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ON THE STRUCTURE OF PERIODIC MODULES
OVER TAME ALGEBRAS

ANDRZEJ SKOWROŃSKI

(Communicated by Ken Goodearl)

Abstract. We describe the structure of stable tubes in the Auslander–Reiten
quivers of tame algebras formed by indecomposable modules which do not lie
on infinite short cycles. In particular, we prove that all algebras whose module
categories have no infinite short cycles are of linear growth.

Introduction

Throughout this paper K will denote a fixed algebraically closed field. By an
algebra we mean a finite dimensional K-algebra (associative, with an identity),
which we moreover assume (without loss of generality) to be basic and connected.
Then A ' KQA/I where QA is the Gabriel quiver of A and I is an admissible
ideal in the path algebra KQA of QA. Equivalently, we will consider A as a K-
category whose class of objects is the set of vertices of QA. For an algebra A, we
denote by mod A the category of finite dimensional (over K) right A-modules, by
rad(mod A) the Jacobson radical of modA and by rad∞(mod A) the infinite radi-
cal of mod A. Recall that rad(modA) is generated by non-isomorphisms between
indecomposable objects in mod A and rad∞(mod A) is the intersection of all finite
powers radi(mod A), i ≥ 1, of rad(mod A). By an A-module we mean an object
of mod A. For a vertex i of QA, we denote by SA(i) the simple A-module given
by i, and by PA(i) (respectively, IA(i)) the projective cover (respectively, injec-
tive envelope) of SA(i) in mod A. Moreover, we denote by D the standard duality
HomK(−, K) on mod A.

We shall denote by ΓA the Auslander–Reiten quiver of A and by D Tr and
TrD the Auslander–Reiten translations in ΓA. We do not distinguish between
an indecomposable A-module and the vertex of ΓA corresponding to it. By a
component of ΓA is meant a connected component of ΓA. The support algebra
supp C of a component C of ΓA is the full subcategory of A given by all objects i
such that SA(i) is a composition factor of a module in C. The annihilator annA C
of a component C of ΓA is the intersection of the annihilators of all modules from
C. A component C of ΓA is said to be sincere (respectively, faithful) if supp C = A
(respectively, annA C = 0). Clearly, any faithful component is sincere. A component
in ΓA of the form ZA∞/(τr), r ≥ 1, is said to be a stable tube (of rank r).
Therefore, a stable tube of rank r in ΓA is an infinite component consisting of
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1942 A. SKOWROŃSKI

D Tr-periodic indecomposable A-modules having period r. It is known [10] that
any stable component of ΓA containing a D Tr-periodic module is a stable tube.

A short cycle in modA is a sequence X
f−→ Y

g−→ X of non-zero maps in
rad(mod A) between indecomposable A-modules [20]. Such a short cycle is said
to be finite if f and g do not belong to rad∞(mod A), and otherwise to be infinite.
It was proved in [20], [9] that an indecomposable A-module Y lies on a short cycle
if and only if Y is the middle of a short chain Z → Y → D TrZ of non-zero maps
and Z indecomposable (the concept introduced in [2]). Indecomposable A-modules
which are not on short cycles are uniquely determined by their composition factors
[20]. Module categories without infinite short cycles have been investigated in [18],
[26], [27], [28], [30]. We note also that the module categories without any short
cycle have only finitely many pairwise non-isomorphic indecomposable modules [9].

From the Tame and Wild Theorem [7] the class of algebras may be divided
into two disjoint classes. One class consists of wild algebras whose representation
theory is as complicated as the study of finite dimensional vector spaces over K
together with two non-commuting endomorphisms, for which the classification is a
well-known unsolved problem. The second class is formed by the tame algebras for
which the indecomposable modules occur, in each dimension d, in a finite number
of discrete and a finite number of one-parameter families. Hence, we can hope to
classify modules only for tame algebras. More precisely, an algebra A is said to be
tame if, for any dimension d, there exists a finite number of K[x]–A-bimodules Mi,
1 ≤ i ≤ nd, which are finitely generated and free as left K[x]-modules, and all but
a finite number of isomorphism classes of indecomposable A-modules of dimension
d are of the form K[x]/(x− λ)⊗K[x] Mi for some λ ∈ K and some i. Let µA(d) be
the least number of K[x]–A-bimodules satisfying the above conditions for d. Then
A is said to be of linear growth (respectively, domestic) if there exists a positive
integer m such that µA(d) ≤ md (respectively, µA(d) ≤ m) for all d ≥ 1 (see [24],
[6]). From the validity of the second Brauer–Thrall conjecture we know that A
is representation-finite (mod A has only finitely many isoclasses of indecomposable
objects) if and only if µA(d) = 0 for any d ≥ 1. Moreover, it was proved in [5]
that if an algebra A is tame then, for any dimension d, all but a finite number of
isomorphism classes of indecomposable A-modules of dimension d lie in stable tubes
of rank 1. Hence, one of the crucial open problems in the representation theory of
algebras is to describe the support algebras of stable tubes in the Auslander–Reiten
quivers of tame algebras.

In the paper we are interested in the structure of tame algebras A whose sta-
ble tubes behave well in the category modA. In Section 1 we prove that if the
Auslander–Reiten quiver of a tame algebra A contains a sincere stable tube T con-
sisting of modules which do not lie on infinite short cycles then A is either tame
concealed or tubular (in the sense [22]), and the tube T is faithful. Recall that if
B is a tame concealed algebra then, by [22, (4.3)],

ΓB = P0 ∨ T0 ∨Q0

where P0 is a preprojective component, Q0 is a preinjective component, and T0 is
a P1(K)-family of faithful stable tubes. If B is tubular, then, by [22, (5.2)],

ΓB = P0 ∨ T0 ∨
( ∨

q∈Q+

Tq

)
∨ T∞ ∨Q∞
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PERIODIC MODULES OVER TAME ALGEBRAS 1943

where P0 is a preprojective component, T0 is a P1(K)-family of ray tubes, T∞ is a
P1(K)-family of coray tubes, Q∞ is a preinjective component, and, for each q ∈ Q+,
Tq is a P1(K)-family of faithful stable tubes. Moreover, the module categories of
tame concealed algebras and tubular algebras do not contain infinite short cycles. In
Section 2 we prove that the above families of faithful stable tubes exhaust the stable
tubes of arbitrary module categories without infinite short cycles. In particular, we
get that an algebra A for which every short cycle in modA is finite has linear
growth, and it is domestic if and only if all but finitely many components of ΓA

are stable tubes of rank 1, or equivalently rad∞(mod A) is nilpotent.
For basic background on the representation theory applied here we refer to [3]

and [22].

1. Tame algebras with sincere stable tubes

Let A be an algebra. For an A-module M , we denote by pdA M (respectively,
idA M) the projective dimension (respectively, injective dimension) of M . More-
over, we denote by gl. dim A the global dimension of A. Then A is said to be
quasi-tilted if gl. dim A ≤ 2 and for any indecomposable A-module X we have
pdA X ≤ 1 or idA X ≤ 1. It is shown in [11] that an algebra A is quasi-tilted if
and only if A is the endomorphism ring EndH(T ) of a tilting object in a hereditary
abelian K-category H. We refer to [11] for basic properties of quasi-tilted alge-
bras. Recently, the author described in [31] completely the structure of all tame
quasi-tilted algebras. The structure of wild quasi-tilted algebras is not known. It is
expected that any quasi-tilted algebra is tilted or of canonical type [15]. Finally, we
mention that the Auslander-Reiten quiver of any quasi-tilted algebra of canonical
type admits a tubular family consisting of modules which do not lie on infinite
short cycles. Moreover, the Auslander–Reiten quiver of a quasi-tilted algebra of
canonical type contains a faithful (equivalently, sincere) stable tube if and only if
A is concealed-canonical (see [15]).

Proposition 1.1. Let A be an algebra whose Auslander–Reiten quiver contains a
faithful stable tube T consisting of modules which do not lie on infinite short cycles.
Then A is quasi-tilted.

Proof. It is well-known that a stable tube in ΓA is faithful if and only if it contains
a faithful indecomposable module. Let M be a faithful indecomposable module
in T . Then there are positive integers r and s, a monomorphism AA → M r,
and an epimorphism M s → D(A)A. Then it follows from [25, Corollary 5.8] that
gl. dimA ≤ 2, and, by [25, Lemma 5.9], that pdA Z ≤ 1 and idA Z ≤ 1 for any
indecomposable module Z in T . Let X be an indecomposable A-module with
idA X = 2. We shall prove that the pdA X ≤ 1. By the above remark, X does not
belong to T . Consider an Auslander–Reiten sequence

0→ X → E → TrDX → 0

in mod A. Since idA X ≥ 2, we have HomA(Tr DX, AA) 6= 0 (see [22, (2.4)]) and
hence HomA(TrDX, M) 6= 0, because there is a monomorphism AA → M r. We
claim that pdA Tr DX ≤ 1. Indeed, if it is not the case, then HomA(D(A)A, X) 6=
0, and so HomA(M, X) 6= 0, because there is an epimorphism M s → D(A)A.
Hence, we get a short chain TrDX → M → X and, by [20, Theorem 1.6], a
short cycle N → M → N , where N is either an indecomposable direct summand
of E or N = Tr DX . Observe that this short cycle is infinite, because X does
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not belong to T and M is from T . This contradicts our assumption on T , and
hence pdA TrDX ≤ 1. Since gl. dim A ≤ 2, the functor Ext2A(−, A/ radA) is right
exact. Let Y be an indecomposable direct summand of E. If an irreducible map
Y → Tr DX is a monomorphism, then pdA Tr DX ≤ 1 implies pdA Y ≤ 1. Assume
we have an irreducible epimorphism Y → TrDX . Then HomA(Tr DX, M) 6= 0
implies HomA(Y, M) 6= 0. We claim that pdA Y ≤ 1. Indeed, if pdA Y ≥ 2 then
HomA(D(A)A, D TrY ) 6= 0, and consequently HomA(M, D Tr Y ) 6= 0, because
there is an epimorphism M s → D(A)A. Hence we get a short chain Y → M →
D Tr Y , and, applying again [20, Theorem 1.6], a short cycle U → M → U where
either U = Y or U is an indecomposable direct summand of the middle term of an
Auslander–Reiten sequence

0→ D TrY → F → Y → 0.

Since U does not lie in T , we have an infinite short cycle U →M → U with M lying
in T , a contradiction. Therefore, we proved that pdA Y ≤ 1, and hence pdA E ≤ 1.
Since Ext2A(−, A/ radA) is right exact and we have a monomorphism X → E, we
get pdA X ≤ 1. This proves that A is quasi-tilted.

We shall prove now the following characterization of tame concealed and tubular
algebras.

Theorem 1.2. Let A be an algebra. The following conditions are equivalent:

(i) A is tame and ΓA contains a sincere stable tube consisting of modules which
do not lie on infinite short cycles.

(ii) A is either tame concealed or tubular.

Proof. The implication (ii)⇒(i) follows from [22, (4.3) and (5.2)]. We shall prove
that (i) implies (ii). The proof will be done in several steps.

(1) Let A = KQA/I, and assume that ΓA contains a sincere stable tube T
consisting of modules which do not lie on infinite short cycles. Denote by J the
annihilator of T in A. Consider the factor algebra B = A/J . Clearly, B is tame
and T is a faithful stable tube of ΓB consisting of modules which do not lie on
infinite short cycles. From Proposition 1.1 we conclude that B is quasi-tilted. It is
shown in [31] that a quasi-tilted algebra Λ is tame if and only if Λ is tame tilted
or a tame semi-regular branch enlargement of a tame concealed algebra. Invoking
now the known structure of module categories of tame tilted algebras [13], [22]
and tame semi-regular branch enlargements of tame concealed algebras [15], [31],
and the fact that T is a faithful stable tube of ΓB, we conclude that B is either
tame concealed or tubular. In particular, B is a tame tubular extension of a tame
concealed algebra C.

(2) We shall prove now that QA = QB. Since T is a sincere tube of both ΓA

and ΓB, we know that QA and QB have the same sets of vertices. Suppose QA

contains an arrow i
α−→ j which is not an arrow of QB. Denote by Λ the algebra

KQA/L where L is the ideal of KQA generated by I, all arrows of QA \QB except
α, and all path in QA of the forms αγ and δα. Clearly, Λ is a factor algebra of A
and B is a factor algebra of Λ. In particular, T is a stable tube of ΓΛ consisting
of modules which do not lie on infinite short cycles. Let E be the B–B-bimodule
D(SB(i)) ⊗K SB(j). Consider the following locally finite dimensional K-algebra
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(without identity)

Λ̃ =



. . . . . .
Bm+1 Em

Bm Em−1

Bm−1
. . .
. . .


with Bm = B on the main diagonal, Em = E, for all m ∈ Z, and zeros elsewhere.
The elements of Λ̃ are all matrices with only finitely many non-zero entries, and
the multiplication is given by the B–B-bimodule structure of E and the zero map
E ⊗B E → 0. The identity maps Bm → Bm+1 and Em → Em+1 induce an
automorphism g of Λ̃, and denote by G the infinite cyclic group generated by g.
Then we have a canonical Galois covering F : Λ̃ → Λ̃/G = Λ with group G (see
[8]), because Λ can be an identified with the algebraB E

��
0 B

 =
{[

b e
0 b

]
; b ∈ B, e ∈ E = K

}
.

Denote by Fλ : mod Λ̃ → mod Λ the associated push-down functor. Since G is
torsion-free, Fλ preserves the indecomposable modules [8, (3.5)]. We know that
B is either tame concealed or tubular. Hence, ΓB = P ∨ C ∨ Q, where C is a
P1(K)-family of stable tubes, containing the tube T , and separating P from Q
(see [22, (4.3) and (5.2)]). In particular, there are an indecomposable B-module
X in P with HomB(X, SB(i)) 6= 0 and an indecomposable B-module Y in Q with
HomB(SB(j), Y ) 6= 0. Let f : X → SB(i) and h : SB(j)→ Y be non-zero maps in
mod B. Consider now the module Z over the factor algebra[

B1 E0

0 B0

]
of Λ̃ given by the triple (XB1 , YB0 , ϕ), where the homomorphism ϕ : X⊗B1 E → Y
of right B0-modules is the composition

X ⊗B E
f⊗1−−−−→ SB(i)⊗B E

∼−−−−→ SB(j) h−−−−→ Y.

Clearly, Z is an indecomposable Λ̃-module, and so we get an indecomposable Λ-
module N = FλZ having X as a factor module and Y as a submodule. Since X
belongs to P , Q contains all indecomposable injective B-modules, and C separates
P from Q, we deduce that rad∞B (X, U) = HomB(X, U) 6= 0 for some U ∈ T .
Dually, since P contains all indecomposable projective B-modules, Y belongs to
Q, there exists V ∈ T such that rad∞B (V, Y ) = HomB(V, Y ) 6= 0. Therefore, we
have rad∞Λ (N, U) 6= 0 and rad∞Λ (V, N) 6= 0 for some U, V ∈ T . But then there
exists an infinite short cycle N →M → N with M from T (see [26, (3.3)]), which
contradicts our assumption on T . Hence, QA = QB.

(3) Finally, we shall show that A = B, or equivalently J = 0. We have two
cases to consider. Assume first that B is tame concealed. Since QA = QB and
A is tame, a simple inspection of the frames of tame concealed algebras presented
in [4] or [12] shows that in fact J = 0. Assume now that B is tubular. Then B
is a tubular extension of a tame concealed algebra C of tubular type (2, 2, 2, 2),
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(3, 3, 3), (2, 4, 4), or (2, 3, 6), and QC is a convex subquiver of QB = QA. There
are 10 infinite families of tubular algebras of tubular type (2, 2, 2, 2) whose bound
quivers are presented (for example) in [23, (3.3)]. If B is one of such algebras, then
a simple checking shows that J = 0 also in this case. Hence, we may assume that
B is of tubular type different from (2, 2, 2, 2). Suppose J 6= 0. Recall that B is
obtained from an iterated one-point extension C[E1][E2] . . . [Et] of C by pairwise
non-isomorphic simple regular C-modules E1, E2, . . . , Et, say with the extension
vertices ω1, ω2, . . . , ωt, by rooting some branches K1, K2, . . . , Kt at ω1, ω2, . . . , ωt,
respectively [22, (4.7)]. Moreover, the branches K1, K2, . . . , Kt are bound only by
zero-relations of length 2 [22, (4.4)]. Since A is tame, we deduce as above that C is a
(convex) subcategory of A. Since QA = QB, the full subcategory of A given by the
objects of C and ω1, ω2, . . . , ωt is an iterated one-point extension C[F1][F2] . . . [Ft],
where F1, F2, . . . , Ft are C-modules having E1, E2, . . . , Et as factor modules, re-
spectively. For each 1 ≤ i ≤ t, denote also by Li the full subcategory of A given by
the vertices of the branch Ki. It follows from our assumption J 6= 0 that Ei 6= Fi

or Li 6= Ki for some 1 ≤ i ≤ t. Consider first the case when Ei 6= Fi for some
i. Denote by D the full subcategory of B given by all objects of B except the
objects of Ki. Since B is of tubular type (3, 3, 3), (2, 4, 4) or (2, 3, 6), D is the
corresponding domestic tubular extension of C, and ΓD contains pairwise different
tubes T1, T2, T3 such that Fi belongs to T1, T2 has at least 2 rays and T3 has at least
3 rays. Clearly, the one-point extension R = D[Fi] is a factor algebra of A, and
so R is tame. Then Fi does not contain direct summands from the preprojective
component of ΓC (see [21, (2.5)]). Since the tubes in ΓC are pairwise orthogonal
and Ei is a factor module of Fi, we conclude that Fi is a direct sum of modules
from T1 and at least one indecomposable direct summand of Fi has two direct
successors in T1. Let H be a tame hereditary algebra and T a tilting H-module
without preinjective direct summands such that D = EndH(T ). Then the tubes
T1, T2, T3 are the images by HomH(T,−) of the torsion parts, with respect to the
torsion theory in mod H given by T , of the corresponding stable tubes T ′1 , T ′2 , T ′3
of ΓH . In particular, Fi = HomH(T, F ′i ) for an H-module F ′i being a direct sum
of modules from T ′1 , and one of the indecomposable direct summands of F ′i is not
simple regular. Moreover, H has the same tubular type as D. Invoking now The-
orem 3 from [21, (3.5)], we conclude that H [F ′i ] is wild. But then B[Fi] is also
wild (see [19, (3.2)]), a contradiction. This shows that Ei = Fi. Suppose now that
Li 6= Ki. Then, since QA = QB, we conclude that A has a factor algebra A′ which
is obtained from the one-point extension D[Fi], with the extension vertex ωi, by
rooting a hereditary quiver of the form

• a

yys
s
s
s

ωi • • • . . . • c
G
G
G
G

• b

at ωi, where possibly c = ωi and • • means • −→ • or • ←− •. Denote by A′′

the full subcategory of A′ given by all objects except a. Then A′ = A′′[PA′′(c)],
A′′ is a domestic tubular extension of C, and ΓA′′ contains pairwise different tubes
T ∗1 , T ∗2 = T2, T ∗3 = T3 such that T ∗1 is obtained from T1 by ray insertions and
PA′′(c) is an indecomposable module in T ∗1 having two direct successors. Then, as

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PERIODIC MODULES OVER TAME ALGEBRAS 1947

above, we conclude that A′ = A′′[PA′′(c)] is wild, and so A is wild, a contradiction.
Therefore, A = B, and so A is either tame concealed or tubular.

Corollary 1.3. Let A be a tame algebra and T a stable tube of ΓA consisting of
modules which do not lie on infinite short cycles. Then there is an idempotent e
of A such that B = A/AeA is tame concealed or tubular, and T is a faithful stable
tube of ΓB.

Proof. There are pairwise orthogonal idempotents e and f of A such that A = eA⊕
fA and the simple summands of fA/f(radA) are exactly the simple composition
factors of modules in T . Put B = A/AeA. Then T is a sincere stable tube of
ΓB, and clearly consists entirely of B-modules which do not lie on infinite short
cycles in mod B. From Theorem 1.2 we conclude that B is either tame concealed
or tubular. Moreover, T is a faithful stable tube of ΓB, because by [22, (4.3), (5.2)]
it cogenerates AA and generates D(A)A.

Remark 1.4. We note that the condition (i) in Theorem 1.2 cannot be deepened
to: A is tame and ΓA contains a sincere stable tube consisting of modules X with
rad∞(X, X) = 0, or equivalently a sincere generalized standard stable tube (see [26,
(3.1)] or [25, (5.3)]). Indeed, let H be a tame hereditary algebra and A the trivial
extension H n D(H) of H by the minimal injective cogenerator D(H). Then A
is a symmetric tame (domestic) algebra, all tubes from the P1(K)-family of stable
tubes in ΓH are generalized standard stable tubes of ΓA, and consist of modules
X lying on infinite short cycles P → X → P with P indecomposable projective
A-modules (see [1]).

2. Module categories without infinite short cycles

Let A be an algebra such that all short cycles in mod A are finite. Then
rad∞(X, X) = 0 for any indecomposable A-module X , and so A is tame (see [29,
(2.8)]). It is shown in [27, (4.3)] that A is representation-infinite if and only if there
is an idempotent e of A such that A/AeA is tame concealed. Moreover, S. Liu
has proved in [18, (3.4)] that all but finitely many D Tr-orbits in ΓA are periodic,
and hence all but finitely many components of ΓA are stable tubes. The following
theorem describes completely indecomposable modules in the stable tubes of ΓA

and the representation type of A.

Theorem 2.1. Let A be an algebra such that every short cycle in mod A is finite.
Then

(i) For any stable tube T of ΓA, the support algebra B of T is a factor algebra
A/AeA of A, for some idempotent e of A, and is either tame concealed or
tubular.

(ii) A is of linear growth.

Proof. It follows from our assumption that A is tame. Then (i) is a direct conse-
quence of Corollary 1.3. For (ii), we may assume that A is representation-infinite.
Then, by [5, Corollary 4], for any dimension d, all but a finite number of isomor-
phism classes of indecomposable A-modules of dimension d lie in stable tubes of
rank 1. For module categories without infinite short cycles this fact is also proved
in [26, Theorem 5.1]. We know from (i) that the support algebra of any stable tube
of rank 1 in ΓA is a full subcategory of A which is tame concealed or tubular, and
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hence of linear growth (see [22, (4.3), (5.2)] and [24, (3.6)]). Since A admits only
finitely many full subcategories we infer that A is of linear growth.

2.2. We note that the class of algebras A for which all short cycles in modA are
finite is large. The author has proved in [30, (4.1)] that the module categories of all
polynomial growth strongly simply connected algebras have no infinite short cycles.
We mention that in such a case the Auslander-Reiten components different from
stable tubes can be complicated (coils, multicoils). Moreover, the module categories
of all tame quasi-tilted algebras do not contain infinite short cycles [31]. There are
also algebras of infinite global dimension whose module categories do not contain
infinite short cycles. Indeed, let B be an arbitrary tilted algebra of Euclidean type,
B̂ the repetitive algebra of B and νB̂ the Nakayama automorphism of B̂. Then, for
m ≥ 3, the algebra A(m) = B̂/(νm

B̂
) is selfinjective, domestic and every short cycle

in mod A(m) is finite (see [23, Section 3]). Similarly, if B is an arbitrary tubular
algebra and m ≥ 3, then A(m) = B̂/(νm

B̂
) is selfinjective, non-domestic of linear

growth, and every short cycle in mod A(m) is finite.

Theorem 2.3. Let A be an algebra such that every short cycle in mod A is finite.
The following conditions are equivalent:

(i) A is domestic.
(ii) A does not contain a tubular algebra as a full subcategory.
(iii) For any idempotent e of A, A/AeA is not a tubular algebra.
(iv) rad∞(mod A) is nilpotent.
(v) All but finitely many components of ΓA are stable tubes of rank 1.

Proof. It is known that every tubular algebra is non-domestic (see [24, (3.6)]) and
hence (i) implies (ii) and (iii). Conversely, if (ii) or (iii) holds then it follows from
the proof of Theorem 2.1 that A is domestic. Moreover, if C is a tame concealed
algebra then all but finitely many components of ΓC are stable tubes of rank 1
[22, (4.3)]. Hence, the implication (ii)⇒(v) is a direct consequence of Theorem 2.1
and the fact that all but finitely many components of ΓA are stable tubes [18,
(3.4)]. Further, it was shown in [14, (1.5)] that, if B is a tubular algebra, then
rad∞(mod B) is not nilpotent, and so (iv) implies (iii). Therefore, it remains to
prove that (v) implies (iv). This follows from the proof of implication (iv)⇒(iii) of
Theorem 5.1 in [28] by invoking Theorem 2.1 and the following consequence of [16],
[17]. Let C be a component of ΓA whose left stable part Cl contains a component
D without oriented cycles. Then D admits a full translation subquiver D′ of the
form (−N)∆ which is closed under predecessors in C [17]. Since every short cycle
in mod A is finite and D′ has no oriented cycles, we conclude that D′ consists of
modules which do not lie on short cycles. Hence, by [16, (2.2) and [2.3)], D′ is a
generalized standard full translation subquiver of ΓA, that is, rad∞(X, Y ) = 0 for
any modules X and Y from D′.
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