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HENG HUAT CHAN AND YAO LIN ONG

(Communicated by David E. Rohrlich)

ABSTRACT. In this paper, we derive some new identities satisfied by the se-
ries ) >0 qmz*'m"“'zn2 using Ramanujan’s identities for L(q), M(g) and
N(q). Our work is motivated by an attempt to develop a theory of elliptic
functions to the septic base.

1. INTRODUCTION

Set, for |q| < 1,
L(g)=1-24 ,
(q) ; T
> n3qn
M(q)=1+240) e
n=1
and
oo n5qn
N(g)=1-504)" &
n=1

In his famous paper “On certain arithmetical functions” [6, pp. 136-162], [7]
S. Ramanujan established (using elementary methods) many identities involving
L(q), M(q) and N(q), three of which are

dL(q)  L*(q) — M(q)

-y T T 2
(1.2) qdf\gq(q) _ L(q)M(tg) - N(q),
and

(1.3) qdfigq) _ L(q)N(q)z— M?(q)
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1736 HENG HUAT CHAN AND YAO LIN ONG

These identities were employed by K. Venkatachaliengar to derive relations be-
tween certain functions x and z which are stated implicitly in Ramanujan’s Note-
books. For example, he showed that [9, pp. 93-95] if

(1) Mig) = 24(1 + 825)
and
(1.5) N(q) = 25(1 — 2023 — 823),
then
1 2
(1.6) 23 = ol <§7 5;1;583) ,

where oF(a,b;c;z) is the ordinary hypergeometric function. The final step in
Venkatachaliengar’s proof of (1.6), however, requires the knowledge of x5 and zs,
but these were neither supplied by Ramanujan nor Venkatachaliengar. The mystery
was solved recently in a paper by B.C. Berndt, S. Bhargava, and F.G. Garvan!
[3]. They succeeded in expressing z3 and 23 in terms of the Borweins’? functions,

namely,
oo , )
z3 = a(q) = Z qm +mn+n
and
3
_ (C(q)>
T3 = — ,
a(q
where
clg)i= Y gmTE D"

As a result, the proof of (1.6) using Venkatachaliengar’s idea is now complete [4].

Venkatachaliengar’s method of deriving relations between functions x3 and z3
from (1.4) and (1.5) can be adopted to deduce new relations between functions x
and z satisfying

(1.7) M(q) = 2"F(z) and N(q)=2°G(x),

where F(z) and G(z) are certain rational functions of xz. In Section 2, we state
two identities found in Ramanujan’s Notebooks and establish new parametrizations
of M(q) and N(q) of the type given in (1.7). We then invoke Venkatachaliengar’s
method to derive relations associated with the function

o0

(1.8) o(q) :== Z g Hmnan®

m,n=—oo

1Professor Garvan informed us recently that J.M. Borwein and P.B. Borwein are the first to
have identified z3 and z3.
2The Borweins here refer to J.M. Borwein and P.B. Borwein.
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n=-—oo

In Section 3, we use an identity proved in Section 2, together with some of Ra-
manujan’s modular equations to prove the following surprising identity:

(19) 6 Z (m 2 tmn+2n2 ) -5 Z ’;(m2+mn+2n2)'

Our method of deriving (1.9) depends on the existence of certain types of modular
equations. This method can also be modified to derive special values of certain
quotients of the classical theta function

2
§ : n
n=—oo !

as well as that of the Borweins’ function a(q).

2. TWO IDENTITIES ASSOCIATED WITH M(q) AND N(q)

Theorem 2.1. Let f(—q) =1[—,(1 —q™), l|q| <1. Then

_f7(—(]) 2 a3 3 42f(q)
o) M(Q)—(f(_q7)+5 Taf (=) f*(—q )+7 f(= Q))
. f7(—q) 3 \p3 7 f7( q") V3
(i v warcarcd s sl
and
(2.2) ]
N(q):G((__qgi—72(5+2ﬁ)qf3(—q)f3(—q7)—73(21+8ﬁ)q fE Z)))
7 7
NP )

Two proofs of Theorem 2.1 were given by S. Raghavan and S.S. Rangachari [5].
Asindicated in [5], Theorem 2.1 can easily be deduced from F. Klein’s formula which
expressed the modular j-invariant in terms of the Hauptmodul ¢~ f4(—q)/f*(—q")
for T'o(7). One can also verify Theorem 2.1 using modular equations found in
Ramanujan’s Notebooks [8].

Identities (2.1) and (2.2) are not suitable for the application of Venkatachalien-
gar’s method. Our next task is to transform these two identities into those analo-
gous to (1.4) and (1.5).

Lemma 2.2. Let o(q) be as given in (1.8) and let

q) — an(n+l)/2
n=0
Then for |q| <1,

o(q) = (q)p(q") +4¢°Y(¢*)v(g")

_ <f8(_q)+13qf4( Q) fA(—q7) + 49¢f5(—q )>1/3
f(-Q)f(-Cﬂ) :
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Proof of the first equality in Lemma 2.2. We first observe that the left hand side is
essentially >0 o V)| where O is the ring of integers in K := Q(v/—7) and

N (z) is the norm of the element z. An element in Ok takes the form m+ nHT 7
m,n € Z. Hence, we may partition Ok into two sets

1+v-—7
Ok, = {m + n%| n even}

1+v-—7
and Ok := {m+n+T| n odd}7

and deduce that

(2.3) Z V@ = Z N@ 4 Z V@),

€DK z€O K0 €O K1

When z € Ok, z is of the form m + 2k%_—7 = m+ k + kv/—7. Therefore,
N(x) = (m+ k)? + 7k? and

oo

2 2
S M@ 3 gt
T€O m,k=—o00
(2.4) eV -
2 2
= > ¢ =w@e(d").

When z € O 1, « is of the form m + (2k—|—1)1+‘2/__7 =m+k+1+(k+3)V-T
Therefore, N'(z) = (m+k+ 1)2+7(k+ 3)?> = (m+ k) + (m+ k) + Th(k + 1) +2

and
Z o Z (MR (Mo ket 1)+ Th (k1) +-2
(25) r€O K1 m,k:—ozo
— q2 Z qu(u+1)+7v(v+1) — 4q2¢(q2)w(q14)'
From (2.3), (2.4) and (2.5), the first equality of Lemma 2.2 follows. O

Remark. Suppose d =3 (mod 4). Then by similar argument as above, we have

o0

2 d+1 2
S TEY = o(g)e(e”) + 4q

m,n=—o00

d+1
4

V(@) (™).

In order to establish the second equality, we need the following modular equations
of degree 7. For the definition of modular equation, see [1, p. 213].

Lemma 2.3. Suppose (3 has degree 7 over a. Let m = p(q)/¢(q"), and let P =
{16a8(1 —a)(1 = B)}'/* and Q = {B(1 — B)/(a(l — a))}'/°. Then

(2.6) (@B)B+{1-a)(1-p)}/8 =1,

e o= (2 () (e

)
e -(3) +(58) - (R (=)
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m,n=—oo

and

(2.9) Q+é+7=2\/§<P+%).

The proofs of these modular equations can be found in [1, pp. 314 — 324].

Proof of the second equality in Lemma 2.2. Let t = (af)'/®. By (2.6), (1 —t) =
{(1 = a)(1 — 3)}/8. Hence,

(2.10) t(1—1t) = {aB(l—a)(1 - B)}"/"
From [1, p. 473], we find that

e(d*)e(a™) +4q" (g (@) = Vel@)e(gM){1 — t(1 — 1)}
Now, from [1, p. 124, Entry 12 (iii)] and (2.10),

Hence,
1—t(1-1)

@210 o(@)ela™) + (a0 (e™) = 2P 1) () e

Next, from (2.7), (2.8) and [1, p. 124, Entry 12(iii)],
4/ 2 o 1/3
fH(=a%) —m2 <a(1 0‘))

FACan =" G0 9)

Ve -pB)+ /Bl -a) BB\
(2.12) = (a(1 — a)1/8(3(1 — B))1/3 - <a(1 — a)) -8
and

49 (=g") _ 49 (ﬂu—m)“
e~ \ali=a)

_ Va(=B+vB0—a) _ (a(l—a)\"*_

(2.13) " (a1 - a)Y/3(B(1 - B))1/° (ﬁ(l - 5)) >
Now,
BU=B\, (all—a)\"" _ 2

(2.14) (a(l—a)> i <5(1—5)> _4t(1_t)+m_7,
by (2.9) and (2.10). Also,
(2.15)

(Va(l - ) +VB(1 - a)

X < L + L )
(a(l —a)/6(B(1 = p)Y3 (a1l —a))/3(B(1 - B))Y/°
— ~a ol — 1/6 . 1/6
_ V- 3)+/A ><( a >> +(6(1 6)) )

(t(1 —t))5/2 t(1—1) t(1—1t)
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by (2.10). It is easy to see that

Vall =B + VB —a) = 1 - (aB - VI—a)1 - B))?
(216) AR GEIIEDE
=2¢/t(1 —t)(2t2 — t +1)(2t2 — 3t + 2),
and from [1, p. 318, (19.12), (19.13)],
a(l—a)\* (51 -p)\"° : :
Hence, using (2.16) and (2.17), we may simplify (2.15) as

(2.18)
(Va(l=p) + V81 - )

1 1
: <<a(1 =) =B {all— ) (B - ﬁ))l/"')
(262 —t +1)(2t* — 3t + 2)
12(1 —t)2 '
Therefore, by adding (2.12) and (2.13) and simplifying using (2.14) and (2.18),
we deduce that

f4(_q2) q2f4(_q14)
2ran T T

22 —t+1)(2t2 — 3t + 2
(2.19) ol ;;(1)(_75)2 + )—4t(1—t)—m—9
(=t —1))3

Combining (2.11) and (2.19), and replacing ¢ by ¢, we complete the proof of
Lemma 2.2. O

Remarks. Lemma 2.2 is due to Ramanujan. The first proof of the second equality
which also utilizes Ramanujan’s modular equations of degree 7 can be found in [1,
p. 472]. One can also prove the second equality by verifying that the function
o3(q)/(qf3(—q) f3(—q")) is invariant under I'¢(7) and therefore can be expressed in

terms of f*(—q)/(qf*(—4")).
Next, define x := «(q) as the function satisfying the relation
l—afg) 1 ( f(=q) )4
2.20 oW (D)
(220) a(q) Tq \ f(=4q")

and let
z = 0o(q).
By Lemma 2.2, we may rewrite (2.1) and (2.2) as

B 7241 + 33z + 1522

(2.21) M(q) N

3
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and
1 — T4z — 22522 — 1823 — 2724
(7T—a+22) '
Note that (2.21) and (2.22) are now analogues of (1.4) and (1.5) and we are in the
position to invoke Venkatachaliengar’s method.

(2.22) N(q) = 492°

Theorem 2.4. Let x and z be as above. Then

d
(2.23) qd—z = 2"2(1 - 7)
and
22(22% — 22 — 1)
(220 Hale 1)+ 420~ 1) = e
where
d?z dz
n__ %< r_ 2z
zn = T2 and Z e

Proof of Theorem 2.4. For simplicity, let L = L(q), M = M(q), and N = N(q).
From (2.21) and (2.22), we find that

222(1 — x)7

2.25 M? — N? = 592704 ——~—— "/
(2.25) (7—a+a22)
and
(2.26) 3oL 9N so7gsg i r =10

' ¢ dq e dqg q(?—x+x2)4’

where the “prime” means differentiation with respect to q.

Next, if we multiply (1.2) by 3N and (1.3) by 2M and eliminate LM N from the
resulting equations, we find that the left hand sides of (2.25) and (2.26) are equal.
Hence, we conclude that

qr’ = 2*z(1 — ),
which is (2.23).
Now, from (2.21) and (1.2), we have

29 + 262 — 622 1 1502
LM — N = 168qa’ 24 0200 =007 o) r,s 1 330 1507

(7T —x + 22)2 T—x+22
which implies that
7 — 532 — 3x2 2!
_ .2
(227) L=z W + 12(];,
by (2.21)—(2.23). From (2.27) and (2.21), we deduce that
I " / N 2
qfl— —12¢°2 +12¢5 — 12 (qz—>
(2.28) ¢ N N :
+ 285421 —x)_13_ 2z + 227 4o z'z7_ 53x — 372
(7T— 2+ 22)? e T—x+ a?
and
L*— M 2\ ? 49 + 22 — 22° 7 53z — 32
2.29 =12(¢= ) —422(l —2)—— 4 2q 2 —
(2:29) 12 (qz> i )(7—x+$2)2+ T a2
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By (1.1), (2.28) and (2.29), we find that

2" 2 2\ ? 22 — 22— 7
2.30 22 18 o) = ot — ) A L
230) ot (q) a1 - )

Finally, let

Then
S o o 2
P4 q= -2 (q—) = 2283221 — ) + 2L 2B3x(1 — 2)(1 — 22),
z z z
and (2.24) follows from (2.30). O

Remarks. 1. Part of our computations given in this section are done with the aid
of MAPLE V.

2. We have not been able to express the solutions of the second order differential
equation (2.24) in terms of known functions.

3. Identity (2.23) is not new. It is equivalent to Ramanujan’s identity

& n e n
ng ng
=135 S
n=1 n=1

which is first proved by Berndt [1, p. 467, Entry 5 (i)] using modular equations of
degree 7.

4. The relation (2.23) is also satisfied by other pairs of functions. For example
[3, p. 4178],

qcil—? = 2223(1 — x3),
where x5 and z3 are discussed in Section 1, and [1, p. 120, Entry 9(i)]
where
¥ (¢?)
o(q)

20 :=¢*(q) and x9:= 16q

3. EVALUATION OF o(q)/o(q?) AT q = e—2m/VT

In this final section, we give a method of deriving special values of o(q)/a(q"),
k € N. We illustrate this method by giving a proof of (1.9).

Proof of (1.9). Let B(q) := a(q?). Then from (2.23), we find that

a%(¢%) B(q)(1 = B(q))

(3.1) a2(q) a(g)(1 —alq))’

dB(q)
dog)

In general, we have
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,n=—00

Next, recall the following modular equations of degree 7 found in Ramanujan’s
Notebooks [2, p. 209]:

9 QY @ P [P\’
(3.2) PQ+%— <F> ~85 -85+ (5) :
where
_ _ —1/2f (—q) n _ _ -1 f2(—qz)
P=P(q) :=q =) and Q= Q(q) F—gi)’
By (2.20),
(3.3) L=% _ p2/7 and 1;—yzcg?/z

where x = a(q) and y = ((g). Substituting (3.3) into (3.2), we obtain a relation
between x and y, namely,

(3.4) Txy — 6y°x — 622y + 32%y? + 223y + 2y3z — 2® — ¢y = 0.
Implicitly differentiating (3.4) with respect to z, we find that

dy  Ty—6y*>—12zy + 6y°x + 6x2y 4 2y° — 322

3.5 = .
(3:5) dx Tx — 622 — 122y + 622y + 6y2x + 22° — 3y2

This proves that the derivative in (3.1) can be expressed in terms of a(q) and 3(q).
Hence, in order to prove (1.9), it suffices to compute a; = a(q1) and B = B(q1)
where ¢ = e=27/V7,

By the transformation formula for ¢%/?*f(—gq) [1, p. 43, Entry 27(iii)], we find
that P(q1) = v/7 and therefore, by (3.3), a; = 1/2. Substituting a; into (3.4)
yields 3; = 1/2 — /7/6. This implies that

dy) 25
da|,_, — 81
by (3.5). Hence, by (3.1), 0(¢?)/0(q1) = 5/6, which is (1.9). |

In a similar way, using the modular equation [2, p. 236, Entry 68],

2 2
= (8) o (2)

PQ  \ P Q1
with
we can show that
(3.6)
9 i e =67/ VT(m* +mn+2n?) _ \/m i e 27/ VT(m? +mn+2n?)
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CONCLUDING REMARKS

This paper is motivated by an attempt to develop a theory of elliptic functions
to the septic base (see [3] for the definition of elliptic functions to alternative bases).
Our investigation here shows that this theory may not exist since we are unable to
solve (2.24) in terms of known functions. The failure to do so implies that there are
no simple analogues of Jacobi’s inversion formula as well as the Borweins’ inversion
formula in the septic case. The existence of a simple inversion formula is important
in developing elliptic functions to alternative bases.

It is interesting to note that proofs of simple identities such as (1.9) and (3.6) in-
volve so many non-trivial identities scattered in Ramanujan’s Notebooks. Although
Ramanujan possessed all the identities discussed in this paper, (1.9) and (3.6) were
not found in his Notebooks.
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