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HOMOTOPICALLY NON-TRIVIAL
ADDITIVE SUBGROUPS OF HILBERT SPACES

JANUSZ GRABOWSKI

(Communicated by Dale Alspach)

Abstract. We prove that for a line-free closed additive subgroup of a Hilbert
space certain orthogonal projections lead to coverings of this group. This
makes it possible to obtain additive subgroups which are homotopically non-
trivial.

1. Introduction

An example of a closed additive subgroup in a Hilbert space which is LC0 but
not LC1 was constructed by Robert Cauty in [Ca]. This solves a problem from the
list of J. West [We].

The main step in this construction is to find a connected and arcwise-connected
subgroup Γ in a Hilbert space with non-trivial fundamental group: π1(Γ) 6= {0}.

Our aim in this note is to prove a general result in this direction which substan-
tially simplifies the proof that this construction really works.

2. Subgroups with non-trivial fundamental group

Since we are interested in the additive structure in Hilbert spaces, we assume all
the vector spaces to be real. We start with the following observation.

Theorem 2.1. Let Γ be a closed additive subgroup in a Hilbert space H, and let L
be a one-dimensional subspace of H. If L∩Γ 6= {0}, then the orthogonal projection
p on H0 = L⊥ is a continuous and open homomorphism of the group Γ onto its
image Γ0 = p(Γ). The kernel of this homomorphism is isomorphic to R or to the
group Z of integers.

Proof. It is obvious that p is a continuous homomorphism of the group Γ onto Γ0.
We shall show that this mapping is open. Since K = L ∩ Γ is a closed non-trivial
subgroup of the real line, it is isomorphic to R or Z. In the case K = R the result
is obvious and let us assume that K is isomorphic to Z, so generated by an element
e ∈ Γ ∩ L. Without loss of generality we can also assume that ‖e‖ = 1. Put

U = {g ∈ Γ : |〈e, g〉| ≤ 1
2
},(2.1)

where 〈 , 〉 stands for the scalar product.
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It is easy to see that every coset from Γ/K has a representative in U , i.e. p(U) =
p(Γ). First, we shall show that there is 0 < M < +∞ such that

‖g‖ ≤ M‖p(g)‖(2.2)

for all g ∈ U .
Assume the contrary. Then, for each natural n there is gn ∈ U , gn = ane+p(gn),

such that n‖p(gn)‖ ≤ ‖gn‖. It follows that n2‖p(gn)‖2 ≤ a2
n + ‖p(gn)‖2 and

‖p(gn)‖2 ≤ a2
n

n2 − 1
≤ 1

4(n2 − 1)
→ 0.(2.3)

Passing to a subsequence we can assume that (an) is convergent, say an → a. Hence,
|a| ≤ 1

2 and gn → ae ∈ Γ, so that a = 0. But then an → 0 and[
1

2an

]
gn =

[
1

2an

]
ane +

[
1

2an

]
p(gn) → e

2
∈ Γ,(2.4)

since, due to (2.3),

‖p(gn)‖2

a2
n

≤ 1
n2 − 1

→ 0;(2.5)

a contradiction. Here [α] denotes the integer part of α.
To show now that p : Γ → p(Γ) is open, it suffices to prove that p(V ) is open in Γ0

for small open neighborhoods V of 0 in Γ. Let us take such a neighborhood V ⊂ U .
Let x = p(g), g ∈ V . There is r > 0 such that g + g0 ∈ V for g0 ∈ Γ, ‖g0‖ < r.
Take x′ ∈ Γ0, ‖x − x′‖ < r

M . Since x′ − x has a representative in U , i.e. there is
g0 ∈ U such that x′ − x = p(g0), we deduce from (2.2) that ‖g0‖ ≤ M‖x′ − x‖ < r.
Hence g + g0 ∈ V and x′ = p(g + g0), so p(V ) is open.

The additive subgroups we will consider should not contain non-trivial linear
subspaces (we call them line-free), since linear subspaces are uninteresting sub-
groups from the homotopical point of view and we can always divide them out
from the subgroup and the space (cf. [DG]).

Corollary 2.1. If Γ is a locally arcwise-connected and 1-connected closed line-free
subgroup of a Hilbert space H and e ∈ Γ, e 6= 0, then Γ is a universal covering of its
image Γ0 under the orthogonal projection on H0 = e⊥ with the kernel isomorphic
to Z. In particular, π1(Γ0) = Z.

Proof. We apply Theorem 2.1 to the line L = Re and use the universal property of
coverings of locally arcwise-connected spaces.

Example 2.1. In the Hilbert space H = L2[0, 1] consider the subgroup Γ =
L2

Z[0, 1] consisting of square-integrable functions taking integer values. The sub-
group Γ is closed line-free and contractible, since the continuous restriction of the
support gives a contraction (cf. [DG]). This subgroup is the closure of the group
G generated by the path g(t) = χ[0,t] of characteristic functions in L2[0, 1]. Tak-
ing e = χ[0,1], we get H0 to be the subspace of L2[0, 1] of mean-zero functions.
The orthogonal projection p of L2

Z[0, 1] onto H0 gives us a universal covering of
p(Γ), π1(p(Γ)) = Z. Elements of p(Γ) are mean-zero functions which differ from
integer-valued functions by constants.
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3. Cauty’s example

Cauty’s example in [Ca] is the following. Let I be the closed interval [0, 1] and
E the boundary of the square I2. For x = (x1, x2) ∈ E let us put

R(x) = {(y1, y2) ∈ I2 : 0 ≤ yi ≤ xi, i = 1, 2}(3.1)

and let F (x) be the characteristic function of the rectangle R(x). Let G2 be the
subgroup in the Hilbert space L2(I2) generated by {F (x) : x ∈ E} and let Γ2 be
its closure. It is proved in [Ca] in a rather complicated way that both of them have
non-trivial fundamental groups.

We shall show it easily using the result from the previous section. First of
all, we interpret L2(I2) as the tensor product of Hilbert spaces H ⊗ H , where
H = L2[0, 1]. Then, F (x) = 0 if x1 = 0 or x2 = 0 and F (1, t) = e ⊗ χ[0,t],
F (t, 1) = χ[0,t]⊗ e, where e = χ[0,1]. This means that G2 = G⊗ e+ e⊗G ⊂ H ⊗H

and Γ2 = Γ⊗e+e⊗Γ ⊂ H⊗H , for G and Γ = L2
Z[0, 1] from the previous example.

In other words, if we regard the product Γ× Γ as a subgroup of H ⊕H , then Γ2 is
the image of Γ× Γ under the continuous group homomorphism

Φ : Γ× Γ 3 (g1, g2) 7→ g1 ⊗ e + e⊗ g2 ∈ H ⊗H.(3.2)

The kernel of the mapping Φ on the level of H⊕H is R(e,−e), so that the mapping
Φ factors through the orthogonal projection on H1 = (e,−e)⊥. We know already
that the image Γ1 of Γ×Γ under this projection has non-trivial fundamental group
(we use Γ×Γ instead of Γ, H⊕H instead of H and (e,−e) instead of e in Corollary
2.1): π1(Γ1) = Z. But the mapping Φ on the level of Γ1 is a homeomorphism of Γ1

onto Γ2. Indeed, for (g1, g2) ∈ H1 we have 〈g1, e〉 = 〈g2, e〉, where 〈 , 〉 is the scalar
product in H , so

‖Φ(g1, g2)‖2 = ‖g1 ⊗ e + e ⊗ g2‖2 = ‖g1‖2 + ‖g2‖2 + 2〈g1, e〉〈g2, e〉
≥ ‖g1‖2 + ‖g2‖2(3.3)

which means that ‖Φ(g1, g2)‖ ≥ ‖(g1, g2)‖, whence Φ : Γ1 → Γ2 is open. Thus the
group Γ2 of Cauty is topologically isomorphic to a certain group our Corollary is
speaking about.
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