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Abstract. An operator, not necessarily linear, will be called a Carleman op-
erator if the image of the positive elements in the unit ball are bounded in
the universal completion of the range space. For certain Banach lattices, a
class of (not necessarily linear) Carleman operators is characterized in terms
of an integral representation and in a more general setting as operators satis-
fying a pointwise finiteness condition. These operators though not linear are
orthogonally additive and monotone.

The notion of a Carleman operator from a normed space into a Riesz space was
formulated by Grobler and van Eldik [4]. Namely, a linear map T from E into
F is a Carleman operator if the image of the unit ball under T is order bounded
in the universal completion of F . For a general operator T , we define T to be a
Carleman operator if the image of the positive elements in the unit ball are order
bounded in the universal completion of F . In this note, a class of operators that
are orthogonally additive, monotone, and satisfy a condition with respect to scalar
multiplication is considered. We provide a characterization of a Carleman operator
among the continuous operators in this class as a type of integral operator (Theo-
rem 1) and in Theorem 2, we provide a characterization of a Carleman operator for
operators satisfying a translation property. In the absence of a measure, Theorem
3 provides a characterization of Carleman operators in terms of the finiteness con-
dition. For linear Carleman operators, characterizations have been provided by the
author in [3]. Orthogonally additive operators have been considered in a variety of
settings, including several papers by Mazón and De León analyzing order bounded
orthogonally additive operators (e.g., see [2], and [5]).

Preliminaries

We will assume that the Banach lattice E is representable in the sense of Schaefer
[6], that is, there exists a locally compact topological space X with the property
that E is Riesz isomorphic to an ideal in C∞(X), all the continuous extended real-
valued functions (range [−∞,∞]), each finite on a dense subset of X . We will
study those Banach lattices with quasi-interior points and thus representable on a
compact space X . Specifically, e in E is a quasi-interior point if the order ideal
generated by e is dense in E. The ideal generated by e is then identified with
C(X), the continuous real-valued functions on a compact space X . Here, the space
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X can be viewed as the lattice homomorphisms on the order ideal generated by e
together with the product topology. An element f in the ideal is now identified
with a continuous function f̂ on X by defining f̂(x) = x(f) for each homomorphism
x in X . Now, any element f in E can be identified with an element of C∞(X),
the continuous extended real-valued functions (i.e., range [−∞,∞]), each finite
on a dense subset of X (technically, the homomorphisms may be identified with
valuations to facilitate the mapping). As needed, we will identify elements in E with
their representation in C∞(X). For a Banach lattice F , we identify its universal
completion with C∞(Y ), where Y is compact and extremally disconnected (e.g.,
see [1]). Recall that a Riesz space is said to be universally complete if it is both
Dedekind complete and laterally complete (a Riesz space is laterally complete if
the supremum of each collection of disjoint positive elements exists).

We will be concerned with several properties of not necessarily linear operators
T between Banach lattices E and F and their behavior with respect to positive
elements. Throughout this paper, we will assume T (0) = 0 (if T doesn’t take zero
to zero, we can consider T −T (0)). Since we will be restricting to positive elements
(f ≥ 0), we will say that T is orthogonally additive if T (f + g) = Tf + Tg for f
and g positive and orthogonal (i.e., f ∧ g = 0), and T is monotone if Tf ≤ Tg
whenever 0 ≤ f ≤ g. In addition, we will consider the following condition: T will
be called subhomogeneous if for each positive scalar α, there are positive constants
m(α) and M(α) with m(α) unbounded such that for each f ≥ 0 in E,

m(α)Tf ≤ T (αf) ≤ M(α)T (f).

In general, many of the operators called substitution or Nemystskii operators are
orthogonally additive, monotone and subhomogeneous. We recall that an operator
T is a substitution operator from one space of real-valued functions on a measure
space X to another if for each f in the domain of T and for x in X , the image
Tf(x) = h(x, f(x)) where for almost all x the function h(x, ) is continuous on the
reals. Specifically, consider T on L2 defined by

Tf(x) =

{
f(x) if x 6∈ f−1([1, 2]),
1 if x ∈ f−1([1, 2]),

or similar variations, and modifications of T such as f(x) in the top line re-
placed with an appropriate shift to f(ϕ(x)) for a map ϕ from X to X . Other
examples would include S from Lp to L1 defined by Sf(x) = f(x)p. Now the
Hammerstein operators associated with these substitution operators, i.e., Lf(y) =∫

k(y, x)h(x, f(x)) dµ with positive kernel k, are also often orthogonally additive,
monotone and subhomogeneous, for example, A from Lp to the reals defined by
Af =

∫
fp.

As noted above, T (not necessarily linear) from E to F will be called a Carleman
operator if the image of the positive elements in the unit ball are order bounded in
the universal completion of F .

Characterizations of the nonlinear Carleman operator

We begin with a preliminary lemma on continuity. We note that the unbounded
condition for m(α) is needed for the following Lemma. Indeed, ϕ from R to R
defined by ϕ(r) = 0 for r ≤ 0 and ϕ(r) = r + 1 for r > 0 fails to be continuous at
zero. With the unbounded assumption, we establish the following:
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Lemma 1. If T is an orthogonally additive, monotone, subhomogeneous operator
from a Banach lattice E to a normed lattice F , then T restricted to a map from the
positive elements in E to F is continuous at zero.

Proof. Given T and the function m, for any ε > 0 and natural number n, there is an
α > 0 with the property that m(α) exceeds n/ε since m is unbounded. Assume T
is not continuous. Then there exists an ε > 0 so that for each n, there is a positive
element gn in the ball of radius 1/(n2α) in E with ‖T (gn)‖ ≥ ε. Setting fn = αgn,
we have

∑
fn converges and T (

∑
fn) ≥ T (fn) by the monotone property. Now

T (fn) ≥ m(α)T (gn) and in turn ‖T (fn)‖ ≥ (n/ε)ε, a contradiction.

It may be the case that T is an orthogonally additive, monotone, subhomoge-
neous operator and T is not continuous everywhere. For example consider T from
the reals to itself with T (r) = r for r ≤ 1 and T (r) = r + 1 for r > 1. As a
consequence of this Lemma, it is of interest to note that any orthogonally additive,
monotone, subhomogeneous operator from E into a space C(K) for K compact is
a Carleman operator. Here, T would map E into C(K) with the uniform norm
topology and hence would be continuous. Thus the image of the positive elements
in the unit ball would be order bounded.

We will say that a function k defined on a subset of Y × R × X satisfies the
∗ conditions with respect to measure µ on X , if for f and g in E and each y in a
dense subset depending on f , g, and αf , the function k(y, f(x), x) is measurable
on X and satisfies (i) k(y, f(x), x) = 0 for almost all x in {x : f(x) = 0} (i.e.,
µ({x : k(y, f(x), x) 6= 0} ∩ {x : f(x) = 0}) = 0), (ii) k(y, f(x), x) ≤ k(y, g(x), x)
almost everywhere whenever f ≤ g and (iii) for each positive α, there are pos-
itive constants m(α) with m unbounded and M(α) so that m(α)k(y, f(x), x) ≤
k(y, αf, x) ≤ M(α)k(y, f(x), x) almost everywhere). We now provide a character-
ization for the Carleman operator when the range space F is complete. Examples
of operators satisfying condition (1) or (2) of the following theorem include the
composition of substitution operators such as T or S described above with linear
Carleman kernels (note, A above is such an operator).

Theorem 1. Let E be a Banach lattice with quasi-interior point, having an order
continuous norm, admitting a strictly positive linear functional, and representable
in the sense of Schaefer on a compact space X. Let F be a Banach lattice with
order continuous norm identified with functions on Y , where C∞(Y ) corresponds
to the universal completion of F . For T a continuous map from E to F and µ the
measure associated with the strictly positive functional on E restricted to C(X), the
following two conditions are equivalent :

(1) T is an orthogonally additive, monotone, and subhomogeneous Carleman
operator.

(2) There is a function k satisfying the ∗ conditions so that for each f ≥ 0 in E,

Tf(y) =
∫

k(y, f(x), x) dµ

for each y in a dense subset of Y (depending on f). Further, there exists a dense
open subset O of Y so that Tf(y) is finite for all f ≥ 0 in E and all y in O.

Proof. We first assume that (1) is satisfied. Then the image of the positive elements
in the unit ball are contained in an interval [0, g] and we let O be the set of points
in Y where g is finite. We will verify that for y in O, there exists a function
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k(y, , ) on a subset of R ×X corresponding to T via an integral. First we define
υy(A) = (y ◦ T )(χA) for each set A open and closed in X . Recall that X is
extremally disconnected since E is Dedekind complete. If there exists a disjoint
countable union of sets {Ai}, each open and closed with union equal to a set A
also open and closed, then fn =

∑n
i=1 χAi will have supremum χA, and by order

continuity will converge in norm to χA. Writing χA as (χA−fn)+fn, the orthogonal
additivity T and the previous lemma (stating y◦T is continuous at zero) imply that∑

υy(Ai) = υy(A), and thus υy generates a measure on the σ-algebra generated by
the sets both open and closed. Note each function in E is measurable with respect
to υy and υy is a Baire measure.

We next verify that υy is absolutely continuous with respect to µ. Given µ(A) =
0, let K be a compact Gδ subset of A. Choose a decreasing sequence of functions
(fi) with fi ≥ χK and pointwise infimum χK . Since

∫
fi dµ converges to µ(K), it

follows that
∧

fi = 0. Since the norm is order continuous, ‖fi‖ → 0 and in turn
y ◦ T (fi) → 0 by the continuity of y ◦ T at zero. Thus, υy(K) = 0 and υy(A) = 0.

Now for each positive real number λ ≥ 0, we define υλ
y (A) = (y ◦ T )(λχA)

for the sets which are both open and closed, and extend as above. Arguing as
above, υλ

y � µ and thus we can write υλ
y (A) =

∫
k(y, λ, x)χA dµ for each open

and closed set A. We also write υλ
y (A) =

∫
k(y, λχA, x) dµ with the understand-

ing that k(y, λχA(x), x) = 0 for x not in A and identify k(y, λχA + βχB, x) with
k(y, λχA, x) + k(y, βχB, x). Since T is orthogonally additive, if {Ai} is a finite
collection of pairwise disjoint open and closed sets, then∫

k
(
y,

∑
λiχAi , x

)
dµ =

∑ ∫
k(y, λiχAi , x) dµ

=
∑

(y ◦ T )λiχAi = y ◦ T
(∑

λiχAi

)
.

For f ≥ 0 in E (as a function on X), we choose a set of functions {pn} such
that {pn} is monotone increasing with supremum f and each pn is of the form∑

λiχi, for a finite sum where χi is the characteristic function of disjoint open
and closed sets Ai. The sets Ai may be chosen as the closure of open sets such as
{x : α < f(x) < β} or {x : f(x) = α}◦; here, λi = α (the superscript “◦” denotes
the interior). Now {pn} converges to f in norm since the norm is order continuous.

We will verify that y ◦ T (pn) converges to y ◦ T (f) for y in a dense subset
Ô of O. Although T is continuous, the point evaluation at y is in general not
continuous (it is continuous on C(X) with respect to the supremum norm). Since
(pn) converges to f , the sequence (T (pn)) increases and by continuity of T converges
to T (f). For any open set G in O, there is a point x with (Tf(x) − Tpm(x)) < 1
for m sufficiently large. Otherwise, Tf − χK for some open and closed set K in
G would be greater than or equal to all T (pn) and be less than or equal to T (f),
contradicting the convergence of T (pn) to T (f). For subsequent arguments, given a
second function g, we can choose within {x : (Tf(x)−Tpm(x)) < 1} a point x̂ with
(Tg(x̂)−Tqn(x̂)) < 1 for approximating functions {qn}. Thus, (Tf(x)−Tpm(x)) <
1 and (Tg(x) − Tqn(x)) < 1 for all x in a compact set K1, which is the closure
of an open set. Continuing inductively, there exist nested compact sets Kn with
(Tf(x)− Tpm(x)) < 1/n and (Tg(x)− Tqm(x)) < 1/n for sufficiently large m and
all x in Kn. It follows that T (pn) converges pointwise to T (f) for all points in⋂

Kn, establishing that y ◦ T (pn) converges to y ◦ T (f) for y in a dense subset Ô
of O and a corresponding convergence for g.
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We next show that {k(y, pn, x)} is an increasing almost everywhere collection of
measurable functions. We first verify that if A is a measurable subset of X with
empty interior, then µ(A) = 0. For D a compact Gδ subset of A, we again choose a
decreasing sequence of functions (fi) with fi ≥ χD and pointwise infimum χD. Now∧

fi is less than or equal to χD and so
∧

fi is equal to zero. Hence, (fi) converges
to zero and, consequently, (

∫
fi dµ) converges to zero. Thus µ(D) and µ(A) are

equal to zero. Let Q denote the set of points where k(y, pn, x) is greater than
k(y, pn+1, x) and assume that K denotes a compact Gδ subset of Q with positive
measure. Note that k(y, λχA, x)χB = k(y, λχA∩B +λχA\B, x)χB = k(y, λχAχB, x)
almost everywhere for open and closed sets A and B. It follows that K◦ has positive
measure and∫

k(y, pn, x)χK◦ dµ =
∫

k(y, pnχK◦ , x) dµ >

∫
k(y, pn+1χK◦ , x) dµ

or

y ◦ T (pnχK◦) > y ◦ T (pn+1χK◦)

which contradicts the monotonicity of T . Thus K and in turn Q have measure zero.
Now we define for each y, k(y, f, x) as the pointwise supremum of k(y, pn(x), x).

It follows from the Monotone Convergence Theorem and the pointwise convergence
established above for Ô that

∫
k(y, f(x), x) dµ = y ◦ T (f) for each y in Ô. For the

∗ conditions, (i) follows from the definition of k. Note that if condition (ii) were not
satisfied for Ô, then the monotonicity of T would fail for functions fχK and gχK

with the appropriate choice of K. Note that if condition (iii) were not satisfied, then
the subhomogeneous condition would fail for some function fχK . The finiteness
condition for the set O is a consequence of the subhomogeneous condition (and that
the image of the positive elements in the unit ball are contained in [0, g]).

For the converse, assume that condition (2) is satisfied. Then T is orthogonally
additive, monotone, and subhomogeneous. Now y ◦ T for y in O is continuous at
zero (by the Lemma). Let B+ denote the positive elements in the unit ball of E
and let Gn for each natural number n denote the union of all open sets U such that
T (B+)(U) ⊂ [0, n]. We first verify that G =

⋃∞
n=1 Gn is dense in Y . If not, there

exists an open set V in O disjoint from G. Let En = {y ∈ V : T (B+)(y) ⊂ [0, n]}.
The continuity of y ◦ T at zero and the subhomogeneous condition imply that the
union of the sets En is equal to V . Each En is closed in V as it is an intersection
of closed sets (Tf)−1([0, n]) ∩ V . Since V is locally compact, the Baire Category
Theorem implies that at least one En contains an open set which contradicts the
fact that V and G are disjoint. Now G is dense and Gm is open and closed (Y is
extremally disconnected) so that χ1 = χG1

, the characteristic function of G1 and
inductively, χm = χGm\Gm−1

for m > 1 are continuous. Thus, T (B+) ⊂ [0, g] for
g =

∨
m mχm establishing that T is a Carleman operator. (Note that the value of

g on the complement of
⋃

Gm is infinite since a net from this set convergent to a
point in the complement must eventually be outside each fixed Gm where the value
of g is greater than m.)

We can provide a characterization similar to Theorem 1 without the continuity
assumption on T by substituting a pointwise translation property. We will say that
T satisfies the translation property on Y if (T (f − gn)(y)) → 0 for a point y implies
that (T (gn)(y)) → T (f)(y). In Theorem 2 the dense open set is not dependent on
the function.
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Theorem 2. Let E be a Banach lattice with quasi-interior point, having an order
continuous norm, admitting a strictly positive linear functional, and representable
in the sense of Schaefer on X, a compact space. Let F be a Banach lattice with
order continuous norm identified with functions on Y , where C∞(Y ) corresponds
to the universal completion of F . Let T be a map from E to F which satisfies the
translation property on Y . For µ the measure associated with the strictly positive
functional on E restricted to C(X), the following two conditions are equivalent :

(1) T is an orthogonally additive, monotone, and subhomogeneous Carleman
operator.

(2) There is a function k satisfying the ∗ conditions and an open dense subset O
of Y so that for each y in O and f ≥ 0 in E,

Tf(y) =
∫

k(y, f(x), x) dµ < ∞.

Proof. We first assume that (1) is satisfied. Proceeding as in the proof of Theorem
1, we again consider the sequence {pn} which converges to f . It follows from Lemma
1 that T (f − pn)(y) → 0 for each y in O (O is as described in Theorem 1). Now
the translation property implies that (y ◦ T (pn)) converges to y ◦ T (f) for all y in
O (we need not verify convergence for the subset Ô). Condition (2) now follows as
in the proof of Theorem 1. The proof of (2) implies (1) is again as in the proof of
Theorem 1.

In the absence of a measure and without the assumption of either continuity or
the translation property, we can establish the following.

Theorem 3. Let T be an orthogonally additive, monotone, subhomogeneous opera-
tor from a Banach lattice into a Banach lattice F . Let F be identified with C∞(Y ),
the universal completion of F . The following conditions are equivalent :

(1) T is a Carleman operator.
(2) There exists a dense open subset O of Y with the property that if fn ≥ 0 and

(fn) converges to zero in E, then (T (fn)(y)) converges to zero for each y in O.
(3) There exists a dense open subset O of Y with the property that Tf(y) is finite

for each f ≥ 0 in E and y in O.

Proof. Given that (1) is satisfied, Lemma 1 establishes the continuity of y ◦ T
at zero for y in the set O as in the proof of Theorem 1. For (2) implies (3),
the subhomogeneous condition implies that finiteness. Arguing as in the proof of
Theorem 1 establishes (3) implies (1).

It would be of interest to understand the behavior of Carleman operators defined
without the restriction to positive elements. In the present development the value
of the operator on negative elements is arbitrary.
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