together with Corollary 6 this explains why it is still difficult to
calculate r(R/I), even for monomial ideals satisfying Lemma 5.

Example 7. Let a; > as > --- > a, > 2 be positive integers.
1. The ideal

I=(a{*, .. ap"y zizj, 1 <i<j<n)

Y ¥nm—1

is a one-dimensional ideal and (x,)R/I is a parameter ideal of R/I. By Lemma 3
we have

ap—1 if J=(z,)R/I,
rgm)=<a1—1 fJ=(zp—a21— - —2;)R/I, 1 <i<n-—1,
1 ifJZ(CCn—:El—"'—J?n_l)R/I.

Hence r(m) = 1.
2. The ideal

— ai az a
I= (20", 21232, ..., x2p™)
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is a one-codimensional ideal and (z2, ..., x,)R/I is a parameter ideal of R/I. Again
by Lemma 3 we get

ry(m) = {al —1 if J=(x2,...,2n),

a; if J = (IEQ, ey Lj—1, L5 — L1y Lj+1, ...,xn), 2 S ) S n.

Since a, + 1 is the least degree in the above generating set, by Proposition 4,
r(m) = ay.

3. BOREL-FIXED IDEALS
In this section we study the reduction number of so called Borel-fixed ideals.

Definition 8. The action of a matrix ¢ = (¢;5) € GL(n,k) on kf[z1,...,xy,] is
defined by g(x;) = Z}Ll gjizj. Let B ={g; g € GL(n,k), g;j = 0 for j < i} be
the Borel subgroup of GL(n, k). An ideal I of R is called Borel fixed if g(I) = I
for all g € B.

Definition 9. A monomial ideal T is said to be stable if m € I and z;|m imply
ma;/x; € I for all j <.

It follows immediately that a stable ideal I is Borel-fixed. If char(k) = 0, then
by [3], Proposition 2.7, Borel-fixed ideals are stable ideals. Borel-fixed ideals are
important, because for any term order such that ;1 > zo > --- > x,,, in generic
coordinates the initial ideal, gin(I), is Borel-fixed.

Lemma 10. Let I be a d-dimensional Borel-fized monomial ideal. Then:

(2) (Tn—dt1s - Tn)R/I is a parameter ideal of R/I and z_, is a part of the
minimal monomial generating set of I for some o > 0.

(i) If I is stable, then v(y, ..\, . on)(Wm) =a—1.

Proof. (i) See [4], Corollary 15.25.

(ii) Let J = (Tn—d+1, .-, Tn). By (i) &¢_, is part of a minimal monomial gener-
ating set of I for some « > 0. Hence by Lemma 3, rj(m) > o — 1. Assume r :=
r;(m) > a. Again by Lemma 3 and (i), there is a monomial m = z{'..x’" /' & I
such that deg(m) = r. Since I is stable, this implies that =/, _, & I, a contradiction.
Thus r =a —1. O

Without the assumption that I is a stable ideal, Lemma 10 (ii) is false. Let
char(k) = p > 0. Then I = (2,28, z128) C k[x1,22,23] is Borel-fixed, but
T(s) (R/T) = 2p — 2.

In contrast to Example 7, the following result shows that the reduction numbers
of Borel-fixed ideals behave well.

Theorem 11. Assume that I is a Borel-fized monomial ideal. Then for an arbi-
trary minimal reduction J of R/I we have r(R/I) = r;(R/I). Thus the reduction
number r(R/I) does not depend on the choice of a minimal reduction.

Moreover, if the ideal is stable, then r(R/I) = a — 1, a as in Lemma 10.

Proof. By Lemma 10 it suffices to show that 7;(m) =r, ., . 5. (m). By Lemma
5 we may assume that J = (g1, ..., §4), where

Yi = Tpn—dti + ;171 + -+ + Qi n_dTn_d, 1<i<d.

Let I; be the ideal in k[x1, ..., x,—qg], which is obtained from I by replacing the
variable z,_41, in each monomial m € I by —(a; 121+ -+ ain—d®n—a), 1 < i <d.
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Then we have R/(I,y1,...,yq) = k[z1,....,®n—q|/T1. Also R/(I,Zp—gi1,.., Tn)
klx1,...,n—d)/I2, where Iy = I N k[x1,...,2n—g]. Clearly Iy C I;. Now let m
2t abn € 1. Set

1 0 0 —ai —ad,1

0 1 0 —ai2 —ad,2
g=10 0 1 —ain-a -+ —Qdn-d

0 0 0 1 0

0 0 0 0 1

Since I is Borel-fixed,
d
b o
g(m) = :Clil "'xn—dd [xn_dﬂ- — (ai,lxl —+ -+ ai_,n_da:n_d)]b" dti ¢ J,
i=1
Note that if f 4+ g belongs to a monomial ideal I, then both polynomials f and g
belong to I too. Hence the above relation implies that

d
xll’l...x:l:; [_(ai,lxl 4+t ai7n_dxn_d)]bn—d+i cl.
i=1
This means I; C I, which yields I; = Is. Thus by Lemma 3 we get r;(m) =
T(Tp_dt1sees In)(m)' O

Now we can state and prove the main result of this paper, which gives partially
a positive answer to the conjecture of Vasconcelos mentioned in the introduction.

Theorem 12. Assume that in(I) is a Borel-fized ideal. Then r(R/I)<r(R/in(I)).
In particular in generic coordinates the above inequality holds for any admissible
term order.

Proof. By Lemma 10, Zy,—g41, ..., Tp, is a s.0.p. of R/in(I)). Since
(ZTL(I), Tn—d+1; - xn) C Zn(Ia Tn—d+1y -+ :Z:n),

ZTp—d+1s .-y T 1s also a s.o.p. of R/I. Hence by Lemma 3 the images of the ideal
J = (Tp—d+1, .., 2n) in R/I and R/in(I) are a minimal reduction of their maximal
homogeneous ideals respectively. By abuse of notation we also denote these images
by J. We have
r(R/I) <rjym)=a(R/(I,n-d+1,--,Tn)) (by Lemma 3)

=a(R/in(I,xn—d+1,---,%n)) (by Macaulay’s theorem, see [4], Theorem 15.3)

<a(R/(in(I), Tn—di1y - Tn))

=ry(R/in(I)) (by Lemma 3)

=r(R/in(I)) (by Theorem 11).
By changing the indexes of variables, we may assume that 1 > x9 > -+ > x,.
Then we know by Galligo’s theorem that there is a Zariski open subset i C GL(n, k)
such that for each g € U, in(g(I)) is Borel-fixed (see [4], 15.9.2). Since the new

coordinates, obtained by a transformation g € U, are so called generic coordinates,
the last statement follows. O
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Also in support of the conjecture by Vasconcelos is the following

Proposition 13. Assume that R/I is a Cohen-Macaulay ring. Then
r(R/I) < r(R/in(I)).

Proof. Since R/I is assumed to be Cohen-Macaulay, it follows from [7], Proposition
3.2, that r(R/I) = a(HL. . (R/T) and r(R/in(I)) > a(HL . (R/in(D))),
where d = dim(R/I) and H{,  (R/I), H{,  (R/in(I)) are local cohomol-
ogy modules. By [5], Theorem 4, Ext%(R/I, R) is a subfactor of Ext%(R/in(I), R).

Hence by local duality we have
r(R/D) = a(HE,, o0 (R/D) < a(HE, . (R/in(D))) < r(R/in(I)). O

4. ON THE RELATION BETWEEN THE REDUCTION NUMBER
AND THE MAXIMAL DEGREE

Let D(I) be the maximum degree of the elements in a minimal generating set for
I. If R/I is Buchsbaum ring, then r(R/I) =reg(R/I) > D(I)—1 by [7], Corollary
3.3 and Lemma 3.4, where

reg(R/I) = max{a(H. (R/I)) +4; i < d}

is the Castelnuovo-Mumford regularity of R/T (see also [8], Proposition 4.14). One
may ask if we always have D(I) < r(R/I)+1? (In this connection see also Remark
4.15 and the diagram on pp. 188 in [8].) However this is not the case, as is
exemplified in [8], Example 4.2(b), and our Example 7. By Theorem 11 we even
have r(R/I) < D(I) + 1 for stable monomial ideals (with the possibility of a strict
inequality). In the following examples we show that the inequality D(I) < r(R/I)+
1 does not hold for prime ideals and that in even seemingly simple situations, the
reduction number depends on the choice of a minimal reduction.

Example 14. Let p C R = k[xo, ..., x3] be the prime ideal of the monomial curve
(87, ¢30¢17, 42435, 487) in P3. By [1], Example 2, p is generated by six binomials
22?2 — 202527, adal —adxs, 252§ —2Bas, 2325 — il 2dald — 23210 230 — 21219, By
Lemma 3 we have 7(4, »,)(R/p) = 22. Using the computer system “Macaulay” by
D. Bayer and M. Stillman, we get from Lemma 3 that r(;, o, —2, 25—a1 —0) (R/P) =

17; thus r(R/p) < 17, while D(p) = 22.

At present it is not clear to us how to calculate in general the reduction number
of the coordinate ring of a monomial curve in P3. We close with the computation
of the reduction number for a special class of monomial curves in P3.

Example 15. Let p be the defining prime ideal of the monomial curve
(t ™, totd, £5t7, £17")
with g.c.d.(a,b) =1 and b > a > 0. Then
p = (vow3 — 120, 2 — a7 %d b ey — 2l gt L adalT —ab) C R
= k[(E(), ceey (,C3].
We claim
ri(R/p) =r(R/p) = b—1=reg(R/p).
We have by Lemma 3, r(;, 2, (R/p) = b — 1. Let J = (71,72) be a minimal
reduction of m. Since Z{ & (Z1,Z2,%3) and T5 & (To,Z1,T2) for all n > 0, one
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may assume that either y1 = zg + a1171 + a12T2, Y2 = T3 + a21x1 + A22To OT
Y1 = w0 + b1171 + b1272 + b1373, b1z # 0, y2 = ba171 + baoxa such that (b11,b21) =
(0,1) or (b12,b22) = (0,1). Note that every generator in p except one has degree
b. From this it follows that either xl{_l or xg_l is not in (p,y1,y2). Hence, by
Lemma 3, ry(R/p) > b— 1. Thus r(R/p) = b — 1. Moreover, by [2], Theorem 3.1,

reg(R/p) = b—1. Since r;(R/p) < reg(R/p) by [7], Proposition 3.2, r;(R/p) = b—1.
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