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DISTRIBUTIVITY AND STATIONARY REFLECTIONS
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(Communicated by Andreas R. Blass)

ABSTRACT. In this paper, we present some relations between generalized dis-
tributivity of quotient algebras and Mahlo operations, and show that the dis-
tributivity implies some variants of stationary relections.

The notion of generalized distributivity appeared in [3] for the first time. In
that paper, we began investigating the relations between the notion and other
fundamental principles in set theory, especially in the area called large cardinal
axioms. For example, we showed in [3] that:

Let I be any non-trivial k-complete ideal on a regular uncountable cardinal &
and A any cardinal with 2 < A\ < k. Then (k, (2%; X))-distributivity of the quotient
p(k)/1 is equivalent to saying that there exists a non-trivial k-complete prime ideal
extending I (cf. Theorem 5).

Then, it is interesting to discover the strength of distributivity in other forms,
say, (k, (u; \))-distributivity with A > k.

In this paper, we shall show that some versions imply some variants of stationary
reflections.

We shall organize our paper as follows:

In §1, we shall introduce notations and terminologies, and several definitions of
distributivity will be given. In §2, we shall investigate distributive conditions which
imply some closedness of the Mahlo operation. Our main result in this section is
the following:

Theorem A. Let o be any function of S into p(T) such that for a,b in S, p, =
lp(o(a))| < Kk and if a <g b, then o(a) C o(b). Assume that I is a <g-fine
K-complete <g-normal (3,1, (H; p))-distributive ideal on S, where H is the set
({0} x S)U ({1} x T) and p = sup({|T|} U{pa:a € S}).

Moreover, we assume that R = {a € S : c¢f<,.(0(a)) > Ro} has positive I-
measure, {a € S : t € o(a)} has I-measure one for each t € T and if g is a
function on A € I'™ with g(a) € o(a), then there exists a subset B of A of positive
I-measure such that g[B is constant. Then if X is a <p-stationary subset of T,
R — M,(X) has I-measure zero.

This theorem yields several corollaries. As applications of distributivity, we shall
introduce those corollaries in §3. That is, the following will be shown.
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Theorem B. Let S = Po,(\) and T = P.,(\), where Xg < p < n < Kk < A
and 20" < g for any v < n. Assume that there exists a <-fine k-complete <-
normal (N1, J, (S; 7))-distributive ideal I on S, where J ={X CS:|X|>2} and
7 = max X<, 200°")Y . Then, if X is a <p-stationary subset of T, My, (X) =
{a € S : cfxr(Pcp(a)) > No and X N Pcy(a) is <p-stationary in P<,(a)} has
I-measure one.

Theorem C. Assume that k is inaccessible and there exists a <-fine k-complete
<-normal (N1, J, (S; \))-distributive ideal I on S = P<,(X) with | X| > 2 for X € J.
Then for every stationary set X in A, the set {a € S : cf.(sup.a) > Ny and XNsup.a
is stationary in sup.a } has I-measure one. And so, for any v < X, EY(< k) fails.

Theorem D. Assume that szo < Ry < X and for any 0 with \X0 < 0 there exists a
<-fine Ry-complete <-normal (N1, (S; \¥0))-distributive ideal Iy on S = Py, (Hyp).
Then every <-stationary set X in T = [A\]N0 strongly reflects.

§1. NOTATIONS AND TERMINOLOGIES

We use standard set theoretic notation. For example, | X | denotes the cardinality
of the set X and small Greek letters «, 3,7, ... denote ordinals, cardinals are initial
ordinals and the Greek letters x, A, i, ... are reserved for denoting cardinals. We
use (x;y) to denote the constant function of z with the unique value y.

For any function F' with D = dom(F') # 0 and |F(a)| > 1(a € D).

IIF = {f : f is a function on D such that for any a € D, f(a) € F(a) }.

For any sets A and X, we set: Pj4(X) = [X]< ={Y C X : |Y| < |A]}.

We assume a familiarity with the definitions and basic properties of Boolean
algebras.

Let I be any fixed ideal in B. A subset X of B is said to be I-disjoint if
X CIt=B-—1Tand xAy € I for any distinct members z and y of X. If X is
To-disjoint, it is simply said to be disjoint, where Io is the trivial ideal {0} in B.
Moreover, if the sum of a disjoint subset X of B is b, X is called a partition of b.

We usually write [a]; (or simply [a]) to denote the coset corresponding to a in
the quotient algebra B/I. Then, if the family {[a]; : « € X} is a partition of [b];
in B/I, X is said to be an I-partition of b. B is A-saturated if there is no disjoint
subset of cardinality A, and I is A-saturated if B/I is A-saturated.

Now, we define several kinds of distributivity and introduce elementary proper-
ties of those notions. Hereafter, B always indicates a fixed Boolean algebra and I
denotes an ideal in B.

Definition 1. Let D be any non-empty set and let A and p be any cardinals with
p > 1. Then, we define: B is (), (D; p))-distributive if VF € Pp(B)Vb € B(Va €
D(1<|F(a)] <pand 0 <b<\/ F(a)) = Jv € IIF Vt € [D]<* (bA A, v(a) >
0)).

Clearly the usual (\; u)-distributivity is equivalent to (AT, (\; u))-distributivity.

Just like the saturation, we can extend the notion of distributivity to that of
ideals in Boolean algebras. Moreover, we can introduce some variants of the notion
in this case.

Definition 2. Let D be any non-empty set and let A and p be any cardinals with
pz1
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(1) An ideal I in B is said to be (A, (D;p))-distributive if the corresponding
quotient algebra B/I is (A, (D; u))-distributive.

(2) Let J be any subset of B, and assume that I is A-complete.

Then, I is said to be (A, J, (D; p))-distributive if

VF e Po(B)Vbe B(Vae D(1<|F(a)| <pand0<[p]; < \/ [z])
z€F(a)

= JvellF Vte D] (bA A v(a) € 7).
act
Clearly, I is (), (D; p))-distributive if and only if I is (A, I, (D; p))-distributive.
Now, consider ideals in power set algebras. So, let (S, X) be a partially ordered
set and assume that I is an ideal in p(.5) (i.e., an ideal on S'). Several combinatorial
notions are also defined in this context, for example : Let A be any subset of S.
For any subset X of A,
(1) X is <-unboundedin A if Vx € AJa € X x < a.
(2) X is <-closed in A if whenever (a¢ : £ < p) is any <-increasing sequence in
X with b =sup,_,a¢ (b€ A ), bis alsoin X.
(3) X is <-clubin A if X is both <-unbounded and <-closed in A.
(4) X is <-stationary in A if for every <-club C in A, X N C # {.
Let h be any function of S into p(S5).
(5) X is the <-diagonal union of h, X = <7~h (or simply X = \vh), if X ={z €
S:3Jy <xx € h(y) }, and then I is said to be <-normal if for any function h
of Sinto I, \yh € 1.
In the above terminologies, “in S” is usually omitted, and in the notations
introduced so far, the prefix < is usually omitted if it is the relation €.
Now, we define distributive ideals with “normalizability”.

Definition 3. Let D be any non-empty set and let A and p be any cardinals with
> 1. Let J be any subfamily of ©(S). Then [ is said to be (X, J, (D; u))-normal-
distributive (or simply (X, J, (D; u))-N-distributive) if VF € Pp(B)YA C S(Va €
D < |F(a)] < pand 0 < [A]1 < Vyep X)) = FvellF Vi € [D]<*Vg €
5D ([Al1 A Nyer[v(@)]r € IT and Avoge J)).

Each (X, IT,(D;u))-normal-distributive ideal I is also said to be (A, (D;u))-
normal-distributive.

Lemma 4. (1) Assume that Rg < k < p, kK < X and B is k1 -complete. Then B is
(N, (w; k))-distributive if and only if it is (N, (w; 2))-distributive.

(2) Assume that A < k,J C p(S) — I and I is <-fine and k-complete, and X
is any set. Then if T is (\, J, (X x S;2))-N-distributive, I is also (\, J,(X;S))-N-
distributive.

Proof. The proof follows by an easy modification of the standard argument on the
usual distributivity.

On the generalized distributivity, we have already:

Theorem 5 ([4]). Let k be any uncountable cardinal. Then we have:
(1) k is regular if and only if BD,; is non-trivial and k-complete.
(2) K is inaccessible if and only if BD, is non-trivial, k-complete and ()\;2)-
distributive for every A < k.
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(3) k is weakly compact if and only if BD, is non-trivial, k-complete and
(K, (K; 2))-distributive.
(4) k is measurable if and only if BD, is non-triial, k-complete and (k, (2";2))-

distributive.

(5) & is strongly compact if and only if for each reqular X > r, BDy is (k, (2*;2))-
distributive.

(6) k is strongly compact if and only if for each X\ > k, BD3... is <-fine, k-

ASE,

complete and (k, (2" ; 2))-distributive.
(7) K is supercompact if and only if for each X\ > k, there is a <-fine, k-complete,
<-normal and (r, (2*~";2))-N-distributive ideal on P<.()\).

In the above, < denotes the relation on P.,(\) defined by a < b iff a C b and
la| < |b|.

Hereafter, x denotes a regular uncountable cardinal and A an infinite cardinal
with x < A. Then, we let (S, <g) and (T, <r) denote fixed partially ordered sets,
and reserve < to denote the above orderings on any suitable sets.

§2. MAHLO OPERATIONS

In this section, we shall introduce some relations between distributivity and
Mahlo operations.

To state our result, let us review the Mahlo operation in a general setting.

Let o be any function of S into p(T") such that a < b implies o(a) C o(b). Then,
Mahlo operation, M, with respect to o is defined by

My(X)={a€ S:cfz,(c(a)) >Roand X No(a) is <p-stationary in o(a)}

for each subset X of T, where cf<,(0(a)) is the <p-cofinality of o(a), i.e. the
least ordinal « such that there exists an <p-increasing sequence in o(a) of length
a with no <p-upper bound in o(a).
If the function o is the identity map or defined by o(a) =
ing Mahlo operation is simply denoted by M, where pro(a
Now, let us introduce our result.

prr(a), the correspond-
y={beT:b=<ra}.

Theorem 6. Let o be any function of S into p(T) such that for a,b in S, p, =
lp(o(a))] < Kk and if a <s b, then o(a) C o(b). Assume that I is a <g-fine
Kk-complete <g-normal (3,1, (H; p))-distributive ideal on S, where H is the set
({0} x S)U ({1} x T) and p = sup({|T|} U{pa:a € S}).

Moreover, we assume that R = {a € S : cf<,(0(a)) > Ro} has positive I-
measure, {a € S : t € o(a)} has I-measure one for each t € T and if g is a
function on A € I'™ with g(a) € o(a), then there exists a subset B of A of positive
I-measure such that g[B is constant. Then, if X is a <p-stationary subset of T,
R — M,(X) has I-measure zero.

To prove this theorem, we need the following lemma.

Lemma 7 (cf. [3]). Let D be any non-empty set and let o be any function of S into
o(T') such that for any a.b € S, pe = |p(o(a))| < k and if a <g b, then o(a) C o(b).
Assume that there exists a <s-fine k-complete (3, I3, (H; u))-distributive ideal I on
S, where H is the set ({0} x S)U ({1} x T) and p is a cardinal such that for all
a€s, pu, < p.

Then, whenever a subset A of S has positive I-measure, (t, : a € A) is a
sequence with t, C o(a) (a € A) and (Wy : d € D) is a sequence of subsets of
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o(S) with Wy < p and [Alr < Vxew,[X]1 (d € D), there exist a set E and a
function h on H such that for any d € D, h(1,d) € Wy and for any a € S, the set
h(0,a) C{be A:a<gband ENoc(a) =t,No(a)} has positive I-measure, and
moreover for any p € [H]<3, Mipyep M, b) is non-empty.

Although the proof of this lemma which we will give below is almost the same
as that of Lemma 5 in [3], we think it convinient for the reader to give a complete
proof.

Proof of Lemma 7. Let {te.q : & < 1o ) be an enumeration of p(co(a)) for eacha € S.
Define A¢, ={b€ A:a <gband tyNo(a) =te,} for each a € S and & < piq.
Then the family P, = {A¢ o : £ < po and A¢ o € I} is clearly an I-partition of A
for each a € S. By the (3, Io, (H; u))-distributivity of I, there exists a function h
of H into (J,cg Pa) U (Ugep Wa) such that for any a € S h(0,a) € P, and for any
d € D h(1,d) € Wy and moreover for any p € [H]<*, [, ¢, h(i,b) is non-empty.
Let k be the function on S defined by h(0,a) = Aj(,),q- Let a and b be any distinct
elements of S. Then if we pick a ¢ € h(0,a) N h(0,b), then t. N o(a) = ty(a),. and
t.No(b) = Lk(b),b- Thus tk(a),a N o(b) = L@y, N o(a). Putting E = UaeS tk(a),ar WE
can check that for any a € S, if b € h(0,a), then ENo(a) = t, No(a). For, since
a(a) C o(b), for every c € S, tye),c No(a) = tyw),, No(a) No(c) holds. Hence the
following chain of equalities holds:

Eno(a) = | te.a Nola) =ty n | olc) no(a)
ceS ceS

=ty N 0(a) = tya),e = ts No(a).
This completes the proof.

Note that in the above lemma if we assume that [ is <g-normal, for each & < k,
{¢} is a minimal element of S — {0} with respect to <g and {{&} : £ < k} has
I-measure zero, then we can replace the condition p, < Kk by e < k. To see this,
we have only to prove that P, is an [-partition of A. Otherwise, there is a subset
B of A of positive I-measure such that B N A¢, € I for all £ < p, < k. Notice
that B C ., A¢.a- Then the function g of B into S defined by g(z) = {¢} if »
isin Ag 4, is <g-regressive on B — {{£} : £ < K }, and so for some subset E of B of
positive [-measure, g is constant. This is absurd.

This remark can be also applied to Theorem 6.

Proof of Theorem 6. On the contrary, we assume that A = R— M, (X) has positive
I-measure and will produce a contradiction.

For each b € A, we can find a <p-club C} in o(b) with X N C, = 0. Let ¢ be
any element of T and f; a choice function of {C} : t € o(b) and b € A} such that
t <7 fi(b) € Cp. Then by the <g-normality of I, there exists a maximal family
{(Dre,ere) : & <} with g, <|T| such that i) {Dy¢: & <mn } is an I-partition of
A and ii) t <7 et ¢ and e; ¢ € Cp for every b € D, ¢. Then by Lemma 7, there exist
a set C' and a function h on H such that for any a € S, h(0,a) C{be A:a <s b
and CNo(a) =CyNao(a)} and for any p € [H]<3, Miep h(7) is non-empty. Let b
be any element in A and ¢ be any element of T' with h(1,%) = D¢, and ey ¢, € o(b).
Such b exists, since A has positive I-measure. Then, picking d € h(0,b) N h(1,1),
we can easily notice that e, ¢, € Cq and t <7 ere, € o(b). And so, e;¢, is in
Cino(b) = CNo(b). Thus C is <p-unbounded. For <p-closedness of C, let
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(ag : & < p) be any <p-increasing sequence in C' with ¢ = supe ., ae. Then, since
A has positive I-measure, there exists an element ag of A with ¢ € o(ag). So, for
any b € h(0,a0), (ag : & < p) is a sequence in Cp. Since C} is <p-closed, c¢ is in
CyNo(ag) and in C. Thus C is <p-closed. Hence C is <p-club in 7' and has a
non-empty intersection with X. This is a contradiction.

§3. APPLICATIONS
Theorem 6 is fertile in producing results on stationary reflection.

Theorem 8. Assume that k is inaccessible and I is a non-trivial k-complete nor-
mal (N1, J, (k; k))-distributive ideal on k, where J = {X Ck:|X|>2}. Then I is
an M-ideal, i.e. whenever X has I-measure one, so does the set M(X) = {a < k:
cf (@) > Rg and X N« is stationary in o }. And so, k is greatly Mahlo.

Proof. The (N1, J, (k; r))-distributivity of I implies that R = {a < k : ¢f.(a) > Ng }
has I-measure one. If X has positive I-measure, X is stationary in x. So R— M (X)
has I-measure zero by the theorem, that is, M (X) has I-measure one. Thus I is
an M-ideal. a

Notice that an ideal I is a W(C-ideal on & is equivalent to saying that it is
(k, (k; k))-distributive (cf. [2]). By the result in [2] that if x is weakly compact,
then there is a normal W C'-ideal on k, the above corollary also holds for any weakly
compact cardinal k. That is, we get the well-known result:

Corollary (Baumgartner, Taylor and Wagon, or Kakuda). If x is weakly compact,
K is greatly Mahlo.

Set S = Pcy(A) and T' = P, (X)) with Xy < p < n < K, and let <7 denote the
inclusion relation on 7. Recall that < denotes the ordering defined by a < b iff
a Cband |a| < |b].

Assume that « is inaccessible and for any v < 7, 20 < k, and [ is a <-fine
<-normal k-complete ideal on S. Consider the map o1 on S defined by o1(a) =
P.,(a). Then clearly it holds that if a <g b, then o1(a) C o1(b), and for any ¢t € T,
the set {a € S : t € o1(a) and |a] > p} has I-measure one. Moreover, if g is a
function on A € It with g(a) € o1(a), then g[ B is constant for some B € ITNp(A).
Therefore, the following is established.

Theorem 9. Let S = P.,(\) and T = P, ()\), where Rg < p < n < kK < A
and 2™ < g for any v < n. Assume that there exists a <-fine k-complete <-
normal (N1, J, (S; 7))-distributive ideal I on S, where J ={X C S :|X|>2} and
7 = max X<, 200°")Y . Then, if X is a <p-stationary subset of T, My, (X) =
{a € S : cfxr(Pcp(a)) > No and X N Pcy(a) is <p-stationary in P<,(a)} has
I-measure one.

By Theorem 5, if k is A-supercompact, there is a <-fine k-complete <-normal
(k, (8%;2))-N-distributive ideal I on S= P, (\). By Lemma 4, I is also (X1, (S;.9))-
N-distributive. Hence, using Lemma 1.2 in [1], we get:

Corollary 1. Let k be A-supercompact. Then for every uncountable reqular p < k,
for every <rp-stationary X C T = P.,(\) and for every tight and <-unbounded
ACS =P.(N),{a€ A: XN P.y(a) is <r-stationary in Pc,(a)} is contained
in some <-fine k-complete <-normal ultrafilter on S.
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In the above, “tight” means that if D C A is w-directed, i.e. D satisfies that
for any sequence (a, : n < w) in D there is an a € D with |J an C a and if
w < cf.(|D]) <|D| < &, then |JD € A holds.

So, we have another proof of the following;:

n<w

Corollary 2 (Feng and Magidor [1]). Assume that k is A-supercompact with X > k
regular. Then for every stationary S C Py, (\) and for every tight and unbounded
A C Poy(N), there is an X € A such that S N P, (X) is stationary in P<,, (X).

Next, assume that x is inaccessible and I is a <-fine k-complete <-normal
(N1, J, (S5 A))-distributive ideal on S = P..(A\) with |X| > 2 for X € J. Con-
sider the map o9 on S defined by o2(a) = sup.a < A. Then the following facts are
verified:

(1) if @ < b, then sup.a < sup.b, i.e. o3(a) < oa(b),

(2) for any oo < A, the set {a € S: a < 02(a) } has I-measure one,

(3) the set {a € S : cf.(sup.a) > Ng } has I-measure one and

(4) if g is a function on A € I with g(a) < sup.a, then there isa B € ITNp(A)
such that g[ B is constant.

3
4
By these facts, we can get:

Theorem 10. Assume that k is inaccessible and there exists a <-fine k-complete
=<-normal (N1, J, (S; A))-distributive ideal I on S = P<.(X\) with | X| > 2 for X € J.
Then for every stationary set X in X, the set {a € S : cf.(sup.a) > Ry and X Nsup.a
is stationary in sup.a } has I-measure one. And so, for any v < A, EYX(< k) fails.

Recall that E¥(< k) denotes the assertion that there is a stationary set S C
{a < A:cf.(a) = v} such that for each limit ordinal £ < A with ¢f.(§) < k, SN¢E
is not stationary in &.

As a corollary, we shall give a result of cardinal arithmetic. Borrowing the
argument of Theorem 2 in Matsubara [4], we can verify that some distributivity
implies the same conclusion that he did.

Corollary 1. Assume that k is inaccessible and there exists a <-fine k-complete
<-normal (Ry, J, (S; \))-distributive ideal on S = P<(N) with | X| > 2 for X € J.
Then it holds that \<% = \.

Proof. We follow Matsubara’s argument of Theorem 2 in [4]. By the well-known
theorem of Solovay, there is a disjoint family {As € X : & < A} of stationary
sets in A. For each § < A, we set t¢ = {a < X : Ay N & is stationary in & }.
Clearly, the set D = {a € S : |tsup.a] < &} has I-measure one and for each
a < X E, ={a €S : A,Nsup.a is stationary in sup.a} also has [-measure
one by Theorem 10. Let z be any element in [A\]<"(= S), and pick an element
a € DN (\yep Ea- Then it can be checked that 2 C tyup.a and [tsup.a| < k.
Hence, putting E = {{ < A : [te| < r}, we can get [A]<" C Ugcp p(te) and so
A<® < |E|-2<% = \. This completes the proof. |

Corollary 2 (Solovay [5]). If k is a supercompact cardinal, for every regular car-
dinal X > k, \<* = X holds.

Finally, we shall present some conditions which imply the strong reflection. In
[6], Velickovié introduced the following notion:

A <p-stationary subset X of T = [A]X strongly reflects if for every sufficiently
large regular cardinal 6, there exists a continuous elementary chain (M : { < w1)
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of countable submodels of Hy containing A and X such that the set {{ < w; :
Me N\ € X} is stationary in wy, where Hy is the family of sets 2 with hereditary
cardinality less than 6, that is, {x € Vj : the cardinality of the transitive closure of
x is less than 0}.

Now, we shall present the condition in terms of distributivity which implies that
every stationary set in T strongly reflects.

Again, Let T = [A]® and let § be any regular cardinal with R < Xy < A and
ARo < 9. Let I be a <g-fine Ny-complete <g-normal (Xy,.J, (S; A¥0))-distributive
ideal on S, where S = Py, (Hy) and S and T are considered as partially ordered
sets with the inclusion relation. Let o3 be the function on S defined by o3(N) =
[NNAMo, and let C = {N € S:|N| =Ry, N <. Hy and X\ € N }, where N <. Hy
asserts that NV is an elementary substructure of Hy.

Clearly we have that:
1) if N1 <g No, then 0'3(N1) - 0'3(N2),
2) the set {N € S:t € 03(N)} has I-measure one for every t € T,
3) the set {N € S:cf<.(03(IN)) > Ny } has I-measure one,
4) if g is a function on a set A € I™ with g(a) € o3(N), then there exists a
subset B of A of positive I-measure such that g[B is constant, and
(5) C is <g-club.

Hence by Theorem 6 and the remark after the proof of Lemma 7, for every
<r-stationary set X in T, the set M,,(X) N C has I-measure one. Picking an
N e M,,(X)NC with A € N and X € N, we can find a continuous elementary
chain (Mg : € < w1 ) of countable submodels of N (and so, of Hp) in S such that
N =Uecp, Me, A € Mg and X € M for all § < wy. Clearly, for every club C' in wy,
the set {M:NA:§ € C}is <p-club in o3(N). Since X No3(N) is <p-stationary
in 03(N), the set {§ <wy : Mg N X isin X } is stationary in w;.

Thus we have established the following;:

(
(
(
(

Theorem 11. Assume that NTO < W9 < X and for any 6 with AN < @ there
exists a <r-fine Ny-complete <p-normal (X1, (S; A¥0))-distributive ideal Iy on S =
P..,(Hg). Then every <p-stationary set X in T = [NX° strongly reflects.
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