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ABSTRACT. In his thesis, Carles made the following conjecture: Every rigid
Lie algebra is defined on the field Q. This was quite an interesting question
because a positive answer would give a nice explanation of the fact that simple
Lie algebras are defined over ). The goal of this note is to provide a large
number of examples of rigid but nonrational and nonreal Lie algebras.

1. RIGID LIE ALGEBRAS

In this section, we briefly recall some properties of rigid Lie algebras (see [1],
[2])-
1.1 Definition. A Lie algebra law on C” is a bilinear mapping

pu:CrxC* —C"
satisfying
p(X,Y)=—puY,X) VXY eCm,

| {uwx, V).2) 4 (Y, 2), X) + p(p%,X), V) = 0 ¥X.¥, Z € C".
The last equations are defined by the Jacobi conditions. If we fix a basis {e;} of C",

we can identify the law p with its structural constants Cikj defined by u(e;, e;) =
> n—1 Cliex. The conditions (1) are translated in terms of CJ; by

k k
ck = —Ck

Jv

2 n
@) > CLCH +CLCi+CLCy =0, 1<i<j<k<n,l<s<n.
=1

Let £™ be the algebraic variety parametrized by the (C’fj) and defined by the
polynomial equations (2). We identify a law u with the corresponding point in £"
and a Lie algebra g with its law . The linear group Gl(n,C) acts on L™ by

Gl(n,C) x L™ — L™,
fu H - f_lu(fu f)

with f=tu(f, /)(X,Y) = f~YHu(f(X), f(Y)). The orbit ©(u) of u, which corre-
sponds to the class of laws which are isomorphic to u, is a smooth subvariety of
L".
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Definition 1. The Lie algebra law p is rigid if its orbit ©(u) is an open set of L™
(endowed with the Zariski topology).

If p is rigid, the Zariski closure ©(u) of the orbit is an irreducible algebraic
component of L™ . As every algebraic variety is a finite union of irreducible algebraic
components, we have only a finite number of isomorphic classes of rigid algebra laws.

The notion of rigidity can be translated in infinitesimal terms. Suppose that pg
is a standard given law in £™. A perturbation of yg is a law g € L™ whose structure
constants with respect to a standard basis of C™ are infinitely close to the constants
of po. The law g is rigid if and only if every perturbation of g is in ©(ug). This
point of view is very practical for proving the rigidity of a given law: we consider a
general infinitesimal perturbation and we solve the infinitesimal polynomial system
given by the nonstandard structure constants. For example, Theorem 2 is proved
in this way. This approach is developed in [1] and [7].

1.2. Structure of rigid Lie algebras.

Theorem 1 ([4]). A rigid complex Lie algebra g is decomposable, that is, it can
be written g = s @ u @ n where s is a Levi semisimple subalgebra, u a subalgebra
whose elements are ad(g)-semisimple, and n is the nilradical of g .

Now suppose that g is a rigid solvable Lie algebra. Then its decomposition is
g=u®n. A vector X € uis called reqular if dim Ker adX is minimal among
all the vectors of u . We fix a regular vector X, and we consider a basis {e;} of
eigenvectors of adX with e; = X . The linear system

S(X)z{ij(a:i—l—xj—xk):O 2<i<j<k<n}
has been introduced in [2]. Its role is summarized in the following property:
Theorem 2. If g is rigid, the rank of S(X) satisfies rg(S(X)) = dimn — 1.

Consequence 1. If g =u@n is a rigid solvable Lie algebra, then u is a mazimal
subalgebra whose elements are ad g-semisimple.

Then u corresponds to an exterior torus of derivations of the nilradical n in a
Malcev sense. For this reason we will denote this subalgebra by t (which henceforth
will be maximal).

Consequence 2. There is a basis (X1, Xo, ..., X,) for t such that the eigenvalues
of the semisimple operators adX; are integers.

2. ON THE NONRATIONALITY OF RIGID LIE ALGEBRAS

A Lie algebra is called rational if it is defined over the field Q. The conjecture
that rigid Lie algebras are rational is based on the following examples:

1. Every semisimple complex Lie algebra is rigid. Recall that these algebras are
defined on Q.

2. Fvery solvable complex rigid Lie algebra of dimension less than 8 is rational.
We note that the classification of rigid Lie algebras is known only up to dimension
8 [1].

3. There is a regular vector X such that the eigenvalues of adX are integers.
Unfortunately, this conjecture is false. The aim of this paper is to construct some
general examples of nonrational rigid Lie algebras. These examples are found by
studying the rigid solvable Lie algebras whose nilradicals have maximal nilindex.
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Theorem 3. The following nonrational Lie algebras of dimension 13 are rigid:
[XYFﬂY,i:1~-H,LKHﬂ=BH%
Y1,Yi] =Y, i=2,---,10,
[Y;,Yis—i] = (-1)'Y12, 2<i<6,
Vi, Y] = ai;Yii;

with the coefficients a;; satisfying a;; = aij41 + ai+1; being linear combinations

, 14+ V10 1- /10
of a1 = ag3, ap = az4, 3 = Ga5, 04 = a5 With ay = L, or ay = 8

24iy/2 2—iy/2
e =

g = 3 , OT Ol =

, or

We will see that the two last rigid Lie algebras are nonreal. The proof is a direct
consequence of Proposition 3.

3. FILIFORM LIE ALGEBRAS WITH A NONNULL RANK [5]
An n-dimensional nilpotent Lie algebra n is filiform if its nilindex
i(n) = Max{p such that 3X € n with (adX)? # 0}

is equal to n — 1. Another interesting notion for nilpotent Lie algebras is the
notion of rank. The rank r(n) of n is the dimension of a maximal exterior torus of
derivations (recall that all maximal tori have the same dimension). In [5], we have
determined all the filiform Lie algebras having a nonnull rank (A different approach
of this problem can be found in [8]). We sum up these results.

The rank of a filiform Lie algebra is less than or equal to 2.

Every n-dimensional filiform Lie algebra of rank 2 is isomorphic to

i) n= Ly,
Y1, =Y 2<i<n-—1,

ii)n=Q,, n=2m,
[Ylam]zn-‘rla 2§l§n—2,

[Yi, Yoia] = (1), , 2<i<n-—1.
Every n-dimensional filiform Lie algebra of rank 1 is isomorphic to

n—k—1
—

iii)n=A(ay,- - ,a), 2<k, t=] 5

Y,Yi] =Y 2<i<n-—1,
Vi, Yisa) = aim1Yoign—1, 2<i<t+1,

[Y;,Y]]—ain;+j+k_2, 2<i<j and 1+j+k—2<n.
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—k
iv)nzBﬁ(al,---,at),n=2m,2§k§n—3,t=[n2 1,
Y1,Y]=Yi1 2<i<n-—-2
Vi, Yooipa] = (-1)"*Y, 2<i<n-—1,

n—k—1

Vi, Yig1] = i1 Yoiqgp—1, 1=2,---,] 5 s

[Y;,ij]:ain;_H‘_kk_g, 2§i,j§n—2eti+j+k—2§n—l,j;éi-i-l.

v)n=Chlar, - ,q), n=2m+2, t=m—1,
M, |=Yis1 2<i<n-2,
Yi,Yooina] = ()Y, 2<i<m+1,

Vi, Yo iconi1] = (=) apy, , 2<i<n—-2-2ket1 <k<m-—1.
Where (a1, ,a¢) are parameters satisfying polynomial relations corresponding

to the Jacobi conditions.

Remark. In [3] we have studied the rigid Lie algebras whose nilradical is isomorphic
to A* and we have obtained a nonrational example. The next section is devoted to
the study of rigid Lie algebras whose nilradical is isomorphic to BX. Note that the
case n = (), is excluded because it is impossible to have rigid algebras with such
nilradical [3] .

4. RIGID LIE ALGEBRAS WHOSE NILRADICAL IS BF

Let g = t & n be a rigid Lie algebra whose nilradical n is isomorphic to the
filiform algebra B¥ (n = 2m). In this case dimt = 1, and the eigenvalues of
adX, X e t— {0}, are k,k+1,--- k+2m — 3,2k +2m — 3.

Proposition 1. Let g = t®n be a decomposable solvable Lie algebra with n = BF,
and n = 2m.

1. If k > 2m — 4, then g is not rigid.

2. If k =2m — 4, then g is isomorphic to

X, V] =Y1; [X\)Yi]=(k+i—-2)Y;, i=2,--- ,n—1; [X,Y,] = 3k +1)Y,,
Y,Yi|=Yig1, i=2,-,n—2; [Y;,Yooipa] = (=1)Yp, i=2,--+ ,n—2,
D/Qv}/B]ZYn—lv

which is a rational rigid Lie algebra.
8. If k =2m — 5, then g is isomorphic to

X, V] = VL [X, V)] = (k+i—2)Y;i=2,-,n—1, [X,Y,] = (3k +2)Y,,
[Yla}/i] = }/i-‘rl 1= 27" = 2 [}/271/73] = Yn—27 [}/27Y4] = Yn—la
[-}/;;JYTL—iJrl] = (_1)1Yn7

which is rigid and rational.
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4. If k =2m — 6, g is isomorphic to

Y,V =Y, i=2,-- ,n—2 [V, Yol = (-1)'Vp, i=2,--- ,n—2,
[Yo,Y3] =Y, _3; [Yo,Ya] =Yoo [Yo,Y5] =9Y,_1; [Y3,Y4] =2Y, 4,

which is rigid and rational
5. If k=2m — 7, then g is not rigid.

Proof. If k > 2m — 4, the nilradical n is isomorphic to @,,. From Theorem 2, g is
not rigid.

Suppose k = 2m — 4. Let up be the law given in this proposition. Consider a
perturbation p of pg. The adjoint operator ad, X is a perturbation of the standard
operator ad,,X. But this last operator is diagonalizable and its eigenvalues are
0,1,k+¢—-2 i=2,--- ,n—1and 3k+ 1. So ad, X is also semisimple because its
eigenvalues 0, A; satisfy Ay = 1,A\; w k44 —2,\, = 3k + 1 and then A\; # A; for
1 # j (the symbol = corresponds to infinitely close). Recall the following results of
perturbation of linear operators: If F) is the eigenspace associated to the eigenvalue
A of the perturbed operator ad, X, then the standard part (the shadow) of F) is
the eigenspace of the operator ad,, X corresponding to the eigenvalue )¢ satisfying
A2 Ag. These two spaces have the same dimension. From this, we can find a basis
Ui,Us, -+ ,Upy,, X such that

Uli\}/l Zzlv y 1y

adMX(UZ-) = )\zUz
As pw(U;,Uj) = po(Y;,Y;), and from the Jacobi identities, we have u(U;,U;) =
a;jUit;. The eigenvalues Ay, - -, A, satisfy the system S(X) (see section 1.2) rel-
ative to pg. Thus, we have:

)\iz(k+i—2>)\1 =2, ,n—1,

An 2 (3k + 1)A1.

Taking Z = 5=, Z1 = Uy, Zy =aUs, Z;i=aaaiz---ay1Ui, i=3,--,n—1

and Z,, = a? a12a13 - G1n—209n—1Up, with a = %, we see that the structure
constants of u with respect the basis Zy,--- ,Z,, Z are the same as the structure
constants of pg with respect to the basis Y7,---,Y,,, X. Thus, the laws u and ug
are isomorphic and pg is rigid.

The cases k = 2m — 5 and k = 2m — 6 are similar.

Suppose k = 2m — 7. We have the following Lie algebras:

X,V =Y; [X,Yi]=(k+i—-2)Y;, i=2,---,n—1; [X,Y,] = (3k +4)Y,
Vi, Yoii1] = (-1, i=2,--- ,n—2,

[Ya,
[
[

Y3l = a1 Yn_u; [Yo,Ys] = a1 Yy_s;
Yo, Ys] = (a1 — a2)Y—2; [Y2,Ys] = (a1 — 202) Yy 1,
Y3, Yy = oYy, _o; [¥3,Y5] = oY1

The parameters a; and «e are free (all the Jacobi conditions are satisfied). These
Lie algebras are nonrigid.
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Other fundamental cases correspond to the small values of k. We begin, of
course, with £ = 2 (if £ = 1, then n = @,, and dimt = 2). If dimg = 7 or 9, then
k =2m — 4 or 2m — 6. Theses algebras have been studied above.

Proposition 2. Let g = t®n be a decomposable solvable Lie algebra with n = B2,
and n = 2m.
1. If dimg =17 or9, then g is rigid and rational.

2. If dimg = 11, then g is isomorphic to one of the nonisomorphic Lie algebras

1
911

(X, V1] =Y1; [X,Yi] =iV;, i=2,---,9; [X,Yio] = 1Yo,
V1,Yi]| = Y1, i =2,---,8 [Yi,Yi14] = (=1)Y1g, i =2,--- 5,
V2, Vi) = Yiyo, i = 3,4; [V2,Yi] = —Yiga, i =6,7,
[V3,Yi] = Yigs, i =4,5; [Va,Ys] = Ye.

X,V =Y1; [X,Y]=iY;, i=2,---,9; [X, Y] = 11Y30,
=Y, i=2,---,8; [V;, Y114 = (=1)"Yip, i =2,---,5,

] = Yigo, i =3,4; [Ya,Ys] = 2Ys; [Ya,Ys] = 3Ys; [Ya,Yr] = 7Yo,
| = ~Yiis, i =4,5; [V3,Ys] = —4Yy; [Va, Ys] = 3Yo,

and g is rigid and rational.

8. If dimg = 13, then g is isomorphic to one of the nonisomorphic Lie algebras
described in Theorem 3, and g is rigid nonrational real or nonreal.

4. If dimg > 15, then g is nonrigid.

Proof. The parameters a;; appear in the definition of B2. These parameters satisfy
Ajj = Qij41 + Qig1j.

Each constant a;; can be linearly expressed from a; = ag3, a2 = aga, - ,0¢ =
Qt41,t42 with ¢t = [n - 3/2]

Suppose dimg = 11. The Jacobi conditions related to the a;, i = 1,2,3, are
reduced to

{20&1—0&2—0&3 ZO,

—2a1a3 + 304% — asag = 0.

The solutions are (a1, a2, a3) = a1(1,1,1) or a;(1,—1,3) for a; € C. We have 3
cases:

a1 =0:(0,0,0),

a1 #0:(1,1,1) or (1,-1,3).

In the last two cases, we can suppose, using a change of basis, that a = 1 and
the corresponding Lie algebras are rigid. But the Lie algebra corresponding to the
trivial solution (0, 0,0) has a nontrivial deformation and it is not rigid.
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Suppose dimg = 13. The Jacobi conditions related to «;, i = 1,2,3,4, are
reduced to

2051 — 3@2 + oy = 0,
—20na3 + 3a§ — asag =0,
— 200104 + ag(—4a3 - 044) + 043(6043 - 044) =0.
If a3 =0, then a; =0, i=1,2,4, and the corresponding Lie algebra is not rigid.

If ag # 0, a change of basis permits us to consider ag = 1. The previous system
leads to the equation:

—9aj3 +18a3 — 502 —8azs +6 =0

. 3a— . V10
with ay = —3a3 + 4as and a; = =222 whose solutions are ag = 1+3 10 or g =
PT V10 “or g = 2+§—‘/§, or ap = % As every change of basis which preserves the

eigenvalues of the external torus and the decomposition into eigenspaces is rational,
we can conclude that the last algebras are not rational.

Suppose dimg > 15. Consider the subspace of n generated by Y, Y7, --- Y, 1.
This is a nilpotent Lie algebra of type A, with the same & = 2 and the same
parameters «;. These algebras are classified in [2]. The parameters «; are entirely
determined. If we write the Jacobi conditions related to the last vectors, we can see
that these solutions concerning the «; don’t satisfy the associated linear system.
Thus the only solution for the parameters «; is a; = 0. Such algebras are not rigid.

Now suppose k& = 3. The results in this case are analogous to those of the
previous section, but there are no nonrational rigid algebras:

1. In dimension 9, there is only one isomorphic class of Lie algebras, and each
representative is rigid and rational (it corresponds to the case k = n — 1).

2. If dimg = 11, then g is not rigid.

3. For the dimension = 13 (resp. 15 or 17), there are, respectively, 2, 4 or 2
classes of Lie algebras which are rigid and rational.

4. If dim(g) > 19, there is only one isomorphism class of such Lie algebras, and
g is rigid and rational.

The proof is a direct computation of the Jacobi conditions reduced to the pa-
rameters o, -, Q4.

The last case we consider is k = 4. For dimensions less than 15, this corresponds
to the special case studied at the beginning. Other dimensions are summarized in
the following. O

Proposition 3. If dimg = 17, then g is isomorphic to one of the following Lie
algebras corresponding to the solutions

8+ 114
8

7T+ v114

(0[1,042,063,(14,065) = (2707 17273)7 ( 7175/475/27 - 4 )7

8§ —v114 —7—v114
4

( 3 ,1,5/4,5/2, )

which correspond to rigid Lie algebras. Only the first Lie algebra is rational.
If dimg > 18, then the nilradical is isomorphic to Q.
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Proof. Suppose dimg = 17. The Jacobi conditions related to oy, i =1,2,3,4,5,
are reduced to the four equations:

2c1 — bag — ag + as =0,

ay —2a3 =0,

— 5a§ + 6oy — 2004 + dayas — 2a1a4 = 0,

— 503 + 120003 + 20004 — agas + 4ajaz — 1503 + 10azay,
— agas + 6agag + 2aqa5 = 0.

If as # 0, we can take oy = 1 and the solutions correspond to the second and
third solutions of the proposition. If as = 0, then a3z # 0, if not a; = 0 for
1=1,2,3,4,5 and the nilradical is Q16 and this case is nonrigid. Take a3 = 1, then
as=2,01 = a5 — 1 and (a5 — 3)? = 0. This gives the first solution.

Conclusion. This study shows that it is not surprising to meet nonrational rigid
Lie algebras because the conditions of Jacobi give a system of polynomial equations
with integer coefficients for which the rigid Lie algebras correspond to isolated
solutions. These solutions can be noninteger.
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