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ABSTRACT. Suppose M is a connected Riemann surface. Let H (M) denote the
homeomorphism group of M with the compact-open topology, and HQC (M)
denote the subgroup of quasiconformal mappings of M onto itself, and let
H(M)o and HRC(M)o denote the identity components of H (M) and HQC (M)
respectively. In this paper we show that the pair (H(M)g, HRC(M)o) is an
(s, X)-manifold, and determine their topological types.

1. INTRODUCTION

In this paper we will study the local topological type of the group of quasicon-
formal (QC) mappings on a Riemann surface with the compact-open topology. Let

= (-1,1)> and ¥ = {(x,) : sup, |rn| < 1}. Since the quasiconformality is a
sort of boundedness condition, we can expect that this group is a ¥-manifold. The
purpose of this paper is to confirm this assertion.

Suppose M is a 2-manifold and let H(M) denote the homeomorphism group
of M with the compact-open topology. In [Yal], [Ya2] we have investigated some
triples consisting of H(M) and its subgroups. When M is assigned with a PL-
structure, HFY(M) denotes the subgroup of PL-homeomorphisms of M, and when
M has a fixed metric, then H™7F (M) denotes the subgroup of locally Lipschitz
homeomorphisms of M. The superscript “c” means compact supports, the subscript
“4+” means orientation preserving (o.p.), and “0” denotes the identity connected
components of the corresponding groups. A Euclidean PL-manifold means a PL-
manifold which is a subpolyhedron of some Euclidean space R™ and has the standard
metric induced from R™. Let 0 = {(z,) € s : z, = 0 (V' (almost all) n)},
0 ={(zn) € 0™ : x, =0 (Vn)} and X = {(z,) € ¥° : x, =0 (V'n)}. We
have shown that:

1. ([Yal]) If M is a compact Euclidean PL 2-manifold, then the triple (H(M),

HYP (M), HPL(M)) is an (s, 3, o)-manifold.

2. ([Ya2]) If M is a noncompact connected PL 2-manifold, then the triple
(H(M)o, HP™(M )o, HLC(M)) is an (5,0, 0 0%°)-manifold.

3. ([Ya2]) If M is a noncompact connected Euclidean PL 2-manifold, then the
triple (H(M)o, HMF (M), HMP¢(M)o) is an (s, £°°, %1%°)-manifold.
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Suppose M is a Riemann surface (without boundary). We can consider the
following subgroups of H(M): (a) H¥QC(M), the subgroup of locally QC (LQC)-
homeomorphisms of M, (b) HRC(M), the subgroup of QC-homeomorphisms of
M, and (c) HR®¢(M), the subgroup of QC-homeomorphisms of M with compact
supports. Main results of this paper are the following:

Main Theorem. Suppose M is a Riemann surface.
(i) If M is compact, then the pair (Hy (M), HQC(M)) is an (s, X)-manifold.
(ii) If M is noncompact connected, then (H(M)o, HEQC (M), HRC<(M))
(H(M)o, HYC(M)o, HAC(M)q), and they are (s>, %°°, £ )-manifolds.

1

Corollary. If M is a connected Riemann surface, then (H(M)g, HC(M)y) =
(s,X) x N, where N is defined as follows:
1. Compact case: Let g denote the genus of M.
(i) g =0 = N = S0(3), (ii) g =1 = N = the torus, (iii) g > 2 =
N =1 point.
2. Noncompact case: (i) M = R? or R?\ 1 point = N = the circle, (ii)
otherwise N = 1 point.

In [Va] QC-mappings on higher-dimensional manifolds are studied. We conclude
this section with the following question.

Problem. When M is a compact Riemannian manifold, is the group H2€(M) of
QC-homeomorphisms on M a Y-manifold?

2. BASIC FACTS ON INFINITE-DIMENSIONAL MANIFOLDS

An (I + 1)-tuple (X, X1, -+, X)) of a space X and subspaces X7 D -+ D X is
said to be an (F, E1, - - -, Ej)-manifold if for every point & € X there exist an open
neighborhood U of x and an open set V of E such that (U,U N Xy,---U N X;) =
(V,VNE, -, VNE;). Atuple (X, X1,---,X;) issaid to be (E, Ey,--- , E;)-stable
f(XXxE X1 xFEy,- , XixE) (X, X1, ,X;). A space is o-compact if it is a
countable union of compact subsets. We say that a subset A of X has the homotopy
negligible (h.n.) complement in X if there exists a homotopy ¢¢ : X — X such
that ¢o = idx and ¢,(X) C A (0 <t < 1). To prove the Main Theorem, we will
apply the following characterizations of (s, X)- and (s*°, £, ¥%%°)-manifolds.

Theorem ([Ch], cf. [Yal]). A pair (X, X1) is an (s, X)-manifold iff
(i) (a) X is a separable completely metrizable ANR, (b) X3 is o-compact,
(ii) X1 has the h.n. complement in X,
(iii) (X, Xy) is (s, X)-stable.

Theorem ([Ya2, Appendix]). A triple (X, X1, X2) is an (s>,%°°, X%)-manifold
iff

(i) (a) X is a separable completely metrizable ANR, (b) X3 is F,s in X, X5 is
o-compact,

(ii) X2 has the h.n. complement in X,

(iii) (X, X1, Xp) is (s°°, £, £5)-stable.

As for the condition (i)(a) it is known that (1) ([LN]) if M is a compact 2-
manifold, then H(M) is a separable completely metrizable ANR and (2) ([Ya2]) if
M is a noncompact connected 2-manifold, then H(M)g is a separable completely
metrizable ANR. The remaining conditions (i)(b), (ii) will be verified in Sections
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3, and the condition (iii) will be proved in Section 4. The remaining assertion and
the Corollary follow from the Main Theorem, Homotopy invariance [Yal, Corollary
2.2(1)] and [Ha, Sc], [Ya2, Corollary 1.1].

3. Basic racTs ON QC-MAPPINGS

3.1. Modules of quadrilaterals. First we recall some basic facts on the modules

of quadrilaterals [LV, 1§2.4]. Suppose M is a Riemann surface. A quadrilateral in

M is a topological closed disk @ with four distinguished points 21, 2o, 23, 24 in 0Q),

where these points sit on Q) in the positive order with respect to the orientation

on 9Q induced from M. Given a quadrilateral (Q, z;), there exists a rectangle

R={z2=z+iyeC:0<2<4a0<y<b} (a,b>0) and a homeomorphism
o

h: (Q; 21,22, 23,24) — (R;0,a,a+ ib,ib) which is conformal on Q. The value a/b
depends only on the quadrilateral (@, z;) and is independent of the choice of (R, h)
as above. Thus we can define the module of (Q, 2;), M(Q, z;), as a/b.

We refer to [LV, I, IV] and [Leh, I, V §1] for the geometric and analytic definitions
of QC-mappings and related topics. Let f : M — N be an o.p. homeomorphism
between Riemann surfaces. We say that

(i) f is a K-QC homeomorphism for K > 1 if for every quadrilateral (Q, z;) in
M

EM(Q,2) < M(F@), () < KM(Q,2),

(ii) f is a QC-homeomorphism if it is a K-QC homeomorphism for some K > 1,
and

(iii) f is a locally QC (LQC)-homeomorphism if each point of M has an open
neighborhood U such that f: U — f(U) C N is a QC-homeomorphism.

Every LQC-homeomorphism is QC over a neighborhood of any compact subset.
The next lemmas will be used in Section 4. Suppose Q is a disk in M, z1, 23, 24 are
three distinct points in dQ which lie on dQ in positive order, and e : [0,1] — 9Q
is an o.p. embedding with e(0) = 21, e(1) = z3. For each ¢ € (0,1) we can consider
the module M (Q, 21, e(t), 23, z4) € (0, 00).

Lemma 1. (i) The function a: Hy (M) x (0,1) 3 (f,t) — M(f(Q, z1,€(t), 23, 24))
€ (0,00) is continuous.

(i) The function B :(0,1) 3> ¢t — M(Q, z1,e(t), z3,24) € (0,00) is an increasing
homeomorphism.

Proof. (i) The continuity of « follows from the continuity of module [LV, 1§4.9].
(ii) Suppose 0 < s < t < 1. There exists a homeomorphism h : (Q, 21, e(t), 23, 24)
— Ry = (R;0,a,a + 4,i) which is conformal on @, where R = [0,a] x [0, 1] and
a = [(t). Let a1 = h(e(s)) € (0,a] and Ry = (R;0,a1,a+1,i). Then by [LV, I §4.6,
Lemma 4.2] (a) B(s) = M(R1) < M(Rp) = 5(t) and (b) if 8(s) = B(t), then Ry is
a rectangle. This means that a; = a and s =¢. By [LV, I §4.5] 8(¢) — 0 (¢t — 0)
and ((t) — oo (t — 1). This implies the conclusion. O

By Lemma 1 (ii), for each f € Hy (M) there exists a unique ¢(f), 0 < t(f) < 1,
such that M (f(Q, z1, e(t(f)), z3,24)) = 1.

Lemma 2. The function Hy (M) > f— t(f) € (0,1) is continuous.
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3.2. o-compactness of HRC(M). When M and N are Riemann surfaces, then
EXIQC(M, N) denotes the space of (K-)QC-homeomorphisms f : M — f(M) C N
with the compact-open topology. The next lemmas follow from the normality of
K-QC-mappings.

Lemma 3. If M and N are domains of the Riemann sphere C, then (i) EQ€(M, N)
and HRC(M) are o-compact, and (i) H¥QC(M) is F,s in H(M).

Proof. (i) Tt suffices to show that for each K > 1 the subspace E£-QC(M, N) (re-
spectively HX=QC(M)) is o-compact. We fix three distinct points 1, 29,23 € M
and choose a countable open base U of N (respectively M). Consider a triple
U1,U3,Us € U such that the closures in C, cle Us, are disjoint. Set F = {f €
EX-QC(M,N) (respectively HEX=QC(M)) : f(x;) € claU; (i = 1,2,3)}. Since
EX=QC(M, N) (respectively HX~QC(M)) is separable metrizable and it is the
countable union of F’s, it suffices to show that F is sequentially compact. By
the normality of K-QC mappings ([LV, IL.Theorem 5.1]) every sequence f, € F
has a subsequence which converges to a map f : M — ® uniformly on each com-
pact subset. Since f(x;) € clg U;, the limit map f is not constant, and hence f is
K-QC [LV, IL.Theorem 5.3] and f(M) C N (respectively f(M)= M) [LV, II §5.6
Theorems 5.4, 5.5, §5.7]. This implies the conclusion.

(if) We can find an open cover {U;};>1 of M such that each U; is connected and
clU; is compact. Consider the map

o:HM) — [[ £, M), @(f) = (f
i=1
By condition (i) each EQC(Ui,M) is o-compact, so it is F, in E(U;, M). Hence
2, EQC(U;, M) is F,s in [1;2, £E(U;, M). Hence

Ul)’L

He9C () = 5[] £9(;, M)

i=1
is also Fs in H(M) . |

Lemma 4. If M is a connected Riemann surface, then (i) HC(M) and HC<(M)
are o-compact and (i) HYQC(M) is F,5 in H(M).

Proof. We take the universal covering M = M ([Leh, IV §§2,3]). Let H(M)T =
{f € H(M) : fis a lift of some f € H(M) (ie.xf = fr)}. This subset is
closed in H(M). The natural map 7, : H(M)" — H(M), 7.(f) = f, is a covering
projection. In fact, if zp € M and U is an open disk in M, then the open set
U={feHM) : f(zo) € U} is evenly covered by m,. Since 7 is locally conformal,
fis (L)QC iff £ is also (cf. [LV, 1§3.2], [Leh, 1§2.1]) and HMQC (AT = H(M)" N
HWMQE(M) = 771 (HMQC(M)). By the Uniformization theorem ([Leh, IV §3.2,
Theorem 3.3]) and Lemma 3, HQC (M) is o-compact and H¥QC (M) is F,5 in H(M).
Hence HQC(M)T is o-compact since it is closed in HQC (M), and HYQC (M) is F,s
in H(M)T.

(i) Thus HRC(M) = m, (HRC(M)") is o-compact and so is HRC¢(M) since it is
F, in HRC(M).

(ii) Since m, is a covering projection, we can find an open cover {U; };>1 of H(M)
and open sets {Z;li}izl of H(M )Y such that =, : U; — U; is a homeomorphism for
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each i > 1. Since F; = HYQC(M)'' N U; is Fos in Us, HYQRC(M) N U; = m.(F;)
is Fys in U;, and it is also F,s in H(M) since U; is F, in H(M). Since each
H; = (HYQC(M) NU) U (H(M)\U;) is Frs in H(M), so is HYQC (M) =, Hi. O

Note that HRC(M)y and HRC¢(M)y are o-compact and HYQC(M)g is Fys in
H(M)o since every connected component is closed in the ambient space.

3.3. QC-triangulations. We will introduce the notion of QC-triangulations of
Riemann surfaces. Suppose M is a Riemann surface. Let A be a 2-simplex in
C. We say an embedding f : A — M is quasiconformal (QC) if it admits a
QC extension to an open neighborhood. More generally, suppose o is an abstract
(or Euclidean) 2-simplex and f : 0 — M is an embedding. Then o inherits an
orientation from M by f. We say that f is QC if for some 2-simplex A in C
and some o.p.simplicial isomorphism ¢ : A — o, the embedding f¢ : A — M is
QC. Since any o.p.affine isomorphism of C is QC, this definition is independent
of the choice of A and ¢. A triangulation of a space X is a pair (L, f), where L
is an abstract simplicial complex (or a Euclidean complex) and f : |L] = X is a
homeomorphism from the realization of L onto X. We say a triangulation (L, f) of
X is quasiconformal (QC) if for each 2-simplex o of L the restriction f: o — M is
a QC embedding. For example any C!-triangulation of M is QC (cf. [Wh]).

Lemma 5. Suppose (L, f) is a QC-triangulation of a Riemann surface M.

(i) For any 1-simplex T of L, f(7) is a QC-arc (i.e., there exists a QC-mapping
from an open neighborhood of f(7) onto an open set of C which maps f(T) onto a
straight segment).

(ii) For any subdivision L' of L the pair (L', f) is also a QC-triangulation.

(iii) An o.p. homeomorphism h : M — M is K-QC (respectively LQC) iff for
any 2-simplex o in L the restriction

h: f(cor) — M
is K-QC (respectively QC).

The statements (i) and (ii) follow from the definition and (iii) follows from re-
movability of analytic arcs [LV, I.Theorem 8.3] and isolated boundary points [LV,
I.Theorem 8.1], and analytic definition [LV, IV §2.3].

Lemma 6. Suppose (L, f) is a QC-triangulation of a Riemann surface M and let
HPL (M) denote the subgroup of PL-homeomorphisms of M with respect to this
PL-structure. Then HL"¢(M) € HRCC(M) and HEM(M) C HYRC(M).

In particular, (i) when M is compact, HQC(M)(D HEY(M)) has the h.n. com-
plement in H (M) [GH] and (ii) when M is noncompact connected, HR¢(M )y (D
HEY¢(M)) has the han. complement in H(M )y [Ya2].

4. STABILITY PROPERTY OF (H(M), HXC(M))

In this final section we will investigate the stability property of H(M). The ar-
gument is a modification of the LIP-case [SW], [Yal, §3.3]. Let s;° = {((@n,m)m)n €
5% 1 sup,, ,, [Tnm| < 1}. In [Ya2, Corollary A.1] it is shown that (s>, X%, s3°) =
(5%, 559, £%),
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Lemma 7. (I) If M is a Riemann surface, then the pair (Hy (M), HQC(M)) is
(s, X)-stable.

(1) If M is a noncompact Riemann surface, then the quadruple (Hi(M),
HEQC(M), HRC (M), HRO¢(M)) is (s>, 5%, 57°, £F°)-stable.

Proof. We will prove (II). (1) First we work on C.

(i) By (vo, v1,v2) we denote the triangle in C with vertices vy, v1,vs. Consider
the triangle T'= (—1,1,4). Let T* = (—1,—i,1) (the reflection of T in the x-axis)
and Q =T UT*.

For each t € (—1,1) we have a canonical a(t) € H5(T) which maps simplicially
(—1,0,4) onto (—1,¢,4) and (0,1,7) onto (t,1,4). We extend a(t) to the S(t) €
HE(Q) by the reflection in the z-axis. By a simple calculation (cf. [LV, IV §2.3]),

we can see that 4(t) is K(t)-QC on C,OQ, where

k(t) = S | (-1<t<1l) and K(@)= 1+—k(t)
(Jt—-1)2+1 1= k(1)

(ii) Choose a sequence of triangles of the form : T}, = (an, — by, an + by, an +1by,),
where a,, > 0, a,, — 0 and b,, > 0 is sufficiently small so that T},’s are disjoint. Let
Qn =T, UTr, where T = (ay, — by, Gy, — iby, an + by) (the reflection of T), in the
x-axis).

Consider the conformal mapping ¢, : T — T, ¥n(2) = bz + a,, and define
@n(t) € H(Qn) by @u(t) = ¥uB(t)¢y, ", which is K (t)-QC on Q,,.

(iii) Let E be a disk in C with @, C It E (n > 1). For each t = (t,) € s =
(—1,1)%°, we define ¢(t) € Hy(E) by

@n(tn)('z)v 2 € Qn,
, ze E\U, Qn-

Then the map s 3 t — (t) € Hs(E)o is continuous and ¢(0) = idg. If
0<a<1land [t,| <a (n>1), then each ¢, (t,) : Q,— @,, is K(a)-QC and by

removability ¢(t) is also K (a)-QC on B

(2) Since M is noncompact, we can find local complex coordinate neighborhoods
(Uk, &) (k> 1) such that E C v(Uy), cl Uy is compact and {U}x>1 is discrete in
M (i.e., each point has a neighborhood which meets at most one Uy). We define a
map F : s%° — H(M)o by

'7k_1¢(t/€)'7k(2)7 KIS '7]:1(E)7 k=1,
Z, z g Uk IYk_l(E)
By (1-iii) F is continuous and it defines a map of quadruples:

F (57,5, 57°,5F) — (H(M)o, H"¥C(M)o, Y (M)o, HE(M)o).

(3) Let f € Hi(M). Counsider the quadrilateral (T;—1,¢,1,7) (-1 < t < 1)
and for each k,n > 1, consider the quadrilateral T,in(t) = ffyk_lwn(T; —1,t,1,4).
As in Lemma 2 there exists a unique tg, = tgn(f) € (—1,1) with the module
M(ka,n(tkm)) = 1, and the map Hi (M) > f +— tgn(f) € (—1,1) is continuous.
For each K > 1, let a(K),0 < a(K) < 1 be the unique real number such that
M(T,—1,a(K),1,i) = K. By the symmetry, M(T,—-1,—a(K),1,i) = 1/K. Sup-
pose f : Uy — f(Ug) is K-QC. Since f~1: f(Uy) — Uy is also K-QC and ~;, "4y, is

z

p(t)(2) = {

(t = (tk)k S SOO).

F(t)(2) = {
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conformal in jo“, it follows that

1 1 _ . _ .
% = EM(f’Yk 11/)71(T5 _1) tk,nv 1) Z)) S M(F)/k 11/)71(T7 _17tk,na 171))
= (T7 _17 tk,na 177/) S KM(fV]c_lwn(Tnv _17tk7n7 171)) = K
Hence |tkn| < a(K) and ti(f) € X. Also note that if f = id on Uy, then

tx(f) = 0. Thus we have the map G : (H (M), HEQC (M), HC (M), HRC<(M)) —
(s%,%5%, 5%, 57), G(f) = (& (f))-

Let F = G7(0) and (F1, Fz, F3) = (FNOHYQC (M), FOHRC (M), FOHACC(M)).
By the definition of F' and G it follows that

(i) G(foF(G() =0  (f €H(M)),

(ii) G(foFt)™) =t (f€Fandtecs™).

From these facts we have the reciprocal homeomorphisms

>
(H-l‘(M)vHLQC(M)vHQC(M)vHQC)C(M)) ?
(F x 8%, F1 x %, Fp x 537, F3 x XF),

O(f) = (f o F(G(f)),G(f)), U(f.t)=foF(t)".
Since ((s)?, (2%)?, (s°)%, (23°)?) = (s, 2%, 5;°,X7°), this implies the conclu-
sion. O

Since the above homeomorphism of the quadruples preserves the identity com-
ponent parts, it follows that (H(M)o, HEQC (M), HRC (M), HRC<(M),) is also
(57,5, 57°,55°)-stable. In particular, (H(M)o, H¥C(M)o, HRY(M)o) is stable
for (s, 2%, s5°) = (5%, X%, XF).
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