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ABSTRACT. The purpose of this note is to extend the methods and results
of Guillemin on elliptic self-adjoint pseudodifferential operators of order one,
from operators defined on smooth functions on a closed manifold to operators
defined on smooth sections in a vector bundle. The case of bundles of Hilbert
modules of finite type over a finite von Neumann algebra will also be treated.

0. INTRODUCTION

Let M be a closed Riemannian manifold of dimension m and E a vector bundle
over M endowed with a hermitian metric. The fibers of E are finite dimensional
vector spaces over C or, more general, finite type Hilbert modules over a von Neu-
mann algebra A. The first situation corresponds to the case A = C. Throughout
this paper we will denote by ¥(E) or simply by ¥ the algebra of classical pseudo-
differential operators acting on smooth sections in E (for the case when A is an
arbitrary von Neumann algebra, see [BFKM] for definitions and properties). We
will also denote by ¥*(FE) the subspace of pseudodifferential operators of complex
order s. The total symbol ototar(x, &) of such an operator A € U* has locally an
asymptotic expansion of the form:

Utotal(za f) ~ Z a's—k(za 5)
k=0

where o,_i(x,§) are sections of the endomorphism bundle of the pull-back of E
with respect to the projection map T*(M) \ {0} — M. Each section os_(z,€)
is a homogeneous function in the variable £ of degree of homogeneity s — k € C,
ook (x, \) = X Fo,_p(x,€) for any A > 0.

The space C*°(FE) of smooth sections of E over M has a canonical metric

(f.9) = / (f(2), g(z))e duol

M

where (-, ), is the hermitian metric in the fiber above z € M. The L? completion
of C*°(E) with respect to (-,-) will be denoted by L?(FE). A pseudodifferential
operator becomes an unbounded operator on L?(E).
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We will consider now an elliptic pseudodifferential operator of order one A € W!
which is self-adjoint and positive with respect to (-,-). Suppose that the spectrum
of A is included in the interval (e, 00) for a sufficiently small € > 0. Then one can
define the complex powers A®, s € C in the following way

(0.1) Af = L M(A—A)"td\  when Re(s) <0
271 5

(where «y is a contour in the complex plane obtained by joining two lines parallel
to the negative real axis by a circle around the origin) and

(0.2) A® = A"FAk  for Re(s) >0

for large enough k € Z so that s — k is negative.

One of the goals of our paper is to show that A® is a pseudodifferential operator
of complex order s. We remind the reader that this fact has been proven first by
Seeley [S] in the case of finite dimensional hermitian bundle £ and extended to the
case of von Neumann bundles in [BFKM]. Guillemin has provided an alternative
approach in [G]; his treatment covers essentially the case of pseudodifferential op-
erators acting on smooth functions on M. We will show how one can adjust his
strategy to the case of operators acting on sections in a vector bundle E. The main
difficulty arises from the fact that the algebra of endomorphisms of E is noncom-
mutative (fiberwise it is equal to the algebra of the A—invariant endomorphisms of
the fiber, as compared to Guillemin’s case where the fiber is isomorphic to C). In
the same spirit of Guillemin, we will show that the zeta function of A defined as:

Ca(s) = Tracen(A%) for Re(s) < —m

has a meromorphic extension over the complex plane C with at most simple poles
at —m, —m + 1, ... . The residue of {4 at —m will be equal to a quantity that
depends only on the principal symbol o; of the operator A.

Throughout the paper A will be a classical pseudodifferential operator of order 1.
The case of an operator of any other positive order can be reduced to the case in
which the order is equal to 1.

I thank Prof. D. Burghelea for his support and suggestions and Prof. T. Kappeler
and L. Friedlander for useful discussions.

1. COMPLEX POWERS OF PSEUDODIFFERENTIAL OPERATORS
The goal of the section is proving the following:

Theorem 1.1. Let A be an elliptic, positive, self-adjoint pseudodifferential oper-
ator of order one. Suppose that Spec(A) € (e,00) for a sufficiently small € > 0.
Then its complex powers A, defined as in (0.1) and (0.2), are pseudodifferential
operators of order s € C.

To show this we will need the following:

Proposition 1.2. There exists a holomorphic family of pseudodifferential opera-
tors As for s € C such that Ag = Id, AsAy = Agsqt and the difference A1 — A is a
smoothing operator.

(As)sec can be thought of as an approximation of the powers of A that lie inside
V. We will show that As— A® are smoothing operators. Then Theorem 1.1 becomes
a straightforward corollary of Proposition 1.2.
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To construct the family (A )sec it will be convenient to consider the cohomology
of the group (C,+) with coefficients in the representation of (C,+) on the space
of sections C°(End(E)). Here E is the pull-back of the initial vector bundle E
over M with respect to the projection map of the cosphere bundle S*(M) — M.
This construction generalizes the cohomology considered by Guillemin in [G] for
the trivial representation of (C,+) on the space of smooth functions on S*(M).

Let o be a fixed section ¢ : $*(M) — End(E) so that o(z,¢) : E, — E, is an
invertible positive self-adjoint endomorphism for any (z,&) € S*(M) (¢ will be the
restriction of the principal symbol of A to S*(M)). The representation of (C,+)

on C*(End(E)) we consider is the following one: any s € C acts on a section

g: 5" (M) — End(E) by s-g=0""go".
Let C" = C"(C; C*(End(FE)) be the space of functions

f:CxCx--xC— C*End(E))

r times

that are smooth, f(:)(z,£) : Cx C x ...C — End(E,) are holomorphic for any
fixed (z,€) € S*(M) and f(s1,...,s.) = 0 if at least one s; is equal to zero.
Let 6" : C" — C"*! defined as:

(0" f)(80581, -5 8r) =80 f(S1,.+-,5r) +Z(—1)if(so,...7si_1 + Siy. ey 8r)
i=1

+ (—1)T+1f(80, ceey 5r—1)-
Let H"(C; C>°(End(E))) = Ker 6" /Im 6",

Proposition 1.3. H2(C; C*®(End(E))) = 0.
Moreover, for each 2-cocycle f there exists a unique 1-cochain h such that dh = f
and h has a prescribed value at 1, h(1).

Proof. Let f : C x C — C°°(End(FE)) so that for all a,b,c € C

f(Ovb) :f(a,O)ZO,
(6% f)(a,b,¢) =a- f(b,c) — fla+b,c)+ fla,b+c) — f(a,b) = 0.

We will try to find h: C — C*°(End(F)) such that
(6*h)(a,b) = o~ *h(b)o® — h(a + b) + h(a) = f(a,b).

The existence of an h as above implies:

of

(1.1) W(a) = o~ K (0)0" — 35

(a,0).
Consider h to be the unique solution of the previous equation with ~A(0) = 0 and
with a fixed prescribed value at 1, h(1). h can be found in the following way:
Let ®(¢) be the automorphism of C*°(End(E)) given by A — o~ *Ac*’. Then
a 8f

he =- | %(t,O)dH—/O O(£) (1 (0)) dt.
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If T(a)A = / ®(t)Adt, then, in order to get any prescribed value for h(1), w
0
need to show that T'(1) is surjective. Indeed, we have:

3 1
1)A:/ o Aot dt—i—/ o tAct dt
0

1
2

= T(%)A + @(%)T(%)A =(Id +<I>(%))T(%)A
and by induction

T(1HA=(Id+2(3))(Id+P(3)) ... (Id+P(55))T (55)A.

1
But the map A — 2" / ’ o tAct dt is close to the identity for a sufficiently large
0

n so T(5%) is invertible. (Id+®(5;)) is invertible as well, because ®(t) is positive
self-adjoint in any fiber above (x,&) € S*(M), for any real ¢.

Thus we obtain a continuous map h : C — C*°(End(F)) that is holomorphic in
all fibers F, ¢ and h € C'. We will show that § h = f so f is a coboundary. To
see this, let

g(a,b) = f(a,b) — (67 *h(b)o® — h(a +b) + h(a)).

0
Clearly 6 h = f if and only if ¢ = 0. Denote by % the partial derivative with
respect to the second variable. Then:

(1.2) gg( ,b) = Z‘Z (a,b) — o~ *h(b)o” 4+ h'(a +b).
From (1.1) we get:
B (b) = o~ h(0)0® — %(b 0) and
W (a+0b) = o~ @R (0)o @) — %(a +b,0).
These two equalities and (1.2) imply
gg (a,b) = Zﬁ (a,b) — o~ <a—bh’(0) b gi (b, 0)> o + o~ @R/ (0)g @+
— %( +0,0)
_ —azi(b 0)o" gi(cH—b,OH— %(a,b)
= 2@ bl
So % = 0; hence g(a, b) is constant in b. When b = 0 we have

g(a,0) = f(a,0) — (a_ah(O)U“ — h(a) + h(a)) =0.

So g = 0. Because f was chosen arbitrarily we conclude H2(C;C°°(End(E)))
0.

O
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We now proceed with the proof of Proposition 1.2. To show the existence of a
family (As)sec as stated in the proposition, we will show that there exists a family
(A(s))sec of pseudodifferential operators that satisfies the conditions of Proposition
1.2 only up to smoothing operators. More precisely:

Proposition 1.4. There exists a holomorphic family of pseudodifferential opera-
tors (A(s))sec with principal symbols opr(A(s)) = (0pr(A))® such that Ay = Id,
Ay = A and A Ay = A(s41) modulo smoothing operators. This family is unique
up to smoothing operators.

Proof. The statement of the Theorem is equivalent to:
-1 — —0o0
A(S)A(t)A(S+t) =1Id (HlOd )4 ),
(1.3) AnA~t=1d (mod W~°),
Ay =1d
(we denoted the space of smoothing operators by U—°).
To prove Proposition 1.4, we will construct Ay inductively in k € N, such that
A(S A(t A s+t) =1d (mOd \I/_k),
(1.4) ApnA~t=1d (mod w—F),
A(O) = Id.
For k = 1 we can choose (A(y))sec to be a holomorphic family of pseudodiffer-
ential operators of order s with the principal symbol equal to ¢® where o is the

principal symbol of A. We can construct such a family using a partition of unity.

Moreover Agy can be chosen to be the identity. The operators A4, t)A (5+1) and

AmyA™ 1 are operators of order 0 with the principal symbol equal to the principal
symbol of the identity. The relations (1.4) are satisfied modulo ¥~1.

Now suppose that the relations (1.4) hold for a certain k£ € N. We will construct
a new family (A(s))sec that satisfies (1.4) for k£ + 1 that is of the following form:

(1.5) Ay =AId—H)),  Hg ek
In this way A — A(s) € T*7%. We have:
A Aw A— iy = A (Id = Hig)) Ay (Id — H t))(Id +H SH))A(—;H)
= A A Auiy — A HwAn ALy — A An Hip AL
+ A Ay Hsn A
= Id+ Flop) — Ay Hio A A7
(1.6) + A A Hsrn A

(s+t) (s+t)

ity — A A Hin AL
(mod W—F~1)

(s+t)
(s+t)
where F, ;) = A )A(t)A( ) —1Id, Fy € U—F by the induction step. To proceed
with the inductlon we have to find a family (Hy))sec that makes the right hand side
of the equivalence (1.6) equal to the identity modulo ¥=*=1. If 7,,.(F(s,t)) and
h(s) = opr(H(s)) are the principal symbols, then the condition on H(s) is equiva-
lent to:
Opr(F(5,1)) = 0°h(s)a ™% + o T h(t)o =+ — o5 Fh(s + 1)~ H)  or

(1.7) oo (F(s,t))0%t = o7 th(s)ot — h(s +1t) + h(t).
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Because both sides are sections in the bundle End(FE) over T*(M)\ {0} of degree of
homogeneity —k, then the above equality is satisfied if it holds when both sections
are restricted to the cosphere bundle S*(M). Let:

(1.8) f(t,s) = o Cg, (F(s, )0t restricted to S*(M).

We will show that f € C2(C; C>°(End(E))) and 6°f = 0. Then h as in (1.7) will
be a 1-cochain so that dh = f.
We would also want the second condition of (1.4) to be satisfied so:
A_ljl(l) = A_lA(l)(Id — H(l))
=1Id+ (A""Aqy — Id) — A~ Ay Hpy)
=1Id (mod w—F=1)
and this holds if
(1.9) h(1) = opr(A™" Ayy — Id)
(we already know that (A~'A(;) — Id) € ¥~" from the induction step).
We will have to show that f is a cocycle in C2. Obviously, f(0,t) = f(s,0) = 0.
We have:
(52f)(57t5 T) = U_Sf(tvr)o's - f(S +t, T) + f(S,t + T) - f(Sa t)
= 07 oo (F(r, )07 | 0 — 0= (F(r s 4 1)o7

+ o=t (F(t+7,8)0 T — o=, (F(t,5)0°t =0
is equivalent to
(1.10) opr(F(r,t)) — opr(E(r,s + 1)) + opr (F(t +7,8)) — 0" 0pr (F(t,8))o" " = 0.
To see this, consider the following equivalences modulo ¥—F:
(Id+ F(r,t))(Id + F(t +r,5))(Id = F(r,s + 1)) Aqy(Id = F(t,5)) A,

_ -1 -1 -1 -1 —1 4-1 4-1
= A A Ain At Ao A tisn Attt A A A As+o A A Ao
=Jd

and the first term is also equivalent to

Id+ F(r,t) = F(r,s +t) + F(t +1,5) — A F(t, s)A(_T;

which proves (1.10). So f(s,t) = 0=+ q,, (F(t,s))o%t is a cocycle.

Proposition 1.3 provides us with a family h(s) such that dh = f. We can choose
this family so that (1.9) holds as well. This determines h in a unique way. If
(H(s))sec is a holomorphic family of pseudodifferential operators of fixed order —k
with principal symbol h(s) and H ;) = Id, then A, = A, (Id— Hyy)) satisfies the
equivalences (1.4) modulo ¥+,

In this way we obtain a sequence of families of operators (AEISC)) )sec that satisfy

the relations (1.4) for each k € N. Moreover, Agﬁ;“l) - AE];)) € W%, Then, using a

standard procedure as in Lemma 1.2.8 in [Gi], we can construct a family (A())sec
whose asymptotic expansion of the total symbol will be equal to:

Utotal(A(s)) ~ o'total(AEg) + Z O'total(AE]:)—,—l) - AE?)))
k>0
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The family (A(,))sec will satisfy the conditions of Proposition 1.4.
(A(s))sec is unique up to smoothing operators because it must satisfy the rela-

tions (1.4) for all k¥ € N and so it must be equal to (Agf)))sec modulo ¥—*, |

Proof of Theorem 1.1 and Proposition 1.2. Once we obtained the family of pseudo-
differential operators (A(y))sec, the proofs of Thm. 1.1 and Prop. 1.2 are identical
to the proof of Theorem 5.1 in [G]. We can construct the one parameter group of
operators as in Prop. 1.2 using the differential equation:

A, = PA,  with Ay =1Id

where P = A(O). If A(,) is made a self-adjoint family in s (i.e., Azs) = A)) by
replacing it with %(A(S) —I—Az‘g)), P becomes a self-adjoint operator. By construction
A € U5, Then, using a theorem of Stone (Thms. VIIL.7 and VIIL.8 [RS]), it can
be shown that A; = (A;)® with P the infinitesimal generator of this one parameter
group. In this case:

(A)° —A° = 1 / NN —A)"HA - AN — A))Hd

211

and this is a smoothing operator. Because (41)° = As € U° we obtain A* € ¥°. O

2. ZETA FUNCTION OF AN ELLIPTIC PSEUDODIFFERENTIAL OPERATOR

Let (A(s))sec be a family of pseudodifferential operators depending holomorphi-
cally on the complex parameter s, A, € ¥°. For Re(s) < —dim(M), A is a
trace-class operator.

Definition 2.1. The trace function of the family A, is the holomorphic function
Tracen (A(s)) defined on the half-plane Re(s) < —dim(M).

The von Neumann trace of A, is obtained by integrating the von Neumann
trace of the Schwartz kernel on M for Re(s) < —dim(M). If A is an elliptic
positive self-adjoint pseudodifferential operator of order 1 with Spec(A) € (e, 00),
then its zeta function (4 is equal to the trace function associated with the family
of its complex powers A®.

In this section of our paper we will show that Tracey (A(s)) has a meromorphic
continuation to the whole complex plane with at most simple poles at —m, —m+1,

., where m = dim(M). This fact has been proved by Seeley [S]. Guillemin has a
different proof in [G] that applies only for scalar pseudodifferential operators. We
will adapt his proof for the case of operators that act on sections in a vector bundle
FE over the base space M.

We start by recalling some definitions and constructions in [G].

Let w be the canonical symplectic form on the cotangent space Y = T*(M) \
{0}. The multiplicative group (RT,-) acts on Y by multiplication along the fiber
(t,(,6)) 2 (x,tf). By identifying the groups (R*,-) and (R,+) via In : R — R,
p can be seen as a l-parameter group of isomorphisms. Let = be the vector field
on Y associated with this 1-parameter group and a = 1z w be the contraction of w
along =. Then the (2m —1)-formon Y, = a Aw™~ 1, is homogeneous of degree m,
pi = t™pu, and it is horizontal with respect to the fibration Y = T*(M) \ {0} &
S*(M).

Let B be a von Neumann algebra. In our case B will be the field of complex
numbers C, our initial von Neumann algebra A, or the von Neumann algebra of A
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linear endomorphisms End 4(V'), where V is a Hilbert module of finite type over
A. Let Py be the space of smooth homogeneous B-valued functions defined on Y
of degree of homogeneity s € C and Ps the space of smooth scalar functions on Y’
of degree of homogeneity s. If f € P_,,, then the B-valued (2m — 1) form fpu is
horizontal and invariant under the action of (R¥,-) so it is of the form 7*uy where
py is a (2m — 1)-form on S*(M).

Definition 2.2. The residue of f € P_,, is equal to the integral

%f = pny € B.
S (M)
For f € P,, s # —m, we define Res f = 0. If B = C, we will denote the residue
simply by Res f.

Consider the Poisson bracket {, } on T*(M) associated with the canonical sym-
plectic form w. Let {Ps,P:} be the space of functions spanned by {f,g} with
f€ePsand g € P,. Then {Ps,ﬁt} C fs+t_1. Following the same method as in
[G] (Theorem 6.2), it can be shown that:

a) If s # —m, then {P1, P} = Ps.

b) If s = —m, then {Py, P} consists of all functions f for which Res f = 0.

Moreover, one can construct a family of functions (g;)ier, g; € P1 such that for
any analytic family with parameter s, f, € P, defined on a strip a — ¢ < Im(s) <
a+ e, ¢ < Re(s) < d for which %f_m =0, one can find § < e and homogeneous
functions h; s € P which are analytic in s on a narrower strip a—d& < Im(s) < a+d,
¢ < Re(s) < d, such that

fs - Z{gu hi,s}
il
(cf. [G], Theorem 6.7).

Let us consider now a holomorphic family of pseudodifferential operators
(A(s))sec; As) € ¥° and its associated trace function Tracey (A(S)). We define
the residue of the family A to be Res A = Res(Tracen opr(A(—m))) € C.

We have the following theorem:

Theorem 2.3. The trace function of the analytic family (A))sec has a mero-
morphic continuation to the whole complexr plane with at most simple poles at
—m, —m+1, ... . The residue of Tracey (A(S)) at s = —m is equal to

res|,__, Tracen (A(s)) =70 Res A

where 7y is a constant depending only on dim(M). For Ay = A® — the complex
powers of an elliptic positive self-adjoint pseudodifferential operator of order one,
the residue of the zeta function at s = —m depends only on its principal symbol
0 = op-(A) and is equal to o Res(c™™).

Proof. Let (U, )a be an open cover of M with chosen trivializations of the vector
bundle E over each Uy, E|, = U, x V, with V' the generic fiber. Using a partition
of unity argument, we can write:

(2.1) Ay =D Aais + Ky

where A, () are pseudodifferential operators of order s with support inside U, and
K () is a family of smoothing operators. Because the residue of the trace function
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of the family A and Res A are both linear in A, it is sufficient to prove the
theorem for A, (5 and K. But K(,) is a family of smoothing operators and
both the residues of their trace function and the residue Res K are zero. Thus we
reduced the proof of the theorem to the case of one family A, = A, (5) supported
in an open set U = U, over which we have a trivialization of the vector bundle
Xa @ Ejy — U x V. Moreover, because both the trace function Tracey (A(S)) and
the residue Res A are obtained by integrating quantities that depend on the local
expression of the total symbol of A, we can replace the bundle £ — M with the
trivial bundle M x V' — M and the operators A, 5y with the pseudodifferential
operators acting on sections of the trivial bundle M x V that are supported in the
open set U, and equal to A, ;) via the isomorphism x,. To make things simple,
we will denote this new family of operators by A(,) as well, and the new trivial
bundle by FE.

Following the ideas in [G], we consider the family (s +m)A(,). The principal
symbol (s +m)oy.(A(s)) can be represented by the B-valued smooth homogeneous
functions of degree s, f(s) : T*(M)\ {0} — B, with B = End4(V). For s = —m we
have f =0, so Res f = 0. Then there exist B-valued functions hf,, h{, € Ps such
that

fo =Y Ao by}
k

and hl(’ﬂs) are analytic on a strip a — e < Im(s) <a+¢, ¢ < Re(s) < d.

Let Gj, = G ®Id be a pseudodifferential operator acting on the space of sections
C>(M)®V of the trivial bundle E with G}, a scalar pseudodifferential operator that
has the principal symbol equal to g and Id the identity operator. Let (H, (ks)) be a
holomorphic family of pseudodifferential operators with the principal symbol equal
to h’fs). Then the principal symbol of the commutator is equal to

o [Grs HEy | = {901}
SO

(s+ m)A(S) = Z [Gk, H(ks)} + B(S) with B(S) e wsL,
k

For Re(s) sufficiently small, Tracey ([Gk,H(kS)]) = 0, so Tracey (A()) =

P Tracey (B(s)) for Re(s) < —m. But P Tracen (B(s)) is a meromor-

phic function on the half-plane Re(s) < —m + 1 with a simple pole at s = —m.
So Tracey (A(s)) has a meromorphic extension to Re(s) < —m + 1. Replacing the
family As) by B(s) and using an induction argument, we can extend Tracey (A(y))
to a meromorphic function on the complex plane with at most simple poles at —m,
-m+1,....

We will compare the residue of Tracey (A(S)) at —m to the residue of the family
(A(s))sec, Res A = Res(Tracen oy (A(—py))). Guillemin has showed ([G], Theorem
7.5) that in the scalar case there exists a constant vy that depends only on the
dimension of the manifold M such that

(2.2) res|,__,, Trace A = o Res A.

We will extend this equality for the pseudodifferential operators acting on sections
in the vector bundle F.
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We will show a stronger equality:
(2.3) res|,__, Trace A =g @A(_m)

where (A(,))s is a holomorphic family of pseudodifferential operators acting on the
sections of the trivial bundle M x V, TaceA(S [y Ks(@, ) do with Ky(z,y)
the Schwartz kernel of A, and %A(_m) = Res UpT(A(_m)), both sides of the
equality (2.3) being in the von Neumann algebra B = End 4(V'). The equality (2.2)
will be then a direct consequence of (2.3) after passing to the von Neumann traces.

Both sides of the equality (2.3) depend only on the principal symbol of the
operator A(_,,). This is obvious for the right-hand side. If one considers another
family By with 0y, (B(—m)) = 0pr(A(—m)), then (Bs) — A(y)) is a family for which
@UPT(B(_,H) — A(—m)) = 0, so, by a previous observation, Trace(B) — A(s))

has a meromorphic extension which is holomorphic at s = —m. So Trace B(y) and
T&ceA(s) will have the same residue at s = —m and this shows that the left-hand
side of (2.3) depends only on oy (A(—m))-

Both sides of (2.3), as functions of holomorphic families, will factor through the
projection A (s) — opr(A—my) € P_ . It will be sufficient to show that the equality
(2.3) holds on Pm

Res vanishes exactly on {P1,P_,,} and realizes a B isomorphism P _,,, /{P1, P_m}
= B. For f € {P1,P_m}, f = Y.{gr, h"}, one can extend it to a holomor-
phic family of homogeneous symbols of degree of homogcnc1ty s € C by consid-
erlng first the homogenous holomorphic extensions h € P, and then taking

= > Ak h S)}. If Gy, = Gy, ®Id is a pseudodlfferential operator such that
the scalar operator G}, has the principal symbol equal to g and (H (ks)) is a holo-
morphic family of pseudodifferential operators with the principal symbol equal to
h’gs), then A, defined as ) [Gg, H(ks)] has the principal symbol at s = —m equal
to f and its trace is identically zero. This shows that res|_  Trace A vanishes on
{P1,P_n} as well. Because both res|,__,. Trace A and @A(_m) are B linear, one
gets res|_ Trace A = Res A(_,,) - C with C € B.

Guillemin already showed this equality for a holomorphic family of scalar pseudo-
differential operators (A(,)) in which case C'is a scalar constant vy. So C' = o -1ds
and the equality (2.3) holds. Passing to the von Neumann trace, we get (2.2). O
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