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ABSTRACT. We prove strong mean convergence theorems and the existence
of ergodic projection and retraction for commutative semigroups of operators
which is Eberlein-weakly almost periodic.

INTRODUCTION

A strong mean convergence theorem for nonexpansive mappings was first estab-
lished for odd mappings by Baillon [2], and it was generalized to that for asymptot-
ically isometric mappings by Bruck [4]. After works of Miyadera and Kobayasi [21]
and Oka [22], we proved the theorem for general commutative semigroups ([16]).
On the other hand, Ruess and Summers [26, 28, 29] proved the strong convergence
theorem by different methods, such as the following.

A bounded and continuous function f from RT to a Banach space E is called
Eberlein-weakly almost periodic if its orbit by translation {r(s)f;s € R} is rel-
atively weakly compact in the Banach space of all bounded and continuous func-
tions from RT to F with supremum norm. Ruess and Summers showed that if f
is Eberlein-weakly almost periodic, then (1/t) fot f(s+ h)ds converges strongly as
t — oo to a point z € E uniformly in h € RT (they proved for strongly regular
kernels). Consequently, for a nonexpansive semigroup {T'(s); s € RT} on a closed
convex subset C' of a uniformly convex Banach space E, if T'(-)z is asymptotically
isometric for € C, then (1/t) fot T(s + h)ds converges strongly as ¢ — oo to a
common fixed point of T'(s), s € S, uniformly in h € R*.

In section 2, we generalize their results to a commutative semigroup of oper-
ators, and give a result of the existence of ergodic projection and retraction. In
section 3, we use results of Ruess and Summers ([26]) on Eberlein-almost period-
icity for nonexpansive semigroups on R (resp. Z1), adapted to the d-dimensional
case, to apply our results to a pair of commuting nonexpansive maps in uniformly
convex Banach spaces.
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1. PRELIMINARIES

Throughout this paper, S denotes a commutative semitopological semigroup
with identity, i.e., a commutative semigroup with a Hausdorff topology such that
for each t € S, the mapping s — s+ ¢ from S to S is continuous. We assume
a Banach space E is real. We also denote by Z,Z% ,N,R and R™ the sets of all
integers, nonnegative integers, positive integers, real numbers and nonnegative real
numbers, respectively. Let [°°(S) be the Banach space of all bounded real valued
functions on S with the supremum norm, and let Cy(S) be the subspace of 1*°(S)
of all bounded continuous real valued functions on S. Then for each s € S and
f € Cp(S), we define an element r(s)f in Cy(S) by

(r(s)f)(t) = f(t+s) foralltes.

An element p of Cy(S)*, where Cy(S)* is the dual space of Cp(5), is called a mean
on Cy(S) if ||u]l = (1) = 1. As is known, p is a mean on Cy(S) if and only
if infseg f(s) < p(f) < sup,eg f(s) for each f € Cp(S). A mean p on Cp(S) is
invariant if p(r(s)f) = p(f) for all s € S and f € Cp(S). It is well known that
there exists an invariant mean g on [°°(S); see Day [6]. Since C(S) is invariant
under 7(s), the restriction of g on Cy(S) is an invariant mean on Cp(S). A finite
mean is an element of co{d(s);s € S}, where 6(s)(f) = f(s) for each f € I*°(S)
and co A is the convex hull of A. Depending on time and circumstances, the values
of mean p at f € C,(S) will also be denoted by u(f) or us(f(s)). A commutative
semigroup S is a directed system when the binary relation is defined by s < t if and
only if {s} U (S+s) D {t}U(S+1t). We write z,, — z (resp. ,, — x) to indicate
that the sequence {x,} of vectors converges strongly (resp. weakly) to x.

Let C be a closed subset of a Banach space E. A mapping V of C' into itself is
called Lipschitzian if there exists K > 0 such that |[Vz —Vy| < K|z —y|| for every
x,y € C. We define the Lipschitz norm of V by ||V]| := Sup{%;x,y e€eC,x#
y}. If |[V] < 1, then V is called nonexpansive. We denote by Lip(C'), Cont(C')
and L(FE) the semitopological semigroup of all Lipschitzian self-mappings of C, the
semitopological semigroup of all nonexpansive self-mappings of C' and the semi-
topological semigroup of all bounded linear mappings of F, under composition and
pointwise convergence topology, respectively. Let T': S — Lip(C) or Cont(C) (resp.
L(E)) be a representation, i.e., T(s+t) = T(s)T'(t) for every s,t € S, and T'(-)x is
continuous for every x € C (resp. x € E). We denote by Fix(T') the set of common
fixed points of T'(s), s € S. We also denote by B(E) = {z € E;||z|| < 1} the unit
ball of E. For two Banach spaces F and F', L(E, F) is the set of all bounded linear
mappings from E to F.

Let S be a topological space and let E be a Banach space. Then we denote by
Cy(S, E) the Banach space of all bounded continuous mappings from S to E with
supremum norm, and by C¢(S, F) the set of all elements f € Cy(S, E) such that
f(S) :={f(s);s € S} is relatively weakly compact. It is obvious that Cc (S, E) is
a linear subspace of Cy(S, E). Let x: E — Cy(S, E) be a mapping such that for
x € Eand s € 9, k(x)(s) = . Since  is a norm preserving isomorphism of E into
Cy(S, E), we consider E as a subspace of Cp(S, E).

For any mean p on Cy(S), we define a “vector valued mean” 7(u) homomorphi-
cally, i.e., 7(p) is an element of L(C¢(S, E), E) such that 7(u)z = z for each z € E,
and ||7(u)|| = 1. More generally, we give a definition as follows; see [16].
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Definition 1.1. Let E be a Banach space. For p € C(S)* and f € Cc(S, E),

let 7% 2" > ps(f(s),2*) be an element of E**. Then x}*, € E. We define an

element 7 = 7% € L(Cy(S)*, L(Cc(S, E), E)) by 7(u) f = T

Remark 1.2. The following holds; see [16]. (i) 7 is injective and ||7]| < 1; (ii)
T(w)z = p(l)x for all x € E, and if p is a mean on Cy(S), then ||7(w)]| = 1;
(iii) 7 maps the point evaluation J(s) to the point evaluation £(s), s € S, where

e(s)f = f(s) for f € Ca(S, E); (iv) 7(r(s)*p) = r(s)"7(1)-

Let T: S — Lip(C) be a representation such that T'(-)z € C¢(S, E) for some
2 € C. Then we shall denote 7(u)(T(-)x) by T(u)x, which is an element of E.

2. ERGODIC THEOREMS FOR WEAKLY ALMOST PERIODIC FUNCTIONS

In this section we prove strong mean convergence theorems and a result about the
existence of ergodic projection and retraction of Eberlein-weakly almost periodic
functions for commutative semigroups.

Definition 2.1. Let E be a Banach space. A function f € Cy(S,E) is called
Eberlein-weakly almost periodic if {r(s)f;s € S} is a relatively weakly compact
subset of Cy(S, F). We denote by W (S, E) the set of all of Eberlein-weakly almost
periodic functions. Let UCy(S, E) be the set of all bounded uniformly continuous
functions from S to E, i.e., the set of all f € Cp(S, E) such that the map s — r(s)f
from S to Cy(S, E) is continuous. Let C be a closed subset of E. A representation
T: S — Lip(C) is called Eberlein-weakly almost periodic on a subset D of C if for
any ¢ € D, T(-)x € W(S, E).

Remark 2.2. (a) W(S,E) and UCy(S, E) are closed translation invariant linear
subspaces of Cp(S, E).

(b) We do not know whether W (S, E) C UCy(S, E). This holds when S = Rt;
see [29, Proposition 2.1].

Definition 2.3. Let {uq;a € A} be a net of means on Cy(S). Then we call {uq}
strongly asymptotically invariant (cf. [30], [24]) if limg ||pa —7(8)* ]| = O for every
seS.

Remark 2.4. (a) Since S is commutative, a strongly asymptotically invariant net
of finite means on Cy(S) always exists; see Day [6].
(b) The following are examples of strongly asymptotically invariant net of means.
(i) Let S = Z*. Then putting u,(f) = (1/n) S5y f(k) for f € Cy(Z1) =
1°°(Z7*), {pn;n € N} is an asymptotically invariant net of means.
(ii) Let S = ZT. Then putting ps(f) = (1 — 8) > pey s"f(k) for f € Co(ZT) =
1°°(Z7*), {us; s € (0,1)} is an asymptotically invariant net of means.
(iii) Let S = (Z*)2. Then putting u,(f) = (1/n?) Z?;O f@i,j) for f € Co((ZT)?)
=1°°((Z*")?), {un;n € N} is an asymptotically invariant net of means.
(iv) Let S =R*. Then putting ps(f) = (1/s) [ f(t)dt for f € Cy(RT), {ns;s €
RT\{0}} is an asymptotically invariant net of means.
(v) Let S =R*. Then putting p(f) = s [~ e *! f(t)dt for f € Cp(RY), {ns;s €
R*} is an asymptotically invariant net of means.

Definition 2.5 (Eberlein [9]). Let E be a Banach space. {Ty;a € A} is called a
system of almost invariant integrals of a representation U: S — L(FE) on a subset
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D of F if the following hold:
L {T.} C L(E), supyea [|Tall < o0;
II. for any z € E and a € A, Tpz € clco{U(s)z;s € S};
III. for any s € S and x € D,
(a) limg, ||U(8)Tox — Ty a:|| =0,
(b) limg || ToU(s)x — Thx| = 0.

We give an example of a system of almost invariant integrals:

Proposition 2.6. Let E be a Banach space and let U(s) = r(s), s € S, be
the translation operator on F := W(S,E) N UC(S, E). Let {ua} be a strongly
asymptotically invariant net of means on Cy(S), and define {T,} C L(F) by
(Tof)(t) = 7(r(t)* pua)f for f € F andt € S (see Definition 1.1 for ). Then {Ta}
is a system of asymptotically invariant integrals of a representation U: S — L(F)
on F.

We note that since W (S, E) C Cc(S, E), T, is well defined. For this proof, we
give a lemma and a proposition.

Lemma 2.7 (Ruess and Summers [27, proof of Theorem 2.1]). Let E be a Banach
space. Let us equip the closed unit ball B(E*) of E*, and the set of point evalua-
tions 6(S) = {d(s);s € S} C Cp(S)* on Cp(S), with the topologies induced by the
w*-topology and the strong topology, respectively. Then putting ®(f)((6(s),z*)) =
(f(s),z*) for f € Cu(S, E) and (6(s),z*) € 6(S) x B(E*), ® is a norm preserving
isomorphism from Cy(S, E) into Cy(3(S) x B(E™*)).

Proposition 2.8. Let E be a Banach space and let i be a mean on Cy(S). Then
for any f € F:=W(S,E)NUCy(S,E), 7(r(-)*p)f € cleco{r(s)f;s € S} C F.
Proof. First we prove 7(r(-)*p)f € Cy(S, E). For any t,s € S,

Ir(r(@) @) f = 7(r(s)* W fl = () (r(@) f) = 7(@) (r(s) ]
<|r@)f = r@) 1l

and since f € UGCy(S, E), the assertion follows. Assume 7(r(-)*p)f ¢ Ay :=
cleo{r(s)f;s € S}. We consider Cy,(S, E) as a subspace of Cy(6(S) x B(E*)) by
Lemma 2.7. Since Ay is weakly compact, Ay is closed in the pointwise conver-
gence topology. So, by the separation theorem, there exists a functional T in the
dual of Cy(S, E) with respect to the pointwise topology on §(S) x B(E)* such that
T(r(r()*n)f) < inf{T(g9);g € As}. Put T = 3" 1 6(s;) ®af, n € N, s; € S,
x; € E*. Then we have

i=1 i=1 =1

< s <Z<(T‘(S)f)(8i),xf>> =D us{(r(s)f)(si), 7)
= =1

Z wf.ai) =Y (r(r(si) w) f,25),

=1

Y (rlr(si) w)foap) <1nf{z<g(sz—)7$?>;g€x4f} Ssirelg{Z«?"(S)f)(sz),xﬁ}

which is a COIltI"adICthIl. Hence we have 7(r(t)*u)f € Ar. By Remark 2.2 (a), we
have Ay C F. O
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Proof of Proposition 2.6. By Proposition 2.8, Definition 2.5 II is satisfied, and T, F
C F for any a € A. Clearly T, is linear, and for any f € F,

7o £l = sup T £ ()] = sup [7(r(0)" o)
< sup [(r(e)" o)l 1911 < 1],

implying ||T,|| < 1. Hence we have T,, € L(F'). So, Definition 2.5 I is satisfied.
For f € F,

U () Tof = Taf | = lIr(s)T(r(-)" pa) f = 7(r(-)" pa) £
=sup [[7(r(t + ) na) f = 7(r(t)" pa) f|

= sup 1 7(r(s)" tta — pa) (r(t) f)l

< 17(8)* o = prall [1F1

Hence, I1I (a) is satisfied. Since T,U(s)f = 7(r(-)* pa)(r(s)f) = 7(r(s)*r(:)* pa)f =
T(r(-+ 8)* o) f = r(8)T(r(")* o) f = U(s)Tof, II (b) is satisfied. This completes
the proof. O

From Eberlein [9] and Kido and Takahashi [18], we have the following theorem.

Theorem 2.9. Let E be a Banach space and let {T,} be a system of almost in-
variant integrals of representation U: S — L(E) on {z} for some point x € E.
Assume sup,eg [|U(s)|| < oo and a weak cluster point y of {Tox} exists. Then Tox
converges strongly toy. In this case, if {U(s)x;s € S} is relatively weakly compact,
theny = U(u)x for every invariant mean on Cy(S), and {U(u)x} = cleco{U(s)z;s €
S} N Fix(U).

Definition 2.10. Let C be a closed subset of a Banach space E, and let D be a
subset of C. A mapping P: C — D is called a retraction if P?> = P. Furthermore,
assume C' and D are linear subspaces of E, and P is linear. Then P is called a
projection.

Put G = W(S,E) and 7" = 79 € L(Cy(S)*, L(Cc(S,G), G)), where 7¢ is as
in Definition 1.1. The following theorem is a strong ergodic theorem for Eberlein-
weakly almost periodic representations.

Theorem 2.11. Let E be a Banach space and let U: S — L(W (S, E)) be the trans-
lating representation. Let p be an invariant mean on Cy(S). Then the following
hold:

(a) For each invariant mean p on Cy(S), U(u) is a nonexpansive projection from
W (S, E) onto Fix(U) = E such that U(u)U(s) = U(s)U(u) = U(u) for every
se€ S and {U(u)f} = ENnclco{U(s)f;s € S} for every f € W(S, E);

(b) Uu)f = 7 () (U()f) = 7(u)f for cvery f € W(S, E);

(¢c) for any strongly asymptotically invariant net of means {pa; @ € A} on Cy(S)
and f € F:=W(S,E)NUCy(S, E), 7(r(h)*ua)f converges strongly toy € E
uniformly in h € S. Here y = U(p)f for every invariant mean p on Cp(S)
and is the only point in E N clco{r(s)f;s € S}.

Proof. (a) We note that U(-)f € Ceo(S,W(S, E)) for f € W(S,E). So, U(u)f =
(W) (U()f) € W(S,E) is well defined. From [18, Theorem 2, Lemma 4], the
assertion follows.
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(b) Let f € W(S,E). By Lemma 2.7, we consider C},(S,E) as a subspace of
Ch( B(E*)). Hence, by (a), U(u)f € Fix(U) = E C W(S,E) C Cy(S,E) C
Cy( B(E*)). For any z* € B(E*) and t € S,

Up)f,=*) = (U () f)(t),2") (considering U(u)f € Cy(S, E))
— (U ((6(),2%)) (considering U(u)f € Cy(6(S) x B(E*)))
={U(p)f, (6(t),z*)) (considering U(u)f € W(S, E) and since

(0(t),z"): g — g((0(t),27)) = (g(t), "),
g € W(S,E), is in W(S, E)*)

= /LS<U(S)f,

(6(8), z7))
= ps((U(s)f)(t),27) = ps(f(t +5), 27)
= ps(f(s),27) =

(r(p)f, 7).

Since z* € B(E*) is arbitrary, we have 7/(p)(U()f) = U(u)f = 7(u) f.

(¢) From Proposition 2.8 we see that there exists a weak cluster point g of
{r(r(-)*pa)f; € A}. From Proposition 2.6 and Theorem 2.9, 7(r(-)*1qa)f con-
verges strongly to g = U(u) f € Fix(U) = E in the supremum norm and {U(u)f} =
Encleo{r(s)f;s € S}. So, the assertion follows. O

Corollary 2.12. Let C be a closed subset of a Banach space E and let T: S —
Lip(C) be an Eberlein-weakly almost periodic representation on a subset D of C
such that sup,cg ||T(s)|| < co. We assume Fix(T) C D. Let U(s), s € S, be the
translation operator on W (S, E) and let p be an invariant mean on Cy(S). Then
the following hold:

(a) For any strongly asymptotically invariant net of means {uo} on Cp(S) and
x € D, T(r(h)*ua)x converges strongly to y € E uniformly in h € S. Here
y=U(u)(T(-)x) and is the only point in ENclco{r(s)f;s € S};

(b) if C is a closed convex subset of a uniformly conver Banach space E and
T:S — Cont(C), putting Px = U(u)(T(-)x) for x € D, P is a nonexpansive
retraction from D onto Fix(T') such that PT(s) = T(s)P = P for every s € S
and Px € clco{T(s)x;s € S} for every x € D.

Proof. Putting f = T( )z, f € W(S,E)NUCy(S,E). So, (a) follows from Theo-
rem 2.11 (c), and (b) follows from Theorem 2.11 (b) and [12 Theorem 3]. |

Remark 2.13. By a result of [14], we see that Theorem 2.11 (¢) and Corollary 2.12
(a) hold for strongly regular net {u,} which is a generalization of strongly regular
kernel (see [23], [26]). Here a net {ua} C Cy(S)* is called strongly regular ([12])
if it satisfies the following conditions: (a) sup, ||pall < 00; (b) limg pa (1) = 1; (c)
limg, ||t — 7(8)* pta || = 0 for every s € S.

Definition 2.14. Let C be a closed subset of a Banach space E. A representation
T: S — Lip(C) is called strongly asymptotic regular on a subset D of C' if for any
x € D, limg || T(s+t)x —T(s)x| =0 for every t € S.

Corollary 2.15. Let C be a closed subset of a Banach space E and let U(s), s € S,
be the translation operator on W (S, E). Assume a representation T: S — Lip(C)
is Eberlein-weakly almost periodic and strongly asymptotic regular on a subset D
of C such that K := sup,cg ||T(s)|| < co. Let v be an invariant mean on Cy(S).
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Then the following hold:

(a) T(u) is a Lipschitzian retraction from D onto Fix(T) with |T(p)] < K
such that T(u)T(s) = T(s)T(u) = T(u) for every s € S and T(p)x €
cleco{T(s)x;s € S} for every x € D;

(b) for any x € D, T(t+ s)x converges strongly to y € Fix(T) uniformly int € S.
Here y = U(u)(T()z) = T(u)z.

Proof. Tt is easy to see that {U(t);t € S} is a system of almost invariant integrals of
arepresentation U: S — L(W (S, E)) on {T(-)x;x € D}. So, from Theorem 2.9 and
Theorem 2.11 (b), for any z € D, T(t+ )z — U(u)(T()z) = 7(u)(T()z) = T'(u)x
uniformly in ¢t € S. Then for any ¢ € S, T(¢)T (¢t + s)x — T(¢)T(1)x, implying
T(w)z =T(q)T(1)x. So, T(u)x € Fix(T). The other assertions are easy. |

3. A WEAKLY ALMOST PERIODIC REPRESENTATION

In the previous section, we proved the strong ergodic theorem for Eberlein-
weakly almost periodic representations. Ruess and Summers [26] proved that if a
representation T: S — Cont(C) is asymptotically isometric, then T is Eberlein-
weakly almost periodic when S = R* or Z™, and FE is uniformly convex. Their
method of proof works as well for the d-dimensional case.

First, we give a definition.

Definition 3.1. A representation 7: S — Cont(C') is called asymptotically iso-
metric on D if for any x,y € D,lim, ||T(s+ h)z —T(s + k)y|| exists uniformly over
h,keS.

Let S be (Z1)4 or (RT)4, d € N, and let || - || be the restriction to S of any
norm on (R)?. We call a representation T: S — Cont(C) strongly asymptotically
isometric on a subset D of C if for any x,y € D,

| lHlm IT(s+ h)x — T(s)y|| exists uniformly over h € S.
Remark 3.2. The following hold; see [16].

(1) Assume S is totally ordered. Then T is asymptotically isometric on D if and
only if for any z,y € D, lim, ||T(s + h)x — T(s)y|| exists uniformly over h € S; see
Bruck [4] and Oka [22].

(2) Let C be a closed convex subset of a Hilbert space E. Then T is asymp-
totically isometric on a subset D of C and 0 € Fix(T') if and only if there exists
a function £(+,-): S x S — R such that lim, ;.o £(s,¢t) = 0 and for any z,y € D,
g€ 8, IT(s+ )=+ T(t+ gyl < IT(s)z + T(O)yl* +&(s,1).

(3) Assume there exist a subnet {s,} of S and z,y € C such that T'(s,)x
converges strongly to y. Then T is asymptotically isometric on {T'(s)z;s € S} U
Fix(T).

(4) Let C be a closed convex subset of a Hilbert space E and each T'(s), s € S,
is affine. Then T is asymptotically isometric on C.

Theorem 3.3 (Ruess and Summers [27]). Let S be (ZT)? or (RT)?, d € Z*. Let
C be a closed convex subset of a uniformly conver Banach space E and let x € C.
Let T: S — Cont(C) be a strongly asymptotically isometric representation on {x}.
Then the following are equivalent:

(a) T(-)x is Eberlein-weakly almost periodic;

(b) {T(s)x;s € S} is relatively weakly compact.
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Out of the corollaries which we can get by applying Remark 2.13 and Remark 2.4
(b), we give only the following:

Corollary 3.4. Let C be a closed convex subset of a uniformly convexr Banach space
E, and let V,W € Cont(C) be such that VW =WV and FixV NFixW # &. Let
z € C and assume imy(s, s,)|—oo ||V W2 Th2g — VI WS2g|| ewists uniformly
over hi,ha € Zt. Then putting f(s) = VSiWs2x for s = (s1,s2) € (Z7)?, f is an
Eberlein-weakly almost periodic function from (Z7)? to E.

And (1/n?) ij_zll Vithiyitha g converges strongly as n — oo to a common

fized point of V. and W uniformly over hi,hs € Z7T.

Furthermore, assume limg, s, oo ||V THW S22 — V1TV 52| = 0 for every
ti,to € Zt. Then VSithlysattay converges strongly as si,s2 — 0o to a common
fized point of V and W uniformly in t1,to € Z7.

Proof. Define T: (Z*)? — Cont(C) by T((s1,s2))x = VSiW*z for (s1,s2) €
(Z*)?, x € C. Let u, be that of Remark 2.4 (b)(iii). Then T(r(h)*u,)r =

(1/n?) Z?j_:ll Vithiyyithey for h = (hy,ho) € (ZT)2. So, the assertions follow

from Remark 2.4 (b)(iii), Theorem 3.3, Corollary 2.12 and Corollary 2.15. O
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