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ABSTRACT. We generalize Deddens’ theorem for nest algebras in the case of
w*-closed nest algebras bimodules. For each such bimodule, we introduce a
norm closed sub-bimodule of it, which corresponds to the radical of a nest
algebra and describe it in a number of ways, generalizing known facts about
nest algebras.

1. INTRODUCTION

If H; and H, are complex Hilbert spaces, B(H;,Hs) will denote the algebra of
all bounded linear operators from H; to Hs. In the case H; = Hy = H, we write
B(H). Given a set L of (closed) subspaces of a Hilbert space 3, by Algl is denoted
as usual the algebra of all operators on H, which leave each element of L invariant.
Dually, if 8 is a set of operators, by Lat8 we will mean the (complete) lattice of
(closed) subspaces, which are left invariant by every element of 8. If T' is a positive
invertible operator in B(H) and Er its spectral measure, by the spectral nest of T
we will mean the nest Ep = {E;}+>0, where E; = Ep[0,t]. Let N be a (complete)
nest of (closed) subspaces of H and A = AlgN be the corresponding nest algebra.
In [2] Deddens proved that a necessary and sufficient condition for an operator X
to belong to the nest algebra A is that || A"XA™™ || be bounded in n where A
is a positive invertible operator having spectral nest N. He used results of Loebl
and Muhly [9]. Elementary proofs of this result were given by Radjabalipour [11]
and Erdos [3]. The approach of Erdos allowed him to describe the radical of a nest
algebra in terms analogous to those in Deddens’ theorem. Namely, if A( is the set
of the invertible positive contractions with spectral nest N, and if, for each A € Ay,
R4 denotes the set {X € B(H) :|| A" XA~ ||—, 0}, he proved that

radA = | J{Ra: A € Ao},

the closure being taken in the norm topology. This paper is an attempt to generalize
these results to nest algebra bimodules.

Let H; and Hs be complex Hilbert spaces and A and B be positive invertible
contractions on H; and Hy, respectively. Let

Bap={X €B(Hi,Hsy):|| B"XA™" || is bounded in n}.

Received by the editors September 16, 1997.

1991 Mathematics Subject Classification. Primary 47D15; Secondary 47D25.

Key words and phrases. Bimodule, nest algebra, spectral nest, Deddens’ theorem.
This work was supported by a grant of the Greek State Scholarship Foundation.

©1999 American Mathematical Society
1771

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1772 I. TODOROV

We show that B 4 p is a (reflexive) nest algebra bimodule. Conversely, given any w*-
closed nest algebra bimodule U, for each operator A in a certain class of operators
Aq on H; (for exact definition see the notes after Theorem 2.1), there exist an
operator B4 on Hs, such that

U=Bag,.

Using the Ringrose condition [12] we define a norm closed submodule R of U which
generalizes the Jacobson radical of a nest algebra. If

Ra={X € B(H;1,Hsa):|| B XA™" |— 0},

we prove that

R=|J{Ra: A€ A},

We also give other equivalent characterisations of the bimodule R, which gener-
alize known facts about nest algebras. Finally, we identify the maximal w*-closed
bimodules of U and prove that their intersection equals the w*-closure of R.

2. DEDDENS’ THEOREM FOR NEST ALGEBRA BIMODULES

Let H; and He be Hilbert spaces. If x € Hy and y € H; are vectors, by z ® y
will be denoted the rank one operator from H; to Hs given by (z®y)(2) = (2, y)z.
If 8 is a subspace and A and B are algebras of operators, we say that 8 is a B, A-
bimodule, if BSA C 8. We call a subspace 8 of operators reflexive, if § = {T €
B(Hy,Hz) : Tx € Sz, for every vector € H;} [13]. We recall some definitions
from [4] and [5]. A positive operator T' with spectral nest & = {E;} is said to have
a jump at a projection E, if there exists an interval (a,b) of the real line, such that
E = E, for each t € (a,b). Next, if P; and P2 are the lattices of all projections
on the Hilbert spaces H; and Ha,, respectively, we write M(P1, P2) for the set of
those mappings from P; to Py that are join-continuous and zero-preserving. As
was proved in [5], each element ¢ of M(P1,Ps) gives rise to two semi-sublattices
Ly, Lo of Py and Ps, such that L, is meet-complete and contains the identity, Lo
is join-complete and contains the zero element, and ¢ = ¢ | L1 : L1 — Lo is
an order-preserving bijection. Conversely, each order-preserving bijection between
two semi-lattices £1 and Lo with the above properties, extends uniquely to some
element ¢ of M(P1, P2). Those ¢ € M(P1, P2), for which the respective semi-lattices
are totally ordered, will be called nest mappings. Given a set 8 of operators, by
Map8 will be denoted [5] the mapping which sends a projection P to the projection
onto the subspace \/{SP : S € 8§}. As is proved in [5], this mapping belongs to
M(P1, P2). Dually, given any mapping ¢ from P; to Pa, the space Opyp is defined
as the collection of operators from H; to Hs, which map the subspace PH; of H;
into the subspace @(P)Hsy of Hy for each projection P in P;. A theorem of Erdos
[5] states that Opp = {X € B(H;y,Hz) : XP C ¢(P) for each P € L1}. Also,
a subspace 8 of operators is reflexive if and only if it is of the form § = Opy for
some mapping . Let N7 and Ny be nests on the Hilbert spaces H; and Hy and
let A = AlgN; and B = AlgN;y be the corresponding nest algbras. The following
result of Erdos and Power [7] will be of importance to us.

Theorem 2.1. Let U be a B, A-bimodule, closed in any of the weak, ultraweak,
strong or ultrastrong topologies. Then there exists a left-continuous order-preserving
mapping ¥ from N1 to No with 1(0) = 0, such that U = Opy. In fact, v = Map.
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Left-continuity is the property limgir¢(E) = ¢(limg;r E). In the present
(totally ordered) case, this notion coincides with join-continuity.

Now let A and B be positive invertible contractions on H; and Hs, respectively,
and let Ny = €4 = {E\} and No = Eg = {F\} be the corresponding spectral nests.
Let A = AlgN; and B = AlgNs. As was mentioned, by B4 p we denote the set
{X € B(H;1,Hs) : sup,, || B"XA™" ||< oo}. First we prove the following theorem.

Theorem 2.2. By g is a (reflexive) B, A—bimodule. In fact,
Bap={X€BH1,Ha): (I—-F)XE\=0, for each A,0 <\ <1}.

Proof. The proof of this theorem was inspired by the proof of Theorem 1 of [3]. We
first prove the equality of the the two sets. Let the operator X map the subspace
E\H, into the subspace F\H, for every A between zero and one. For a fixed
A, write E = By, FF = F\. Let S =aF+1—F and Tpoy = aF +1 - F
for 0 < @ < 1. We define g(o) = FXE+ (I — F)X(I — E) + aFX(I — E) for
0 <a<1. Asis easily seen, || g(0) ||<|| X || and || g(1) ||<|| X ||, so by convexity
of the norm, || g(«) ||<|| X || for each o, 0 < o < 1. But if & > 0, Sg o is invertible
(Sgh, =aE+1—E) and g(a) = TraXSgl,. So for each S and T of the form
S = SE,a,T = TF,qa, we have that | TXS™! ||<|| X ||. Because T7X S~ also maps
the projection E into F for each A, it follows by induction that

I TzoX TS0 i<l x|

for each finite set S; and T} of operators of the above form. Now we can choose
finite families {Sy} such that
115 — A

HTk—>B,

I BXA™||<] X |-

Of course this implies that
which gives

Again by induction, we obtain
| B"XA™" [|<]| X |

for eachn =1,2,....
Now let X € B4 p. We want to show that (I—Fy)XE\ = 0foreach A\,0 < A < 1.
Let A be fixed and p > A. We have

(I = F)XEx [I<[| (I = F)B™" [[[| B*XA™™ ||| A"Ex || .
Obviously || A"Ey [|[< A" and || (I — F,)B~™ ||< p~". This means that

Ao
(I = FL)XEx [I< C(;) :

where ¢ is an upper bound for the set {|| B"XA™" ||: n =1,2,...}. Letting n — oo
in the above inequality, we get
(I—-F,)XE\x=0

for each pr > A. Since E = lim, | E,, we finally obtain (I — F)\)XE\ = 0. Now,
since B4 p is weakly closed, it follows from Theorem 2.1 that it is reflexive. O
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Now let N7 and N5 be nests on the Hilbert spaces H; and Hs and let A =
AlgNy, B = AlgNy be the corresponding nest algebras. If U is a weakly closed
B, A-bimodule, then, by Theorem 2.1, U = Opv for some left-continuous mapping
1 : N1 — Na. By [5], Theorem 3.3, 1) extends to a nest mapping ¢ : P; — Po.
Let &1 and Ly be the semi-lattices corresponding to the mapping ¢ and let L,
and Lo be their completions together with the identity and the zero elements (that
is, the smallest nests, containing them). Define A; to be the set of all positive
invertible contractions A, having tll(ifollowing two properties:

(i) A has spectral nest equal to L1,

(ii) if E € Ly is such that p(E)4+ ¢ Lo, then A has a jump at E.

We recall that, for a nest N and an element L € N, L_ = \/{P e N: P < L}
and Ly = A{P € N: P> L}. Now we prove the converse of Theorem 2.2

Theorem 2.3. Let U be a weakly closed B, A-bimodule. For every operator A €
Ay, there exists a positive invertible contraction B with a spectral nest equal to
Lo, such that U= Ba p,.

Proof. We recall that U = Opy where ¢ : L1 — Lo is a bijection. Let A € A; have
spectral nest €4 = {F)}. First we define the spectral nest of B4. Let 0 < A\ < 1.
If X is such that (E))+ € Lo, then define F\ = @(EN). If ¢(Ey)+ & Lo, then, by
the defenition of the class Ay, E = E) is a jump for A. Let 7 = {\: E = E\}.
7 is an interval and since for every u, F, = lim,), F,, it is closed from the left.
Because ¢(E)+ & Lo, we have (¢(E)+)4+ = ¢(F)+ and so E = E. This obviously
means that 7 is closed also from the right, say 7 = [a,b]. If a < XA < b, we define
Fy=¢(E)) =@(E). f A=10, welet F\ = p(F)4+. {F)} is a spectral nest, so we
may define By = fol AdF)y. From the definition of {F\} it is obvious that

Opp ={X € L(H;,Hs) : (I — F\)XE, =0, 0< A< 1},
so from Theorem 2.2 it follows that U = B4 p,. O

3. SUBMODULES, THE OBJECTS R4, THE “RADICAL”

In this section, given a w*-closed nest algebra bimodule U , we define a norm
closed submodule R of U, which coincides with the radical when the two algebras
and the bimodule are equal. We characterize this object in a number of ways,
which generalize known facts about nest algebras. We identify the maximal w*-
closed sub-bimodules of the given one, and prove that their intersection coincides
with the w*-closure of R.

Definition 3.1. Let 7 be a toplology on B(H;,Hs),U a 7-closed B, .A-bimodule
and 8§ C U, 8§ # U a 7-closed sub-bimodule. § will be called a maximal 7-closed
sub-bimodule of U, if the only 7-closed sub-bimodule properly containing 8 is U.

Now let L1 be a meet-complete totally ordered set containing the identity, let
L2 be a join-complete totally ordered set containing the zero element and let ¢ :
L1 — Lo be an order-preserving bijection. Let N1 = L1, Ny = Lo, A = AlgN;
and B = AlgN,. We will denote by 1 : Lo — L7 the inverse of ¢; let U= Opep.
The following characterization of the rank one operators in U, which is a part of
Lemma 6.3 from [5], will be of importance to us.
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Lemma 3.2. Let R =2x®y be a rank one operator in U and let E be the mazimal
element of Ny with y € E+. Then

xe{ p(Ey) if E# Ey,
p(E)+ if E=Ey.

Conversely, if the vectors x and y satisfy the above condition for an E € Ny, then
the operator R = x ® y belongs to U.

Now let 8§ be a w*-closed B, A-sub-bimodule of U. By Theorem 2.1, § = Opy,
where x is a left-continuous, order-preserving mapping from N7 to No. Moreover,
X = Map8. Because 8§ C U, it follows that xy < . If 9 is a mapping from the class
M(P1,P2), by L1(¥) and Lo(1)) we will denote the semi-lattices corresponding to
it. The next theorem identifies the maximal w*-closed sub-bimodules of U.

Theorem 3.3. Let § C U be a mazimal w*-closed B, A-sub-bimodule of U. Then
there exists P € L1 with ¢(P) # ¢(P)_ such that if x : N1 — Na is the mapping
_ [ eN)  if N#P,
wn={ 20 inih
then 8 = Opx. Conversely, if a mapping x has the above form, then the bimodule
8 = Opx is a mazimal w*-closed B, A-sub-bimodule of U.

Proof. Let us first note that because ¢(P)_ € Lo (Ly is closed with respect to
unions), and ¢ is a bijection, ¢(P) # ¢(P)_ implies that P # P_ € L.

Step 1. We prove that each bimodule of the form § = Opy, where x is as in
the theorem, is a maximal w*-closed sub-bimodule of U. Let us note that y is
left-continuous, and so by Theorem 4.4 of [5], MapOpx=yx. We show that 8§ # U.
Let y ¢ PoP_and x € o(P)© ¢o(P)_-. Then R = 2@y € Opp = U. If
Py =V{Q € Li(x) : y € Q*}, then Py < P_. Because P € L;(x) and P # P_,
from Lemma 3.2 it follows that, in order for R to belong to Opy it is necessary
that € x(P) = ¢(P)—, which does not happen. So R & Opy, and 8 # U.

Now let § € J C U, § = Opyxo for some xg : Ny — Nz, which is order-
preserving and left-continuous. If xo(P) < ¢(P), then xo(P) < x(P) and so J C 8.
If xo(P) = ¢(P), then J = U. (Indeed, if T' € U, we have that (I — xo(P))TP =0
from the identity xo(P) = @(P) and (I — xo(F))TE = 0 for E # P because for
such E, ¢(E) = x(E) = MapOpx(E) < MapOpxo(E) = xo(E) < ¢(FE), which of
course means that xo(E) = ¢(F).)

So we proved that there is no J between § and U and this, together with the
fact that 8§ # U, implies that 8§ is maximal. We will denote by Sp the maximal
sub-bimodule which corresponds to a projection P with the stated properties.

Step 2. Let 8 be a submodule of U and let § = Opy for some order-preserving,
left-continuous mapping x : Ny — No and suppose that there exists P € L; with
X(P) < ¢(P)—. We show that then § is not maximal. We choose @ € L2 such that
X(P) < Q < ¢(P)_ and define two mappings x1, x2 : N1 — Ny as follows:

(P)_ it E=P,
Xl(E)z{i(E) if E 4 P,

Q ifE=P
XQ(E):{ o(E) if E+P.

If 81 = Ole and 82 = OpXQ, then 8 - 82 - 81 - U. We show that 82 7é 81 7é u.
For this, choose y € P& P_, 1 € ¢o(P) © ¢(P)_ and 25 € p(P)_ © Q. Using

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1776 I. TODOROV

Lemma 3.2, it is not difficult to show that x; ® y is in U but not in 8§; and 22 ® y
is in 81 but not in 8. Thus, § is not maximal and we have that ¢(P)_ < x(P) for
each P € L;.

Step 3. We prove that if 8 = Opy is maximal, then there are no more than one

P € Ny such that x(P) = ¢(P)— # ¢(P). Indeed, if there exist Py # P, with this
property, then, if 8; = Sp, for i = 1,2, then 8 C 815 % 8p, N Sp,. It is easy to
check that 812 # Sp, # U, which is a contradiction. So there exists exactly one
P € Ly such that x(P) = ¢(P)_ # ¢(P). This finishes the proof. O

Definition 3.4. A projection P € L, with the properties cited in the above the-
orem will be called a gap projection. We recall that the maximal w*-closed
sub-bimodule, corresponding to a gap projection P will be denoted by 8p.

Now we introduce some notions and objects, which will turn out to play the
role of the radical in the case when the two algebras and the bimodule over them
coincide. Let F be the class of all finite subnests {E;}_, of N (we call them finite
partitions). We define the set

R={T eU:Ve>03IH{E;}}, € F with || Ap(E;)TAE; |<e,1<i<n},

where AE; = E; — E;_1, Ap(E;) = ¢(E;) — ¢(E;—1). Note that we use a condition
analogous to the Ringrose condition [12]. It is obvious that R is a norm closed
bimodule over B and A. If A € A; and B4 is the corresponding operator found in
Theorem 2.3, we set

Ra={XelU:| BiXA™ ||—, 0}.
It is easy to see that R4 is also a norm closed B, A-bimodule. Let
Ry = {RA c A E.Al},

the closure being taken in the norm topology. As in [3], we define for F, G € Ny, F' <
G,

LF)GZ{X€3(3‘C1,3‘C2):@(F)X(I—G)ZX}, LFZLF,F

It is easy to check that Lrp ¢ C U and that Lp ¢ is a norm closed B, A-bimodule.
The following lemma is a simple generalization of Lemma 7 in [3].

Lemma 3.5. (i) If A € A1 and A has a jump at E, then Lg C Ry;
(i) If Ae Ay and F < G, then Lpa C Ra.

Proof. (i) Let {E\} and and {F\} be the spectral nests of A and B, respectively.
If E\ = F for X\ € (a,b), then certainly F\ = ¢(F) for A € (a,b) and so if X € Lg,
| B"@(E) ||=[| B"Fu [|< a™ and || (I = E)A™" |[< 57", s0

n —n a n
I B*(E)X (I - E)A™" ||< (3)" | X || = 0.
The proof of (ii) is analogous. O

Proposition 3.6. If R € R, then J 2 Jimg St o(F)RAE; (where the limit is
taken over all finite partitions P of N1 and E;—1 < F; < E;,) exists and J = R.

Proof. A proof for the case N3 = Ny is given in Theorem 6 in [8]. For R € R,
the upper integral U(R) M imgp S @(E;)RAE; exists and equals R because for

each partition P, each member of the above sum is equal to R. Furthermore,

1Y @(F)RAE; — R |<| Y (¢(Fi) — ¢(Ei—1))RAE; || + || Y Ap(E;)RAE; |
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and the sums on the right hand side can be made arbitrarily small because R €
R. O

The first relationship we prove between R and Ry is the following:
Lemma 3.7. R C Ry.

Proof. For a partition P = {E;}7, of Ny we define L(X : P) = >"" | o(E;—1)XAE;.
If X € R, then, from Proposition 3.6 it follows that X = limp L(X : P). Each
L(X : P) is in the span of {Lg,,LE, , g }. In view of Lemma 3.5, it suffices to find
an operator in A; which has a jump at every E;,7 = 1,2, .... One such operator is
Ay = AT, (I — LE;), where A is an arbitrary operator in A; [3]. O

We recall that U = Opy, where ¢ : L1 — Lo is an order-preserving bijection
between the semi-lattices £1 and Ls, L1 closed with respect to the intersections
and containing the identity, Lo closed with respect to the unions and containing
the zero element. Let v : Lo — Ly is its inverse. We define

V=0py={Y € L(Hz,H1): (I —¢(F))YF =0, for each F € L3}.
Obviously V is a w*-closed B, A-bimodule. We define also
ynil(U) = {X € U: YX is quasinilpotent for each Y € V}.
We note that Y X is an element of the algebra A. Using the fact that for a Banach
algebra C
{D € € : CD is quasinilpotent for each C € €} =
{D € C: DC is quasinilpotent for each C' € C}(=radC),

one can easily verify that ynil(U) is a w*-closed B, A-bimodule.
Our next step to Theorem 3.10 is the following:

Lemma 3.8. Ry C ynil(U).

Proof. Because ynil(U) is closed in the norm topology, it suffices to show that
Ra C ynil(U) for each A € Ay. So let A € A; and B = By be its corresponding
operator arising from Theorem 2.3. Pick an X € U with || B*X A" ||— 0. From
Erdos’ work [3] it follows that in order to prove that Y X is quasinilpotent for each
Y €V, it suffices to show that, for each Y € V, || A*(YX)A™" || tends to zero as
n tends to infinity. We have

(1) | A" (Y X)A" ||<|| AY B ||| BPX A" |
As can be easily checked,
V={Y € B(Hz,H;1): I —E\)XF\=0, 0< XA <1}.
From Theorem 2.2, it follows that
V={Y:| A"YB™" | is bounded for n =1,2...}.

Now, because the first member of the product on the right is bounded and the
second one tends to zero, it follows that the product tends to zero. O

We recall now some well known facts (see, for example, [1]). Let C*(Ny) be the
C*-algebra, generated by the projections of the nest N; and My, , be its maximal

ideal space. As it is known, My, is homeomorphic to Hom(N1, 2), the space of

all order-preserving functions from Nj to 2 def {0,1} and the homeomorphism is

given by the restriction of each element of My, to {Px : N € Nj}. For each

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1778 I. TODOROV

a €My, let Eg ={E =P —Py: P, P, € Ni,a(F) = 1}. We define the seminorm
| T ||o=inf{]| ¢(E)TE ||: E € £,} and we let I, = {X € U: || X ||o= 0} be its
kernel. The following result will be of importance to us.

Lemma 3.9. Let T € U, a € My,. There exists C € V, || C ||< 1, such that
| (CTY" |la = || T ||, for each n=1,2,....

Proof. A simple generalization of Lemma 6.5 from [1]. O

Now we can formulate and easily prove the following theorem, which shows the
connection between the objects we have been introducing. If a mapping v is defined
on anest L and E = P, — P, with P, P, € L, we set ¢(E) = ¢(P1) — ¢(Pe).

Theorem 3.10. The following are equivalent for an X € U:
(1) X € ynil(U);
(i) X eN{Ia: € My, };
(iii) X € R;
(iV) X € Ro.
Proof. The direction (iii)=-(iv) is Lemma 3.7 and the direction (iv)=-(i) is Lemma
3.8.

(i)=(ii). If || X ||o> O for some a € Mxy;,, then from Lemma 3.9 it follows that
there exists C' € V, such that C'X is not quasinilpotent.

(if)=-(iii). Let X be such that || X ||o= 0 for each & € My;,. Then for every e > 0
there exists E, € €,, such that || o(E,)X Eqy ||< €. The family {Og, : a € Muy;, },
where Op = {¢p € My, : E € &} = {¢ : ¥(N1) > 3 > (N2)}, is an open
cover for My, ; because My, is compact, it follows that there is a finite subcover,
say {Op, }™ ;. Now if P is a partition of N7 with endpoints the endpoints of E,,
n=1,2,...,m, then P satisfies the Ringrose condition for X. O

The last theorem will enable us to characterize the intersection of the maximal
w*-closed sub-bimodules of a given module (Theorem 3.14), which is the main result
of this section. Let

T = m{S : a maximal w*-closed sub-bimodule of U}.
First we establish the following:

Lemma 3.11. Let A € Ay and 8 be a maximal w*-closed sub-bimodule of U. Then
R4 CS8.

Proof. In view of Theorem 3.3, § is of the form 8§ = §p, for some gap projection
P € Ny. Let P_ = E\,,P = E)\, where {E,} is the spectral nest of A. If {F;} is
the spectral nest of B = B4, then obviously F,, = F, = ¢(P)_ for each p with
Ao < i < A. Hence, we have for X € R4 and p between g and A,

| (I =@(P-))XP ||=|| (I = Fx))XEx [|=]| (I - F.)XE\ ||
—n n —n n A n
<| (= E)B™" ||| B"XA™" ||| A"Ex ||< (;) Cns

where ¢, =|| B"XA™" |— 0. If ng is such that 1+ n%) < /\io < 1+ L5, we define

no

tn =AM (1+ 1) (ie. % =1+ 1), for n > ng. But then (ﬂi)”cn — 0 as n tends

n

to infinity, and hence, (I — ¢(P-))X P = 0, which means that X € 8. |
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Corollary 3.12. R CcT.
Proof. Immediate from the definition of T and Theorem 3.10. O

Our last theorem establishes the equality between the two objects of the last
corollary. Let us first note that each (one- or two-sided) nest algebra bimodule
8 is w*-generated by the operators of rank one contained in it, in the sense that
8 =Ri(8) " where R1(8) is the subspace of § spanned by its rank one operators.
This is a consequence of the same fact about nest algebras [4]. We need a little

lemma, whose proof is a simple generalization of the proof of Lemma 3.5 of [1].

Lemma 3.13. Let ¢ be a nest mapping and K be a compact operator in Op .
Given € > 0, there is a partition {E;}i_, of L1(p) so that for each i = 1,2,...,s
either E; is an atom or || p(E;)KE; ||< e.

Theorem 3.14. T=R"".

Proof. It remains only to establish the inclusion T C R, Because T is w*-closed,
according to the note above, it suffices to show that each operator of rank one in T
belongs to R. By Theorem 3.3, T is of the form T = Opy, where

X(P) = o(P)-.
As was mentioned in the beginning of Theorem 3.3, p(P) # ¢(P)_ implies P # P_.
So every compact operator 1" in T satisfies the Ringrose condition. Indeed, given
an € > 0, let {E;} be the partition obtained in Lemma 3.13. If F; is not an atom,
then || o(E;)TE; ||[< € and if E; is an atom, ¢(E;)TE; = 0. So T belongs to R. O

Corollziry 3.15. The bimodule U has a maximal w*-closed sub-bimodule if and
only if R # U.

Proof. Immediate from Theorem 3.14. O

Concluding remark. After the first draft of this paper was completed, we learned
that Theorem 2.2 and a weaker version of the Theorem 2.3 were previously proved
by Marculescu [10]. The author wishes to thank Dr. J.A. Erdos for providing this
information.
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