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ABSTRACT. Let A, B € B(H) be bounded linear operators on a Hilbert space

1

H satisfying O < B< A. Furuta showed the operator inequality (A"BPA") 1 <
p+27

A 4 as long as positive real numbers p, ¢, satisfy p + 2r < (1 + 2r)q and

1 < q. In this paper, we show this inequality is valid if negative real numbers
p,q,r satisfy a certain condition. Also, we investigate the optimality of that
condition.

1. INTRODUCTION

Let A, B be bounded linear operators on a Hilbert space H. The following
operator inequality is well-known as the Heinz inequality. (In the case where p = %,
the inequality is called the Lowner inequality, and it is known that there are counter-
examples in the case where p > 1. See [1] for p = 2 and [12, p. 465] for p > 1.)
Proposition 1 ([10],[11]). O < B < A implies B? < AP for all p € [0, 1].

Concerning the Heinz inequality, Chan and Kwong [1] conjectured that O < B <

1
A will imply B? < (BA2B) ? and Furuta gave an affirmative answer as follows.
Proposition 2 ([4]). O < B < A implies

(1) (A"BPAT)T < A"
and
p+27r 1
(2) B« < (B"APB")4
as long as positive real numbers p, q,r satisfy
(3) p+2r<(1+2r)g and 1<gq.

The range of p, ¢, r which satisfy the condition (3) is as in Figure 1 and, in [13],
the author proved that the condition (3) is optimal for the validity of the Furuta
inequality by using 2 x 2 matrices.

The Furuta inequality has many applications. In the operator mean theory, the
Furuta inequality was generalized to the grand Furuta inequality [8] and it extends
the Ando-Hiai log-majorization theory. Also, the Furuta inequality was used in the
p-hyponormal operator theory ([2], [9]) and the relative entropy theory ([6], [7]).

Recently, it is known that the Furuta inequality is valid for some negative real
numbers p, ¢, by Yoshino [14] and Fujii, Furuta, Kamei [3]. And, in this paper,
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FIGURE 1

we shall consider the range of p, ¢, for which the Furuta inequality is valid and
investigate its optimality by using the same technique as in [13].

2. RESULTS

Let A, B € B(H) be invertible operators on H satisfying O < B < A. In the
Furuta inequality, if p = 0, then A° = B® = [ and the inequalities (1) and (2)
become the equalities. Also, if » = 0, then the inequalities (1) and (2) reduce to
the Lowner-Heinz inequality. Hence we may assume p # 0 and r # 0 in this paper.
Since O < B < A implies O < A~! < B~! the validity of (1) is equivalent to
the validity of (2). By a simple observation, the problem to find all real numbers
p, q,r guaranteeing the validity of the Furuta inequality is reduced to the case where
0<p,0<gandr<O.

Theorem 3. Let A, B € B(H) be invertible operators satisfying O < B < A. Let
0<p<1,0<qg<1and —-1<2r<0. Then

(1) (A"BPAT)T < A"

as long as real numbers p,q,r satisfy

(4) —2r(l—q)<p<qg-—2r(l—gq)

and

(5) —2rl—q)—q _ p< —2r(1—q)
1—2¢q -7 1-2¢ °

We need the following lemma to show Theorem 3.

Lemma 4 ([5]). Let A, B € B(H) be positive operators and let X be a real number.
Then

(ABA)* = AB% (B%AQB%)A_l BiA.

Proof of Theorem 3. Let 0 < p<1,0<¢g<1and —1<2r <Q0.
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First, assume % < ¢ <1and p,q,r satisfy (4). ( We remark that p, g, r satisfy (5)
automatically in this case.) Then O < A?" < B?" by the Heinz inequality. Since

1
0<--1<1
q

and

we have
P P P 31 P
(A"BPA")s = A"B% (BEAQTBE) T BhAT

1
71 pt2r

BgAr:ATB i —QTAT‘

< A"B% (B%B2TB§)

p+2r _or p+2r
q

<A"Aa A"=A

by Lemma 4 and the Heinz inequality.
Second, assume § < ¢ < % and p, ¢, r satisfy (4) and (5). Let

/ / q / p
=2r,q = , ==
p q 1—g 5
and let
p// — _p/,q// — q 7,r// — —7"/
Then

0<p"§1,%§q”<1,—%§r”<0
and p”,q",r" satisfy
2" (L q") ¢ <3 < -2 (14 )
and
2 (1) <P <q’ — 2" (1-q").
Hence, by the same arguments as in the case where % < q <1, we have
1

1y opt!

(4B A )" < A

and

(6) AT < (arpra)”

It is known that (6) implies

and hence
1 9 1_9
(B%AZTB%) < (B%B2TB%) ‘
Since 0 < %ﬁr —2r <1, we have
(A"BPAT): < A™T

by the same arguments as in the case where % <qg<l1.
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Similarly we can show the inequality (1) in the case where n+-1 <g< % (n =

3,4,5,--+) and p, ¢, r satisfy (4) and (5) because
—2r(l—gq)—q —2r(1 —q)
—— < -2r(1 — —2r(1 < —

2 = r(1+q)—g<-2r(l+gq) < 2

if 0 < 2¢ <1 and —1 < 2r < 0. Thus the proof is complete.
Theorem 3 shows the validity of the Furuta inequality as long as p, q,r satisfy

any one of the following conditions (I) , (II), (III), (IV).
Condition (I). =3 <r <0 and

qz%, if 0<p<—2r,
q >0, if p=-2r
>, i —2r<p<y,
¢z b5 i p<ps<lL

Condition (II). —1 < r < —1 and

g > 2, if 0<p<y,

q > 2;_:23,7,_17 if % Sp < —27'7
q >0, if p=-2r
quig:, if —2r<p<l.

Condition (III). r = —1 and

g>tt, i 0<p<i,
q> 3, if $<p<l,
q >0, if p=1.

Condition (IV). r < —1 and
g>1, if 0<p<l.

Remark. Yoshino [14] showed the validity of the inequality (1) as long as p,q,r
satisfy —1 < 2r <0, 1 <2¢,(1+2r)g <p+2r,0 <p <1 or the condition (IV).
Moreover, Fujii, Furuta, Kamei [3] showed the validity of the inequality (1) as long
as p,q,rsatisfy —1 <2r <0, 1<2p<2, 0<p+2r, (1+2r)g<p+2r

In the sequel, we shall show that the condition (I) with 0 < p < —2r, % <p<l1
and the conditions (IT), (IIT), (IV) are optimal. Unfortunately, we remark that this
is a partial answer for our problem and it is still an open question whether the
Furuta inequality is valid as long as p, ¢, r satisfy

1 1 p+2r p+2r
——<r<0, -2r<p<-=, ——<qg< ———.
=" N A s T Vg

For our purpose, we need the following.

Lemma 5 ([13]). Let a, b, d, 0 € R satisfy 0 < a+b, ab= d?> where R denotes
the set of all real numbers and let

a de~
(e )
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Then
SP = (a+bPLS for 0<p.

Now we investigate the optimality of the conditions (I) with 0 < p < —27",% <
p < 1, (II), (1), (IV) by 6 steps.

Stepl. M) 0<p<—2r, () 0<p<i (I)0<p< i

We show that if p, ¢, r satisfy
p+2r

2r
then there exist invertible operators A, B € B(R?) with O < B < A which do not
satisfy the inequality (1).

1
—§§T<0,0<p<—2r,0<q<

Let
A— a ela—b—19)
 \Wela—b—9) b+e+6
and let
1 0
5=(03):
where
1-0
0<b<l<a0<é= _15

as in [13]. Then O < B < A. To show the assertion by contradiction, we assume
the inequality (1). We remark

a%,a% -0 (a— 00).
Let
U:L( a—b—14 NG )
AU v —vamims)
where

y=a—b+4+e—46.
Then U is unitary and

* _(a+e 0
UAU_( 0 b+6>

and hence, by (1) (see [13]), we have

v (A1 A3>%< (a—i—a)ptl% 0
As Az) — 0 b+ )’

where
Ay =(a+¢e)*(a—b—6+eb?),
Ay = (b+6)* (e +b(a—b—9)),
As=(a+e)" (b+8)"(1—0b")\/e(a—b—9).
Let
o 1 < VA m)
VA; — A1 +2e \VA2— A1 + 41 e ’
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where

2e1 = —As+ A1 + \/(Ag — A1)2 + 4A§.
Then V is unitary and

« (A1 As . Ay + 1 0
4 (Ag AQ) V= < 0 Al — 61) )
Hence

€1 ((AQ —l—El)% — (a+a)%7%) ((b+5)%7% 4 —51)%)

p+2r 1

Pt = (A —e)t) (6465 — (Ag +e1)?)

< (Ag — A -‘1-81) ((a—i—s)

and
D a0 (1) (1 ok
< a%—2rb—%+2p+2r—l (1 _ aQrb—p—Qr) (1 _ a—g)

x {p(1=0b) (1 —a"'b) (1 —a*bP"%)
_bl—p (1 _ bp) (1 _ a_l) (1 _ a?’rb—2r)}
by similar arguments as in [13]. Since % — 2r < 0, we have

0<q(l—b7)°<0

by letting a — oo. This is a contradiction.

Step2. (I) 2 <p<1,(II) —2r<p<1.

We show that if p, g, r satisfy
p+2r
1+2r’
then there exist invertible operators A, B € B(R?) with O < B < A which do not
satisfy the inequality (1). (We remark that, in the condition (I), if —3 < r < 0,
then{pe R| 3 <p<1}C{peR|-2r<p<1},andifr =—1,p= 3, then the
inequality (1) is valid for all ¢ > 0.) We remark that if the inequality (1) is valid
for all invertible operators A, B € B(H) satisfying O < B < A, then the inequality
(1) is valid for all operators A, B € B(H) satisfying O < B < A.

Let
A:< ca—@ 2ci_d)

where 0 < ¢ < 1 and let
1 0
B—<O O).

Then O < B < A. To show the assertion by contradiction, we assume the inequality
(1). Let

1
—§§r<0,—2r<p§1,0<q<

(N =)

Then V is unitary and

« _(2+2 0
vav= (25 2,
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By (1), we have
(V*AV) V*BPV (V*AVY)T < (VFAV) o
and

1
q

( (24 2¢)%"(1 —¢) (24 2¢)"(2¢)"/c(1 — c)>
(24 2¢)"(2¢)"y/c(1 —¢) (2¢)* ¢

_ (@420 0
- 0 (2¢)""

and, by Lemma 5, we have

51 < (2+2¢)%"(1 —¢) (24 2¢)"(2¢)" /(1 — c))
(24 2¢)"(2¢)"y/c(1 —¢) (2¢)?"c

_ (@420 0
- 0 (2¢)""

and hence
0< <5<2+20>p7—(2+2c>”<1—c> —(2+20)"(2¢)" C(l‘c)>
=~ PE27 )

—(24+2¢)"(2¢)"y/c(1 —¢) §(2¢) 0 — (20)%"¢

where
S =(2+20"(1-0)+ (20)2’”0)%_1 .

Therefore

pt+2r

0<62(2+20)"0 (2070 —6(20)70 (24 20)2(1 — ¢) — 6(2+ 2¢) 0 (20)*"c

(20)07 (2420 (L= o) + (24207 (20)"e < 6(2 +20) 57 (20) 7
and
250 (24202 (1 — o) I 4 (24 20) 022
<{(2+42)*(1-c)+ 22rcl+2r}1—% 2+ 20) pigr piir ptir_j_g
Since 0 < %ﬁr — 1 —2r, we have

pi2r o
0<2a 27 <0

by letting ¢ — 40. This is a contradiction. (We remark that step 2 is also valid for
the condition (I) with —2r < p <1.)

Step 3. (II) 3 <p < —2r, (III) 3 <p< 1.

We show that if p, g, r satisfy

1 11 p+2r
I e _prer
Ty Sr<opgspsoinlb<a<g T

then there exist invertible operators A, B € B(R?) with O < B < A which do not
satisfy the inequality (1).
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Define A, B as in step 1. To show the assertion by contradiction, we assume
the inequality (1). Similarly as in step 1, we can show the inequality (7). Since
0< —% + 2p + 2r — 1, we have

0<q(l—a")<0

by letting b — +0 in (7). This is a contradiction.
Step4. I) 1 <p, (II) 1 <p, (III) 1 < p.
We show that if p, g, r satisfy

1
—§§T<0,1<p,0<q,

then there exist invertible operators A, B € B(R?) with O < B < A which do not
satisfy the inequality

(3) B¢ < (B"APB")u,
or, equivalently,
(8) [>B":" (B"APB~") B

We remark that if the inequality (8) is valid for all invertible operators A, B € B(H)
satisfying O < B < A, then the inequality (8) is valid for all operators A, B € B(H)
satisfying O < B < A. Define A, B,V as in step 2. To show the assertion by
contradiction, we assume the inequality (8). Since

p+2

[>B" (B"VV*A™PVV*B™)

1 p42r
q

B

we have

((1) ?) >{(1-0c)(2+2c) P+ 0(20)_”}% <(1) 8) .
Hence
1>(1—¢)(24+2)P4¢(2¢)P = (1 —c)(242c)P 4 27Pc 7P,

Since 1 — p < 0, we have 1 > oo by letting ¢ — 40 . This is a contradiction.
Step 5. (IV) 1 < p.
We show that if p, ¢, r satisfy

1<p,0<q,r<O,

then there exist invertible operators A, B € B(R?) with O < B < A which do not
satisfy the inequality (1) or (2).

First, let 0 < p 4 2r. Then the proof is similar to step 2.

Second, let p + 2r = 0. Then

pt2r

(ABPAT)T < A" = (ATBAT)T < A0 = |
— A"B77A" <]
&= B <A,

The last inequality is valid if and only if —1 < 2r <0.
Last, let p + 2r < 0. We remark that the inequality (2) is equivalent to

D

) BT > (BT ATPBT)
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Define A, B,V as in step 2. To show the assertion by contradiction, we assume the
inequality (9). Since

—p—2r

B~a > (B"VV*ATPVV*=B")

Q=

3

we have
((1) 8) Z {(1 —c)(24+2c)7P + C(QC)—p}

The rest of the proof is similar to step 4.
Step 6. (IV) 0 < p < 1.
We show that if p, ¢, r satisfy

Q=
N\
O =
o O
N~

0<p<1,0<q,r <0,

then there exist invertible operators A, B € B (R2) with O < B < A which do not
satisfy the inequality (1).
Define A, B as in step 2. To show the assertion by contradiction, we assume the
inequality (1). Then, similarly as in step 2, we have
255 (24 20)7(1 — ¢) + (2 + 2¢) 0 22l

p+2r
q

1 p+2r  p42r

< (2420 (1 — ¢) + 221+ 70 (2 4 2000 2"

p+2r p+42r

_1
— {(2+20)2r(1_c)c—l—2r+22r}1 qc(1+2r)(1—%)(2+20) e 2 4

Since

1 2
(1+2T)<1__)<0<1+2T_p+ "
q q

we have
0< 2522 <0

by letting ¢ — +0. This is a contradiction.
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