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ON POINTWISE CONVERGENCE OF FOURIER SERIES
OF RADIAL FUNCTIONS IN SEVERAL VARIABLES

SHIGEHIKO KURATSUBO

(Communicated by Frederick W. Gehring)

ABSTRACT. We prove the pointwise convergence of the Fourier series for radial
functions in several variables, which in the case n = 1 is the Dirichlet-Jordan
theorem itself. In our proof the method for the case of the indicator function
of the ball is very useful.

1. INTRODUCTION

Z™ denotes the n dimensional integer lattice, whose points are written m =

(ma,- -+ ,my,), where my, are any integers. R™ denotes the n dimensional Euclidean
spaces, whose points are written x = (z1,---,2,), and for z, y € R"™, its inner
product is zy = Y ;_; 2xyk. Q™ denotes the set whose points are x = (21, -+ , Zy,),

where xj, are any rational numbers.

We aim to consider the pointwise behavior of the Fourier series of some sort of
bounded variation function in several variables.

The Fourier transform and its spherical partial sum of a function f on R™ are
defined by

J©)= | J@emdz (&€ RY)
and

— £ 2mifx
INGE /lw Fle)ermier ae.

Next, the Fourier series and its spherical sum of a function F' on T, where T"
= [-1,1]", are defined by

F(m) = /n F(x)e ?™™dy  (m € Z™)

and

S\(F,x) = Z F(m)e?rime,

[m|<A
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M. A. Pinsky and others [7], [8] considered the pointwise convergence of the
Fourier inversion of radial functions in several variables and the convergence at
x = 0 of the Fourier series of the indicator function of the ball.

The indicator function of ball with radius @ > 0 and center 0 is defined by
Xa(z) := 1 for |z| < a and x.(z) := 0 for |z| > a. Also we defined X, (x) := 1 for
2| < a, Xa(z) := 3 for |z| = a, and Xg(x) := 0 for |z| > a. Then we have

n Iy (27l€la)
2 73 (@mitle)

. f 0,
u(E) = e or £ #
w2a” _
Ne=sy for £ =0,
and
. (ﬁ)%_l J~027ra)\ sz_l(s J%_l(%s)ds, for x # 0,
Xa X\T) = m fOQTraA S%—lJ% (S)dS, for r = O7
2

where J, is the Bessel function of the first kind of order «.

Lemma 1. Suppose a > 0 and ¢ is a function of bounded variation, and
o(t) forlz| =t <a,
fo(z) ==
0 for |z| > a.

Then we have

Fol6) = @) = | ©)dote)
where dp is the Lebesque-Stieltjes measure generated by .

Proof.

f:p(f) _ Aa Sp(t)tn_l(‘/z e2m’t\f\w'fldaw,)dt
Ja 1 (2ntlé))

—~ d
s

:27r/ ()t
0

a

" o0)d b A (57,
— 7 [ ety = o [ o0 (s erte) )

» Ja(ralé]) 1

~ p(a)a? . / 137 @l do(t)

GG

— P06~ [ K@
0
This completes the proof of our lemma.

Next, we introduce two periodic functions F; and F,, with respect to each coor-
dinate with period 1:

Fi(x) = Z xt(x +m)

mezZm
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and
Fo(z) == Z fo(z +m).
mezZmn

In particular, in the case of 0 < t < %, F} is equal on T™ to the indicator function
of the ball with radius ¢ and center 0.
Then we have the following lemma.

Lemma 2.
SA(Fy : x) = p(a)SA(Fo 1 ) — /Oa Sx(Fy : 2)dp(t).

Proof. Since Fy(m) = x;(m) and F;,(m) = f,(m) by the Poisson Summation For-
mula, we have by Lemma 1

F(m) = o(a)a(m) — / " (m)dg(t).

Therefore we have

S\ ) = o(a) 3 Galm)e = 150 umpem Jagte

[m|<A [m|< X

= @(a)Sr(Fy : x) —/ Sx(Fy : 2)dp(t).
0
This completes the proof of Lemma 2.

The aim of this paper is to consider the behavior of Sy(F}, : ). Some related
papers are Hardy-Landau [3], Pinsky, Stanton and Trapa [8], Pinsky [7], Kuratsubo
[4], and L. Brandolini and L. Colzani [1].

Theorem (Hardy-Landau [3]). If n =2 and a > 0, then
. Ji(2malm|) | 1
lim {7ra+a Z ol }—214—221.

—00 m
0<|m|<A Im|<a Im|=a

Theorem (Pinsky, Stanton and Trapa [8]). If 0 < a < 3 and n > 3, then the

Fourier series of the indicator function of the ball |x| < a diverges at center x = 0.

The results of Hardy-Landau [3] show that in the case of n = 2 the Fourier series
of the indicator function of the ball |z| < a converges to X (0) at center x = 0.
Pinsky and others [8] noted the equality:

A
Z Xa(m) an_l/o A(s)s" tds

[m[<A

A
AAN(Y 1—vn)\")—/0 NS 1= vs)ds,

Im|<XA Im|<s
where w,,_1, v, are the area of the n dimensional sphere and the volume of the n
dimensional ball and
Jn(2mas)

n
S2

A(s) = a®
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Then, the first term is the leading one and the estimation of Z‘m|<)\ 1—v, A"

is the lattice-points problem itself. The method of Kuratsubo [4] originates from
the idea of Hardy-Landau.

Theorem (Kuratsubo [4]). For x # 0 we have the following:

(1) If2§n§4,/\lim S\(F, : ) = Fu(w).

(2) Ifn>5and x ¢ Q”,limsup()\sTn|5’,\(Fa tx) — E(xﬂ): 0.
A—00

(3) Ifn>5and x € Q”,limsup(A7Tn|5’,\(Fa tx) — E(x)|> < 0.
A—00

4) If n > 6, /\lim S\(F, : x) = F,(z) for almost all x.

The main results of our paper are the following Theorems 1, 2 and 3. These
theorems are extensions of Kuratsubo [4] from the case of the indicator function of
a ball to the more general case of radial functions of bounded variation.

Theorem 1. If1 <n <4, then for x # 0, we have

i S\(F :3) = pla)Falo) ~ [ Fila)dett)

2 + 2

|z4+m|<a |z+m|=a

Theorem 2. Ifn =5, then for any x ¢ Q™, we have (x).

W =y lermbreletml) | p@tee) g

Theorem 3. Ifn > 6, for almost everywhere z, we have (x).

2. SOME RESULTS ON LATTICE POINT PROBLEMS

A key to our methods is in lattice point problems. On these problems Fricker
[2] is very thorough. Our interest is to estimate the following:

Palt:2) 1= Kalt: ) — = _(a)
W(tix) =Ko (t:x F(%+o¢+1) x),
where a > 0,
1 .
Kati = t— 2\a 2mimx
(t:0) = gy D (- et

Im|2<t

and 0(z) := 1 if z € Z™ and §(x) := 0 otherwise. These problems have been
studied by Landau, Jarnik, Szegd, Novak and others. The important results are
the following:

Theorem (Landau [5]). If n > 2 and © € R™, then
o™+ +%) if > 5L,
Po(t:z) = Ot T *5logt)  if a =251,
o#remm=s) if0<a<zl.
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Theorem (Novék [6]). If0 < a <% —2, then
Ot , Qi) forzeqr,
Py(t:z) =< o(tz71) forx ¢ Q",
5 log" t) for almost all x,
where T =3n—1if a >0 and 7 = 3n for a = 0.

The proofs of our main theorems need the following lemmas. Let us define by
ko the smallest of integers k such that it satisfies the inequality: "T_l < k.

Lemma 3. Ifn > 2,

P,(t:z) =0t Y) for z€ R" and 0 < a < ko,
where Y1 () is the linear function tying two points: (0,5 — 7). (ko, ol oy kz ).
Lemma 4. Ifn > 5,

P.(t:z)=0@t"*)  forz e R" and 0 < o < ko,
where 0 < ¢ < § and y(a) is the linear curve tying three points: (0,% — 1),
(2-2-¢,2-1), and (ko, “7* + %).
Lemma 5. Ifn > 5,

Py(t:x) = 0" ) for almost all x and 0 < a < ko,

where € > 0 and 3() is the linear function tying two points: (0,% + €) and
(ko, 27+ + 5).

The proofs of these lemmas are derived from the above two theorems and Riesz’s
convexity theorem:

Riesz’s convexity theorem. For any numerical sequence {cy};2, consider its
Riesz means:

oy = OSZ]Kt(l - %)o‘ck , a>0.
Suppose that o, = O(t%) as t — oo, for j =0,1. Then,
if0<0<1l,a=a(l—0)+ a0, anda=ao(l —0)+ a6,
we can conclude that off = O(t*) as t — oo.

(See Stein-Weiss [9], p. 285.)

3. PROOFS OF MAIN THEOREMS
The starting point of our proofs is the following theorem.

Theorem (Kuratsubo [4]). Suppose kg is the smallest of integers k which satisfies
k> "T_l; we have
ko
S\(F; = 2) = Fy(x) + (xen(0) — 1)d(x) +t2 Z(?Tt)lpl(/\2 cx)Ag(t 2 M%)

t Ftho poo |m — z|
+ Z |m_x| ; J%-’rkg(Ts)J%J’_kO_j’_l(S)dS’

m—z40 Tt
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where 6(z) :=1ifx € Z" and 6(z) :==0if x ¢ Z", and
J72_l+a(2ﬂ't\/x)

NTTE

Fi(z):= Y Xe(m+ ) and Ao(t: N) =

Furthermore, the last term is absolutely convergent with respect to m and o(1) as
A — 00.
(See Kuratsubo [4].)

Lemma 6. For any z, we have
S\(Fy ) = | {ela)Fae) ~ [ Filadgl)} + (£ xar(©) - 1)
ko

- / (e (0) — Didp()}5(x) + pla)at S (ma) PO < 2)Aya s X2)

=0

ko a
- ZPZ()\Q : a:)/ t2 (wt) Ay (t /\Q)dgo(t)} +o(l)  as A — oo.
1=0

0

/ " Sa(F - m)dg(t) = / " F(@)del)
0 0

([ 0ur© = 1ot oo +zpl o) [ A ) ae)

0

Proof. Since

+ D] / <|m—x|>%+ko{/2m J%+ko(|mt_x|S)J%+ko+1(5)d5}d9"(t)7

m—z#£0 Tt

we conclude the proof of Lemma 6 from the following lemma.
Throughout this section, the notation A < B implies |A| < C'B for some abso-
lute constant C.

Lemma 7. The infinite series

- © () e oo

m—z40 Tt
is absolutely convergent and

Y(A)=o0(l) as\— .

Proof. Firstly in the case of |m — x| > 2a,

|/a o M{/m oo (") T oa (s)ds}do(2)]
o \Im—z MRS A A AR e

a S+ko 00
t 2 m—x
<</0 <7> /2A|J;—l+ko(| lS)J%+ko+1(8)d8||d<P|(t)
Tt

|m — x| t
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- - - S
o \Im—z [|m—z|—t]2rx S

7N
3
=1
2
~__
N

1 L A S o
€ oy | (PE T D el

1 1
<+

Xm — o "5 +ko

From this estimation the series X(\) is absolutely convergent.
Secondly in the case of |m — z| < 2a,

=) U e om0

< t ko 1 N Im — ]\ 2 T
|m — x| N2 t

" 2 ko a 2 ko
L | /7 +1 K +1 for0<t<a
|m — x| |m — x|

and

+ko
) t |m — x|
)\h—>H;o (m) AﬂtA J%—Fko(T‘S)J%-HC(H-l(S)dS =0 for 0 S t S a.

Therefore by Lebesgue’s convergence theorem we conclude the proof of Lemma
7. |

In the proof of Lemma 7 we used some properties of the Bessel function.

Property. Suppose 5 > 0. IfA > B and w > 0, then

[ st LT Sz 12,

where C' is a constant number depending upon 5 and o only.
In particular

oo

lim Ja—1(A8)J4(s)ds =0

and

> 1 a—1
|/w Tos(As)To(s)ds| < Cl5 +4°7).

(See Hardy-Landau [3] and Kuratsubo [4].)
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Proof of Theorem 1. Since if 2 < n < 4, then ¢;(a) < "T“ + 5, by Lemma 3 and
Ag(t: %) = O(Aiﬁ) Therefore P;(A? : 2)A;(a : A?) and
2

P(\?: ) /Oat%(mf)lm(t : A2)dp(t) = o(1)

for 0 <[ < kg. This completes the proof of Theorem 1. O

Proof of Theorem 2. We have the following by Lemma 4:

1
1/)2(04)<n1 —I—% for g—2§a§k0.

Therefore we have

AN 2)O(—r) for « =0,

Po(N:2)Aq(a: N?)=qo0 for 0 << 2 -2,

)\T+Q) for 3 —2<a<ko
=o(1) for 0 < o < kg
and
PN : 2) /até—‘(ﬂ)lm(t  A2)dy() = o(1) for 0 < a < k.
This completes the ;roof of Theorem 2. O

Proof of Theorem 3. If n > 6, by Lemma 5, we have the following for almost
all z: Ys(e) < 2H + 2 for o > 0, and Aq(t : A?) = O()\m»_ﬁ) Therefore
2

P

(A2 s 2)Ay(N?) and Po(N? = 2) [ t2 (mt) Ayt = A?)dp(t) = o(1) for 0 < 1 < ko.

This completes the proof of Theorem 3. O

L.

W N =
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