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NOTE ON HEATH-BROWN’S ESTIMATE
FOR HEILBRONN’S EXPONENTIAL SUM
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(Communicated by David E. Rohrlich)

Abstract. We show that Sh(a) =
∑p

n=1 e(anhp

p2 ) � (h, p − 1)p11/12, which

generalizes Heath-Brown’s estimate for Heilbronn’s exponential sum S1(a).
We also give a simple proof of a crucial lemma in Heath-Brown’s work.

1. Introduction

Let p be a prime, and set e(x) = exp(2πix). Write

Sh(a) =
p∑

n=1

e(
anhp

p2
),(1)

where h ≥ 1 and a is any integer coprime to p. It is a long-standing problem to
show that Heilbronn’s exponential sum S1(a) = o(p) as p → ∞ (cf. Odoni [2]).
Recently Heath-Brown [1] proved, by an ingenious version of Stepanov’s method,
that S1(a) � p11/12 uniformly in a. In correspondence with D. R. Heath-Brown,
he pointed out to me that, when h is a fixed positive integer, one can get exactly
the same bound for the sum (1), since Lemma 1 of [1] still holds. Heath-Brown has
provided me a proof of this. In fact, his argument leads to the following lemma
with (h, p− 1)5/4 instead of (h, p− 1) in (2) below.

Lemma A. Let

f(x) = x +
x2

2
+

x3

3
+ · · ·+ xp−1

p− 1
∈ Zp[x],

and let

Sr = {k ∈ Zp − {0, 1} : f(k) = r},

Nr = #Sr.

Then there is a value of r for which

Sh(a) � (h, p− 1)p3/4N1/4
r .(2)
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This together with the estimate ([1, Lemma 4])

Nr � p2/3 uniformly in r(3)

gives at once

Theorem. If p - a, then Sh(a) � (h, p− 1)p11/12, uniformly in a.

To prove (3), Heath-Brown used ideas of Stepanov [3] and constructed an auxil-
iary polynomial which vanishes to high order at the points of interest. As is usual
in such arguments, it is important to show that the auxiliary polynomial does not
vanish identically. Lemma 3 of Heath-Brown [1] serves this purpose. However, the
proof of Lemma 3 given in [1] is somewhat difficult and complicated. We take this
opportunity to record a simple proof of it in the following more general formulation,
which is crucial to our argument.

Lemma B. Suppose that g0(x), · · · , gn(x) are polynomials in Zp[x], gn(x) does not
vanish identically, with deg gi(x) ≤ ki (0 ≤ i ≤ n), where n and ki are non-negative
integers satisfying k0 ≥ k1 ≥ · · · ≥ kn and m = k0 + k1 + · · ·+ kn < p− n. Then

Fn(x) =
n∑

i=0

gi(x)f i(x)

satisfies xm+n+1 - Fn(x).

2. Proof of Lemma A

Lemma A can be proved by modifying the argument of [1, Lemma 1]. Let

S′
h(a) =

p−1∑
n=1

e(
anhp

p2
),

so that Sh(a) = 1 + S′
h(a). Note that if m ≡ n (mod p), then mp ≡ np (mod p2),

and that the values assumed by nh(mod p) are the same as the values assumed by
nd(mod p), where d = (h, p−1). Thus S′

h(a) = S′
d(a), so that we may suppose that

h|(p− 1).
Since the number of solutions of nh ≡ y (mod p) can be expressed as 1+

∑
χ χ(y),

where the summation is extended over the Dirichlet characters χ (mod p) satisfying
χh = χ0 and χ 6= χ0 (note that there are exactly h− 1 such characters). Hence

S′
h(a) = S′

1(a) +
∑

χ

p−1∑
y=1

χ(y)e(
ayp

p2
) = S′

1(a) +
∑

χ

S(a, χ),(4)

say. Then, by using the argument of Lemma 1 of [1], we have

|S(a, χ)|2 = (p− 1) +
p−1∑
b=1

p−1∑
k=2

χ(kb)χ((k − 1)b)e
(

abp(kp − (k − 1)p)
p2

)
= (p− 1) +

∑
k

χ(k)χ(k − 1)S′
1(a(1 − pf(k)))

≤ p− 1 +
∑

k

|S′
1(a(1 − pf(k)))|

= (p− 1) +
p∑

r=1

Nr|S′
1(a(1 − pr))|,
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and so

|S(a, χ)|4 � p2 + {
p∑

r=1

N2
r }{

p∑
r=1

|S′
1(a(1 − pr))|2}

� p3 max
r

Nr.

The lemma now follows from (4), Lemma 1 of [1] and Hölder’s inequality easily.

3. Proof of Lemma B

We proceed by induction on n. When n = 0, the result is trivial. For n > 0
we suppose that Lemma B is true with n replaced by l (0 ≤ l < n). Now we use
induction on I(Fn(x)) = k0+k1+· · ·+kn. When I(Fn(x)) = 0, the gi(x) (0 ≤ i ≤ n)
are all constants. Since x = 0 is a simple root of f(x), it follows that xn+1 - Fn(x).
Suppose that the result has been proved when I(Fn(x)) < m, where m > 0 and
m + n < p; and, assume that there exists a polynomial Fn(x) with I(Fn(x)) = m
such that xm+n+1|Fn(x). Then xm+n|F ′

n(x). Let

F (x) =
n∑

i=1

{(x− 1)g′i−1(x) + igi(x)}f i−1(x) + (x− 1)g′n(x)fn(x).

It is easily verified that F (x) ≡ (x−1)F ′
n(x) (mod xp−1). Hence xm+n|F (x) and so

xm+n|(F (x)− rFn(x)),(5)

where r = deg gn(x). We note that, since ki−1 ≥ ki (1 ≤ i ≤ n), the polynomial
(x−1)g′i−1(x)+igi(x)−rgi−1(x) is either identically zero or its degree is not greater
than ki−1 (1 ≤ i ≤ n). Also, if (x−1)g′n(x)− rgn(x) is not identically zero, then its
degree is less than r ≤ kn. Thus I(F (x)−rFn(x)) < m, contradicting the induction
hypothesis on I(Fn(x)) by (5). Hence

(x− 1)g′n(x)− rgn(x) = 0(6)

identically. Further, by the induction hypothesis on n, we must have the identity

(x − 1)g′i−1(x) + igi(x)− rgi−1(x) = 0, 1 ≤ i ≤ n.(7)

From (6) we have gn(x) = a(x − 1)r, a 6≡ 0 (mod p). Then, it is easily seen from
(7) with i = n that an ≡ 0 (mod p), which is impossible. This completes the proof
of the lemma.

Acknowledgments

I am grateful to Dr. D. R. Heath-Brown for informing me of his unpublished
work, and for his comments on an early draft of the manuscript. I also thank the
referee for the suggestion in the revision of the paper.

References

1. D. R. Heath-Brown, An estimate for Heilbronn’s exponential sum, Analytic Number Theory,
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