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ABSTRACT. We prove that if ¢ is an integer greater than one, r and s are any
positive rationals such that 1 + ¢™r — ¢®>™s # 0 for all integers m > 0, then
oo
1

jgo 1+gir—q%s

is irrational and is not a Liouville number.

1. INTRODUCTION AND RESULTS

For ¢ a positive integer greater than one and r a non-zero rational (r # —q¢™ for
all integers m > 0), the irrationality of the series

oo

1
an+7‘

n=1

was proved by Borwein [3] in 1991. This generalized the result of the irrationality
of the series

= 1 dn)
;271—1_; on

where d(n) is the divisor function, which was proved by Erdés [5] in 1948. It also
resolves the conjecture of Erdéds and Graham [6] in 1980, of the irrationality of

o0

1
2271_3

n=1

The technique employed in [3] to prove the above result is to examine the Padé
approximants to an appropriate function, and to show, with some modification,
that they provide a rational approximation that is too rapid to be consistent with
rationality. This is a general approach that has been explored to prove irrationality
by Mabhler [8], Chudnovsky and Chudnovsky [4], and Walliser [9]. But it is not
often the case that one can explicitly construct or completely analyze the Padé
approximants or rational approximants that are required. The situation becomes
more complicated when we deal with two variable functions. By using a similar
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1606 PETER B. BORWEIN AND PING ZHOU

but more technical method, the second author generalized in [10] the irrationality
of the infinite product

ad (0%
n=1 q

to the two variable case
o0

[[a+a7r+a?s),
§=0
where ¢ is an integer greater than one, and r, s are any positive rationals. In this

paper, we use this general approach to generalize the previously mentioned results
of [3] to the two variable case:

Theorem 1.1. If q is an integer greater than one, r and s are any positive rationals
such that 1+ ¢™r — ¢*™s # 0 for all integers m > 0, then

i 1

Jpr — g2
= 14+ g¢ir—q%s
is irrational.

We need here the standard ¢ analogues of factorials and binomial coefficients.
The g—factorial is

e L= —g") (1 —g)
(1.1) [nq! = [n]! : T—or ,

where [0],! := 1. The g—binomial coefficient is

02) N et

We note that

(1.3) [T —d") = (=1)*¢*Cr=*=D72n — K [k)N(1 - o),

and (see Gasper and Rahman [7]) for || < 1,

1 o [n+1
1.4 _ — (—1)"t+! —n(n+1)/2 —nltl
(1.4) i~ " S o

and (the Cauchy binomial theorem)

(1.5) i |:Z:| qk(k+1)/2$k _ ﬁ(l + qu)'

k=0 k=1
We prove some properties of approximants to the function

- 1
1+ aioe— a2izy’
= 1+q¢ix—q9xy

F(z,y) = lg| > 1,

in section 2, and use those properties to prove Theorem 1.1 in section 3.
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2. SOME RESULTS ON A RELEVANT FUNCTION

Let |q| > 1,
(2.1) F(x, i ;
. y = 1 + q]x _ qZny
and
= 1
i It de -y
Then for k£ > 0 integer,
= 1
k.. k _
F(q T, q y) = Z 1+ qj+k1' — q2j+2kxy
s
k—1
= Z — 2
par it qﬂx qzy
(2.3) = F(x,y) — Sk(z,y),
and for 0 < k < n integer,
= 1
—k.. —k _
Fn(q x,q y) = Z 1+ qj_kl' — q2j—2k$y
j=n+1
- Z 1+qﬂx—q23$y
(24) = F(Zli,y) - Sn—k+1($7 y)7
where
k—1
(2.5)

g2
= 1—1—qu q¥xy’

From (2.3) we can see that for rationals ¢,z and y, the irrationality of F(¢*x, ¢*y)
is equivalent to the irrationality of F(z,y). So we assume |z|, |y| > 2 throughout
this paper, as we can replace x and y by ¢""x and ¢y respectively for some integers

m > 1. Now let
—x + /22 + dzy —x —y/z? +4zy

(2.6) z1 = 5 and 29 := 5
Then
(2.7) min{|z1], |22|} > 1,

as we assume |z, |y| > 2.

Theorem 2.1. Let F(x,y), F,(x,y) be defined by (2.1) and (2.2) respectively, n >
2 be an even integer, and

1 Eyya(a/t y/t)dt
211 ‘t|:qn/2+1 (Hn/Q (t —q )) tn/2+1

(2.8) I(z,y) =
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Let
n/2
1 n/2| k—1)/2—nk
(2.9 Qo) = TZ(—M[ }q (=12,
G a2y 2=k
and
P(z,y) = W Z:fo(—l)k[nm Y C )
1 dn/? F(z/ty/t)
(210) + (n/2)! dtn/?2 {Hz/%(t_qk) }t_o .
Then
(i)
(2.11) I(z,y) = Q(q)F(z,y) + P(z,y);
(i)
n/2
(2.12) g"Cr ST = 1) | Q) € Zlg),
j=1

where Z[q] is the set of polynomials in q with integer coefficients;
(i) If we let

n/2
(2.13) Ry )2(2,y) i= H(l +dlw —¢¥ay),
j=0
then
(2.14)
n/2
gD 2y ER s (ey) | [T 1) | Play) € Zlg,xy);
Jj=1
(iv) For n € N fized,
c
(2.15) [ (z,y)| < qn(2n(-1i-l)/2’

where cq 1s a constant depending only on q.

Proof of Theorem 2.1: Proof of (i). As

0o 2
2.16 F, t,y/t) = - —,
( ) /Q(I/ y/ ) ‘ %+1 12 + qjdft _ q2]xy
j=n

the poles of F), 5(x/t,y/t) are

t=2z¢ and t=2¢’, forj:g—i—l,g—i—2,---7

where 21, 23 are defined in (2.6). From (2.7) we can see that the integrand in (2.8)
has simple poles at t = 1,¢*,¢%,--- ,¢"/2, and a pole of order n+ 1 at ¢t = 0, inside
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the circle {t : [t| = ¢"/?>T1}. By the residue theorem and the functional equation
(2.4), and (1.3), we have

i 1 Fpo(z/ty/t)dt
I( ,y) = om ~/|t—q"/2+1 (Hn/2 (t—q )) tn/2+1

% F/z(q’“:v,q‘“y) 1 a2 { Fppo(a/t, y/t)}

1 n/2

— n/2 —1)/2-n
- WQ‘”’“[;@]Q’““ (B sy) = Sz (520)

L1 d/? | Fya(x/t,y/t)
(n/2)tdtn/2 | 132t - q%) | ,_,
= Q(q)F(:z:,y)+P(x,y)

Proof of (i). As ["/ 2} is a polynomial in ¢ with integer coeflicients, and the lowest
power of ¢ in Zn/2( 1)k ["42} qFk=1/2=nk i when k = n/2, —n(3n + 2)/8, (2.12)
holds.

Proof of (iii). For |t| < ¢/t

o0

tz

j=n/2+1
(o) —t2
- J%;H ¢y (1= (2 + ¢at)/ (¢ xy))
)
- 25 27
j=n/2+1 Ty = qxy
U2 (g ) t .
- - > z¥< )
2 e
S S . ‘“
= i(i+2) +1 ( ) ( >
j=n/2+1 1=0 q] ! Z qJZIJ

tz+k+2
Y (1)

j= n/2+11 0 k=0

S i t1+k+2 —n(i+k+2)/2
2.17 = - - )
@17 55 (1) ey e
and from (1.4),
(2.18)
1 - o [1/24 1] _pnjan
- _ (_1)n/2+1q n(n+2)/8 Z |: :|q n/ th
/2 ot —d%) h=0 h
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Combining (2.17) and (2.18), we have

Eupl@lby) - (ypurzgentnass 3 3 W; h} (;)

jo(t — %) 4. h=0 k=0
thtith+2 g=n(h+ith+2)/2
(2.19) 'xk+1yi+1 gitkt2 —1
and then
(2.20)
D(z,y) = 1 dn/? {Fn/2(z/t7 y/t)}
? T | J4n/2 n/2
(n/2)! dtn/ Hkio(t —qk) o
_ (_1)n/2q—n(n+2)/8 Z TL/2 +h ) 1 q_n(h+z+k+2)/2
htitk+2=n/2 k) aktlyttl  qrht2 —1
0<h,i<n/2—2
0<k<i
_(_1\n/2,—n(3n+2)/8 n/2+h| (i 1 1
B h+’+k2:+2— /2 [ h k) bty g — 1
0<h,i<n/2—2
0<k<i
So
n/2
(2.21) gD (@2 | T (¢ = 1) | D(x,y) € Zlg, »,y)].
j=1

So (2.14) follows from (2.10), (2.12) and (2.21).
Proof of (iv). For R := g/t

max =g |Fn/2(x/t, y/t)|
Rr2TLA (R — g)

(2.22) [(z,y)| <

Now from (2.17), we have

0 x4/ fitk+2
gﬂi’é‘Fn/z(ﬂf/ﬂy/t” - MR Z Z (k) I (R 2) gkt 11
j=n

(/2D (+k+2)
@ik 2) gkt 1yitl

oo oo K2 Z. 1
= Z Z (k) I TR+ pht T i+

IN
[~]e
Nk
>~
I -
N
Nl

IN
ul’_‘

(2.23)

IN
N
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Now
n/2 n/2
Rn/Q H(R _ qk) - Rt H(l _ q—n/Q—k—l)
k=0 k=0
> R0 -47)
3=0
(224) 2 an(2n+l)/2’

where ¢ := []72,(1 - q~7). Putting (2.23) and (2.24) into (2.22), we have

€q
[I(z,y)| < prICTESVEE

where ¢, := 2/c is depending only on q. |

3. PROOF OF THEOREM 1.1
We first prove that for x,y > 0,
(3.1) [ (z,y)| >0,
where I(z,y) is defined by (2.8). In fact, from (2.17),

I(z,y) = L/ Foya(a/t,y/t)dt
) 27Tl |t|:qn/2+1 tn+2 (Hzi%(l _ qk/t)

) .
_ L Foja(w/t,y/1) Z ﬁ( ) »
- -
2m t|=gn/2+1 trt s ya 20 k0
- Y kg L ( Zfl ‘
o n 220 27 Jyjmgnsaa T2 Go+dn)
- tz+k:+2 —n(i+k+2)/2
ZZ ! yat
phtlyitl gith+2 — ]
1=0 k=0
i —n(i+k+2)/2
- - Een Y (ot
Tl i+l githt2 _
Jo,5dn >0 itk—(n+jo+-jn)=—1 kjx Yy q 1

0<i<o0, 0<k<i
# 0,

as all z,y,9 > 1. So (3.1) holds. Now let r,s be any fixed positive rational
numbers, then u := s/r is also a positive rational number such that

1
3.2 F
( ) ( jzol+q Jr—q—QJTu

Again we can assume r, u > 2 because of (2.3). Now let Q(q), P(z,y) and R,, /2(x,y)
be defined in (2.9), (2.10), (2.13) respectively, and

n/2

(3.3) H,(q) := q"Cm 8 ](¢" - 1),
j=1
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then

(3.4) 0 < [Hn(q)] < hyq"" /2,

where hq :=[;2,(1 —¢77), and

(3.5) "2y 2 Hy () Ruya(,y) - {Q(0), P(,y)} C Zlg, a,y)-

Now let

(3.6) Q" (ryu) := " 2u™ 2 Hy () R o (r, ) Q(a),

and

(3.7) P*(r,u) := r"/zu”ﬂHn(q)Rn/g(r, u)P(r,u).

Then

(3.8) Q" (r,u), P*(r,u) € Z[q, r,u],

and

A = Q" (r,u)F(r,u) + P*(r,u)]

(3.9) = (ru)"? [Hy(q)| | R ja(r,w)| |1(r,u)].

Now A > 0 and by (2.15),
n/2

A < (ru)"THHL (@ " T[A+ a7 +a7) | ()
§=0
< hyf, (ru)™t q"("“)/zq”("”)/‘lqné%m
(3.10) = hof, (ru)"t qn(mfi‘ilw,

where f, := H;’;O(l +q77 +¢~%) is a constant depending only on ¢. Finally, if

i J
3.11 = - d =
(3.11) ri=y and  ui=

with ¢, 7, [, m positive integers, then

(3.12) Q" (r,u) := (Im)" Q*(r,u),
and
(3.13) P**(r,u) == (Im)" P*(r,u),

are integers, and by (3.10),
0 < Q@7 (r,u)F(r,u)+ P (r,u)|
(Im)" Q" (r,w)F(r,u) + P*(r,u)|

n n+1 Cq
(Im) hqfq (ru) (]71(2"—_1)/47

IN

which tends to zero as n — oo, This shows that F(r,u) is irrational, that is

1

—
jzol—i—qﬂr q47s

oo

is irrational for ¢ > 1 integers and r, s positive rationals. This completes the proof
of Theorem 1.1. O
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Now by the standard methods (as in chapter 11 of Borwein and Borwein [1]),
the estimates in the proof of Theorem 1.1 give that, under the assumption of the

theorem,
s 1
‘F(r,u) - —‘ > —
t te
for some constant « and all integers s and ¢, and hence
o0
1

= 14+ ¢ir —¢%s

is not a Liouville number.
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