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EXAMPLES OF VECTOR BUNDLES
ADMITTING UNIQUE ASD CONNECTIONS
ON QUATERNION-KÄHLER MANIFOLDS

YASUYUKI NAGATOMO

(Communicated by Ronald A. Fintushel)

Abstract. We prove a series of rigidity theorems. Examples of higher rank
ASD vector bundles are given on quaternion-Kähler manifolds, which admit
the one and only ASD connections modulo the gauge equivalence.

1. Introduction

In the present paper, we are interested in anti-self-dual (ASD) connections on
complex vector bundles over positive quaternion-Kähler manifolds. By definition,
a quaternion-Kähler manifold is a 4n-dimensional Riemannian manifold for which
the linear holonomy group can be reduced to Sp(1) ·Sp(n). A positive quaternion-
Kähler manifold means a compact quaternion-Kähler manifold with a positive scalar
curvature. (This definition is followed by LeBrun and Salamon [4].) Anti-self-
duality can be defined over quaternion-Kähler manifolds in the same way as in the
4-dimensional case (for example, Mamone Capria and Salamon [5]). For brevity, a
vector bundle with an ASD connection is called an ASD bundle.

We will prove a series of rigidity theorems for ASD connections. As an easy
consequence of Salamon [10] and LeBrun-Salamon [4], we obtain the classifica-
tion of ASD connections on complex line bundles over positive quaternion-Kähler
manifolds (see §4 Appendix). Lemma 4.1 asserts that the moduli space of ASD
connections on a line bundle is one point as a set. However, in the case of higher
dimensional quaternion-Kähler manifolds, there exists a vector bundle of rank > 1
which admits only one ASD connection up to the gauge equivalence.

Theorem 1.1. Let (Ep,∇) be an irreducible ASD bundle of rank r with a unitary
structure over Gr2(Cn+2), where p is an integer. If the first Chern class of E is
(rp+1)(x−y) and the second Chern class is

p

2
(r−1)(rp+2)(x−y)2+(x2−xy+y2),

then Ep is a homogeneous bundle and the rank r equals to n. The ASD connection
∇ is gauge equivalent to the canonical connection. (The cohomology classes x and
y are defined in §2.)

Remark 1.2. If the dual bundle E∗
p is also taken into account (c1(E∗

p) =
(rp + 1)(−x + y)), we obtain the same conclusion.
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To prove Theorem 1.1 in the case p = 0, we employ the theory of monads. (For
a full detail of the theory of monads, we recommend the book [9].) The theory
of monads usually has the advantage of providing a deformation of holomorphic
structures. In our case, we make use of monads to show that there exists only one
holomorphic structure on the given bundle.

Using this rigidity theorem (p = 0) and Lemma 4.1, we make a proof of Theorem
1.1 complete. A calculation of the Chern classes reduces the general cases to the
first one.

If we take the Whitney sum of a homogeneous line bundle of degree −x + y
and E0 on Gr2(Cn+2), the solution space to the ASD equation modulo the gauge
equivalence on the direct sum of vector bundles is no longer one point and is iden-
tified with an open cone over P (Cn+2) [8]. Theorem 1.1 and Lemma 4.1 assure
that the vertex of the moduli space is really one point and represents the canonical
connection.

2. Preliminaries

Let M be a quaternion-Kähler manifold and E be a complex vector bundle on
M . A connection on E is called an anti-self-dual (ASD) connection if its curvature
2-form is invariant under the Sp(1) action of the quaternion structure. (See, for
example, [5].)

A quaternion-Kähler manifold M has the Salamon twistor space Z [10]. If M is a
positive quaternion-Kähler manifold, the twistor space is a Fano manifold which is
a projective algebraic manifold and has the positive first Chern class [10]. An ASD
bundle pulls back to a holomorphic vector bundle on Z with the induced connection
(for example, [5]).

In the present paper, we need the theory of monads on the twistor space F 2n+1

of 2-plane complex Grassmannian Gr2(Cn+2). Hence we review the topology of the
generalized flag manifold F 2n+1:

F 2n+1 =
SU(n + 2)

S(U(1)× U(n)× U(1))
.

In other words, F 2n+1 is represented as follows:

F 2n+1 = {(l, V ) | 0 ∈ l ⊂ V ⊂ Cn+2, dim l = 1 and dim V = n + 1}.
Then the twistor fibration π : F → Gr2(Cn+2) is

π((l, V )) = l ⊕ V ⊥.

So, note that this is not a holomorphic fibration [10]. (When no confusion can arise,
the dimension 2n + 1 will be omitted.) Now, we describe the ring structure of the
cohomology of F . The twistor space F 2n+1 has double holomorphic fibrations to
Pn+1 and Pn+1∗ such that

p1 : (l, V ) −−−−→ [l] and p2 : (l, V ) −−−−→ [V ].

We denote by x and y pull-back elements of H2(F 2n+1, Q) of the standard posi-
tive generators of H2(Pn+1, Z) and H2(Pn+1∗, Z) respectively. Then, by the result
of [1], the cohomology ring H∗(F 2n+1, Q) is generated by x and y. More pre-
cisely, it is isomorphic to the quotient ring by an ideal generated by xn+2, yn+2
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and xn+1 − xny + · · ·+ (−1)n+1yn+1. On the other hand, using the twistor fibra-
tion, H∗(Gr2(Cn+2), Q) is regarded as a subring of H∗(F, Q) [1]. Consequently, an
element of H∗(Gr2(Cn+2), Q) may be written with x and y.

Since F is a Fano manifold, the Picard group is isomorphic to H2(F 2n+1, Z).
Hence, we denote by O(p, q) the line bundle on F for which the first Chern class is
px + qy, where p, q ∈ Z.

3. Rigidity theorems

Throughout this section, we do not distinguish between an ASD bundle Ep on
Gr2(Cn+2) and its pull-back on the twistor space F 2n+1, and we use the same
symbol Ep for both.

Proposition 3.1. Let E0 be a vector bundle of rank r as in Theorem 1.1. Then
the pull-back bundle E0 on F is a cohomology bundle of the monad

O(−1, 0) α−−−−→ V
β−−−−→ O(0, 1),(3.1)

where V is a trivial bundle F × V of rank r + 2.

Proof. Our proof is done in the same way as in a proof of Main Theorem 2 in [8].
More precisely, we use only induction in the dimension of the base manifold and
some vanishing theorems. In the case of n = 1 (CP 2), Buchdahl [2] shows our
result. (Note that c2(E0) = 0 in this case.)

By induction, vanishing theorems [8] imply that H1(F 2n+1, E0(0,−1)) and
H1(F 2n+1, E∗

0 (−1, 0)) are one-dimensional vector spaces. Using the identities of
End(H1(F 2n+1, E0(0,−1))) and End(H1(F 2n+1, E∗

0 (−1, 0))), we define a monad

W2(−1, 0) −−−−→ V −−−−→ W ∗
1 (0, 1),

where W1 = H1(F 2n+1, E0(0,−1))∗ and W2 = H1(F 2n+1, E∗
0 (−1, 0))∗. The similar

method in proofs of Proposition 4.6 and Theorem 4.7 in [8] yields that V is a trivial
vector bundle of rank r + 2.

To describe homomorphisms in the monad (3.1), we make use of the expression
of F 2n+1 as a homogeneous space. For brevity, SU(n + 2) is denoted by G and
S(U(1)×U(n)×U(1)) is denoted by KZ . Let Cn+2 be the standard representation
space of G with a G-invariant hermitian inner product h. Now we denote by e
(resp. f) the highest (resp. lowest) weight vector with the norm 1 in Cn+2. Then,
by the restriction of the action of G to KZ , we have two irreducible representation
spaces Ce and Cf of KZ . Under this notation, we have

O(−1, 0) = G×KZ Ce, and O(0, 1) = G×KZ Cf.

Hence, for example, an element of O(−1, 0) is denoted by [g, ce], where c is a
complex number and [g, ce] is the coset represented by (g, ce) ∈ G× Ce.

We can prove the following proposition in the same way as in proofs of Propo-
sition 5.1 and Lemmas 5.2 and 5.4 in [8].

Proposition 3.2. Let α and β be homomorphisms in the monad (3.1). Then, there
exist A ∈ Hom(Cn+2, V ) and B ∈ Hom(V, Cn+2) such that

α ([g, ce]) = ([g], cAge) , β ([g], v) = [g, h(Bv, gf)f ] ,

where g ∈ SU(n + 2), c ∈ C, and v ∈ V . Moreover, A is injective, B is surjective
and the composition B ◦A is the identity of Cn+2 up to non-zero constant multiple.
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Corollary 3.3. The rank r of E0 is greater than or equal to n.

Proof. From Proposition 3.2, the dimension of V must be greater than or equal to
n + 2.

Theorem 3.4. Let E0 be a vector bundle satisfying the conditions in Theorem 1.1.
If E0 has an irreducible ASD connection, then the rank of E0 is equal to n and we
have an identification between V and Cn+2.

Proof. First, we assume that H0(E0) 6= 0. In general, a holomorphic section s ∈
H0(Z, E) corresponds to a covariant constant section of E0 over M , where Z is
the twistor space of a quaternion-Kähler manifold M and E is an ASD bundle on
M . (See, for example, [11, p. 422] or [6]. A direct computation in [6] shows this
fact.) This implies that E0 has a trivial subbundle with a flat connection. This is
a contradiction with the irreducibility and so, H0(E0) = 0.

The first row of the display of the monad (3.1) and the Bott-Borel-Weil theorem
yield that Hi(Ker β) ∼= Hi(E0) for i = 0, · · · , 2n + 1. Consequently, H0(Ker β) =
0. By the first column of the display of the monad (3.1), we obtain

0 −→ V −→ H0(O(0, 1)) −→ H1(Ker β) −→ 0.(3.2)

Using again the Bott-Borel-Weil theorem, we have H0(O(0, 1)) ∼= Cn+2 as the
representation space of G. Hence, dim H1(E0) = dim H1(Ker β) = n + 2− dim V
and so, dim V 5 n + 2. Since rank E0 = dim V − 2, we obtain rank E0 5 n.
However, Corollary 3.3 asserts that rank E0 = n. Consequently we have rank E0 =
n and H1(E0) = 0. Then, (3.2) yields that V ∼= H0(O(0, 1)) ∼= Cn+2.

Hence we assume that the rank of E0 is n and V in the monad (3.1) is the
standard representation space Cn+2 of SU(n + 2).

It is easy to see that isomorphic monads induce isomorphic cohomology bundles.
Now we focus our attention on the isomorphic classes of monads (3.1).

Theorem 3.5. For any choice of homomorphisms α and β in the monad (3.1), we
have the isomorphic cohomology bundle.

Proof. We assume that monads (MI) and (MI′) are isomorphic to each other; in
other words, the following diagram is commutative:

(MI) :O(−1, 0) α−−−−→ Cn+2 β−−−−→ O(0, 1)

p

y yC

yq

(MI′) :O(−1, 0) −−−−→
α′

Cn+2 −−−−→
β′

O(0, 1),

where C is an automorphism of Cn+2, p and q are automorphisms of O(−1, 0) and
O(0, 1), respectively. The Bott-Borel-Weil theorem implies that H0(End (O(−1, 0))
∼= H0(End (O(0, 1)) ∼= C; we also have the identification between H0(End (Cn+2))
and End (Cn+2). Consequently p and q can be regarded as non-zero constants
and the automorphism C is identified with an element in Aut (Cn+2). Then the
commutative diagram and Proposition 3.2 yield that

([g], CAge) = p ([g], A′ge) and qh(Bv, gf) = h(B′Cv, gf)

for arbitrary g ∈ G and v ∈ Cn+2. From the irreducibility of the standard repre-
sentation of G, we have CA = pA′ and qB = B′C.
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However, using again Proposition 3.2, there exist non-zero constants c and c′ such
that BA = cId and B′A′ = c′Id, where Id is the identity of Cn+2. Consequently,
if we put C = cA′A−1, p = c and q = c′, we obtain the desired isomorphism.

Proof of Theorem 1.1. Under the identification in Proposition 3.2, we can regard
homomorphisms α and β in the monad (3.1) as the identities of Cn+2 from The-
orem 3.5. This is the standard monad induced by the standard representation of
SU(n+2). (This terminology is defined in [7, Definition 4.4].) Hence the cohomol-
ogy bundle is identified with a homogeneous bundle G×KZ Cn with the holomorphic
structure induced by the canonical connection, where Cn is the orthogonal comple-
ment of Ce⊕ Cf in Cn+2. Then Theorem 3.4 in [7] implies the desired result.

Finally we take account of the case that p 6= 0. An easy computation shows that

c1 (Ep(−p, p)) = x− y, c2 (Ep(−p, p)) = x2 − xy + y2.

The proof of Lemma 4.1 in §4 and Theorem 3.4 in [7] yield that the line bundle
O(−p, p) is nothing but the pull-back of a homogeneous ASD line bundles over
Gr2(Cn+2). Consequently, Ep(−p, p) is also the pull-back of an ASD bundle. Our
theorem in the case p = 0 implies that Ep(−p, p) is isomorphic to the direct sum
of E0 and a trivial vector bundle as a holomorphic vector bundle and so, under the
hypothesis of irreducibility, we obtain Ep

∼= E0(p,−p). Hence Ep is a homogeneous
vector bundle of rank n and the holomorphic structure of Ep is induced by the
canonical connection. We may use again Theorem 3.4 in [7].

4. Appendix

In this section, we give the classification of ASD connections on complex line
bundles over positive quaternion-Kähler manifolds. Now M is a 4n-dimensional
positive quaternion-Kähler manifold.

Lemma 4.1. Let (L,∇) be an ASD complex line bundle with a hermitian metric
over a positive quaternion-Kähler manifold M . Then L is a trivial line bundle and
∇ is a trivial connection, unless M = Gr2(Cn+2). If M is a complex Grassmannian
Gr2(Cn+2), then L is a homogeneous line bundle and ∇ is gauge equivalent to the
canonical connection.

Proof. A positive quaternion-Kähler manifold M is simply connected from Salamon
[10]. Let M not be a complex Grassmannian Gr2(Cn+2). Then LeBrun and Sala-
mon [4] showed that the second homotopy group π2(M) is finite. Consequently, the
second cohomology group H2(M, Z) vanishes and so c1(L) = 0. In the case of a line
bundle L, the Yang-Mills functional is bounded from below by c

∫
M c1(L)2 ∧Ωn−1

[5, 3], where c is a positive constant and Ω is the fundamental 4-form on M . In
particular, ASD connections minimize the Yang-Mills functional and attain the
minima c

∫
M

c1(L)2 ∧Ωn−1 [5, 3]. Hence the connection ∇ is flat. Using again the
fact that π1(M) = 0, we obtain the desired result.

If M is Gr2(Cn+2), then we take account of the pull-back bundle on the twistor
space F . The pull-back bundle is a holomorphic line bundle (for example [5]), which
is denoted by L̃. Since F is Fano, the Kodaira vanishing theorem implies that the
holomorphic structure of a line bundle is uniquely determined by its first Chern
class. On the other hand, the standard theory of a compact simply-connected
homogeneous Kähler manifold shows that for every integral cohomology class α on
F , there exists a homogeneous line bundle of which the first Chern class is α and
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the canonical connection induces the holomorphic structure on this line bundle.
Therefore L̃ is a homogeneous line bundle with the canonical connection up to the
gauge equivalence. Then Theorem 3.4 in [7] yields that L is also a homogeneous
bundle and ∇ is gauge equivalent to the canonical connection.
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