PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 127, Number 10, Pages 2931-2941

S 0002-9939(99)05017-0

Article electronically published on April 23, 1999

QUADRATIC ¢-EXPONENTTALS
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ABSTRACT. We establish expansion formulas of g-exponential functions in
terms of continuous g-ultraspherical polynomials, continuous g-Hermite poly-
nomials and Askey-Wilson polynomials. The proofs are based on solving con-
nection coefficient problems.

1. INTRODUCTION
The g-exponential function on a g-quadratic grid is
(aq1=m)/2¢# qq(1=m)/2¢=10. )

n n?/4 H"
q ,
(@ @)n

(1.1) Eq(w;a,0) =)

n=0

where & = cos 6 [Is:Zh], [At:Su]. Ismail and Zhang [Is:Zh] gave a g-analogue of the
expansion of the plane wave in spherical harmonics. Their formula is

(1.2)

€ lai—iib/2) = s Zz I, () ),

where J3 +n are ¢-Bessel functions [Is], [Ga:Ra] and C,(x;(|q) are the continuous
g-ultraspherical polynomials [As:Is], [Ga:Ral]. This formula has attracted some at-
tention and two different proofs were given in [F1:Vi] and [Is:Ra:Zh]. The proof by
Floreanini and Vinet [F1:Vi] is group theoretic and is of independent interest. Equa-
tion (1.2) was extended to continuous g-Jacobi polynomials in [Is:Ra:Zh], where the
following expansion was established:

(13&) gq(l', —i, ’f’) = Z ampm(xv ba bq1/27 —C, _Cq1/2)7

m=0
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with the a,,’s given by

_(0°,0%¢" 2 ) (i7" @)oo Jpymgm/
am = begl/2 . be: e (W )q
(q,bcq 2, b¢;q)m (—ir5 q) oo
ql/Q,ir) .

cqm/2+1/4’ _qu/2+l/4
X 201 < begm+1/2

The purpose of this paper is to extend (1.3) to an Askey-Wilson polynomial
expansion (see (2.7)), and thereby also several special cases: (4.1), (4.4), (4.6). We
also specialize (2.7) to find expansions of ¢-Bessel functions instead of the quadratic
g-exponential function, see (3.2), (3.3). The fundamental technique is a connection
coefficient result for Askey-Wilson polynomials (Theorem 1), which is established
from the Nassrallah-Rahman integral [Ga:Ra, (6.3.9)]

It is known that expansions of the type treated in this paper are equivalent
to inversions of certain lower triangular matrices [Fi:Is] and to Lagrange and g¢-
Lagrange inversion [Ge:St]. In §6 we give the matrices and inverse relations lying
behind the expansions established in this paper. We explain a positivity result for
the connection coefficients for certain Askey-Wilson polynomials in §5.

We record here some the definitions and properties of the g-Bessel functions that
will be required. The g-Bessel functions J,Sl)(x; q) and J$? (z; q) are defined by

(1.3b)

v+2n
(1) . 7(] [ee) ZZ?/2)
(a0 w0 = z G
n=0
7q 00 x/2)u+2 n(v+n
n=0

They are related through
(1.5) TP (w;q) = (2% /4 @)oc I (w3 ).

We will also need

v v ; oo 2 b v
(1.6) 201(—q" "', =" % ¢® 1% ¢ =0 /4) = (qu-lq;)q)oo (_5(2//4;)(]2)00 I (b q),

which follows from (1.23) of [Ra] (note a misprint) via [Ga:Ra, (II1.4)].

2. A BASIC EXPANSION FORMULA

We prove Theorem 1, which is the fundamental theorem in this paper. It allows
one to expand any function of (e, ae~%; ), in terms of Askey-Wilson polyno-

mials which are defined by (see [As:Wi] or [Ga:Ral)
pr(cosb;a,b, e, d) := (ab,ac,ad; q¢)na™"ry(cosb;a,b,c,d),

where
", abcdq”_l, aew’ ae~ "0
rn(cosB;a,b,c,d) := 4¢3 79
ab, ac, ad

The main difference between p,, and r,, is that p,, is symmetric in all four parameters
while r,, is symmetric in b, ¢, d but not in a. The basic expansion formula that we
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shall prove in this section is

2.1 e ae?;q), = A, ipi(z;a,b e d).
3 Pj
§j=0

Theorem 1. The coefficients Ay, j in (2.1) are given by

_(g,ad; 9)n (a/d; g)n—; (abed/q; 4)
" (g, 0ds q)5 (g5 @)n—j (abed/q; q)2;
(2.2) @, adg’ , bdq? , cdg’
X (=) gf0=D/2 g, 0.q
adq’, dgt="* /o, abedq?

Proof. From the orthogonality relation of the Askey-Wilson polynomials, (7.5.15)-
(7.5.17) in [Ga:Ra], we find that

g2, —gt/?

q/% ) dz
A'n, - i\r;a,0,C,

g h/ xabcdaq) pj(xa}de)\/l—gc2

—J, abedg’ 1 q)r ¢"

_ (¢
2.3 ’
(2.3) =(ab, ac, ad; q)ja™h; kzo (q,ab, ac, ad; q)

X/l h(x;lu_laql/za_q /2,04) dx
—1 h(x;aqk7b7 C7d7aq") \/1 —ZZ?2’

where

h(z;aj),
1

n
h(cosb;a) := (ae’?,ae™;q)oo, h(ziay,...,an):=
j=

the h;’s are

1 — abedg® 1! (abed/q; q);

h; = .
J 1—abed/q (g,ab,ac,ad,be,bd, cd; q);

and k is

27 (abed; q) oo
(¢, ab, ac, ad, be, bd, cd; q)o

KR =

This is valid if max(|al, |b],|c|,|d]) < 1. The integral in (2.3) can be evaluated by
the Nasgsrallah-Rahman integral [Ga:Ra, (6.3.8)], and is equal to

27 (ab, ac, ad, abedq® , abedq™; q) oo

(q,bc, bd, cd, abg®, acg®, adgk, abq™, acq™, adgq™, abed; q) oo
x sWr(abed/q; be, bd, ed, aq™* /a, ¢~ q, acg" )

=k (ad, OZ/d; q)n(ab, ac; q)y

—~ (¢, bd,cd; Q)m g™ (ad; q)ksm
* Z (¢, ad, dg' =" /; @) (abeds @)igm

m=0
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where (IIL.17) of [Ga:Ra] was used in the last step. Thus the A, ;’s have the
representation

n

A, ; =(ab, ac, ad; q)ja_jhj (ad,a/d; q)n Z

m=0

(¢7",ad,bd, cd; q)m
(¢, dev, dg'—" o, abed; q)m

m

(2.4)

m

g, abedg? 1, adq
X 3¢2 4,9
abcdq™, ad

The 3¢9 in (2.4) is now summed by (II.12) in [Ga:Ra]. After some simplification
we establish (2.2), completing the proof of Theorem 1. |

Application of the Sears transformation [Ga:Ra, (III.15)] gives an alternate rep-
resentation of A, j, which we will find useful later in this work. It is
A = (g, cor, dev, ab; q)r, (abed/q; q); 1 — abedg?—1 (—a)i gil-D/2
7 (g, ca,dag ab; q); (¢5 @) n—j (abed; @)y 1 — abed/q
(2.5) @ ", cdg’,a/a, a/b
X 4¢3 9
acq’, adg?, ¢+~ /ab

It is clear from (2.1) that A,, ; must be symmetric in a, b, ¢, d which, however, is not
obvious in either of the two forms (2.2) or (2.5). The symmetry becomes explicit
when we apply the Watson transformation [Ga:Ra, (II1.17)] to obtain the following
representation:

_ (g, a0, ba, car, dov; q), (abed/q,a%;q); 1 — abedg® 1 (—a)ig?U-1/2

Ay,
(2.6) 7 (g, a0, bay cay de q) 5 (0259)n (¢;@)n—j 1 —abed/q — (abed; q)nj
x sWr(a?¢ ™ 7" afa, a/b, ac, o/ d; abedg™ ).

In the subsequent sections we shall use Theorem 1 in the following way. We have

(2.7) Z cnl(ae? ae™?: q), = ij(cos 0;a,b,c,d) Z AntjiCntss
n=0 §=0 n=0

which is obtained from (2.1) by multiplying by ¢, and and summing over n, where
{en} is an arbitrary sequence, provided that the left-hand side of (2.7) converges and
interchanging the sums is justifiable. If we choose av = eq(*=")/2 for some constant
e and ¢, in accordance with (1.1), then (2.7) is an expansion for a g-exponential
function £;. We will specialize the parameters in such a way that the 4¢3 series in
(2.2) and (2.5), or the gWy series in (2.6), can be summed. We will also choose «
independent of n, obtaining basic hypergeometric series expansions.

3. EXPANSIONS IN CONTINUOUS ¢-ULTRASPHERICAL POLYNOMIALS

In this section we first find two general Askey-Wilson polynomial expansions
with ¢-Bessel functions, (3.2) and (3.3). First, if @ = a, then A, ; is summable
by (2.5). Next we specialize to o = —ig=™)/2 and the continuous g-ultraspherical
polynomials, and prove (1.2).

If @« = a, and

(B1, E2; q)n

, = ——— U (B2
¢ (Q7abaac7ad;q)n( /) ’
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then (2.5) and (2.7) imply

i (aeiev a/e_iea E17 E27 Q)" (_B2/4)n
(q, ab, ac, ad; q),

n=0
o0 c) 1 2j—1 o
_ Z (abed/q, Ev, E2;q); 1 — abedg (B2 /4 =D/ (5. 0. b, ¢, d)

(3.1) = (g,ab,ac,ad;q); 1 —abed/q
Erq, Exq’
X 2¢1 ) q, _B2/4
abedg®

Setting abed = ¢**+1, By = —¢¥TY/2, and Ey = —¢”*', in (3.1) and using (1.6) we
find

(3.2)
aeiG’ ae—w’ _(]1/—1-1/27 _ql/-'rl BQ
403 &
ab, ac, ad
_ (@2 ¢"/?) o0 < (g2 q)j(q”+1/2; q1/2)2j 1— g2 +2 -2
(q"+1/25q12) o0 (=12 /45 q) o0 4 (¢, ab, ac, ad; q); 1 —q?

=0

X (2/6)% Iy o (B; ¢/%)pj (w30, b, ¢, d).

<

We may find another ¢-Bessel expansion by choosing £} = E2 = 0 in (3.1), and
using (1.4a) and (1.5). The result (again for abed = ¢?**1) is

ae® ae= 0,0

BQ
103 &
ab, ac, ad
(B3) (30=@/B) N (050)i(d®  q)2 1 — Y FUD2g0

B (q2u+17_B2/4;q)oo ;

= (g,ab,acadiq);  1—¢*

X J2(l2/)+2] (Bv q)pj (CE; a, bu c, d)

The continuous g-ultraspherical polynomials C,, (z;a?|q) are obtained from the
Askey-Wilson polynomials by

(4;9)n (a*;q)2n 9
n ya, y — Wy, ™ = Cn 3 .
Pn(®; 0, a\/q, —a, —a,/q) (@2 at. ) (z;0%|q)

Thus g-ultraspherical versions of (3.2) and (3.3) can be found be putting
{a,b,c,d} = {q"/2, D12 _q/2 _gw+D/2y,

The left-hand sides then become other g-analogues of the Bessel function J,, /2.
Next we consider (2.7) for the continuous g-ultraspherical polynomials (b =
a\/q,c = —a,d = —a,/q) for an arbitrary . Using (3.4.7) in [Ga:Ra], we have

sWr(a?¢ 1 ¢ " ag™V? Ja, —aq™V?Ja,a/a, —a/a; q,atq" )
. . 2 2 _—n 2

_ (a2q37a4q2j+l;q)oo 5 a?/qa®,q7"/a . a4q"+j+1

(0202¢%, 27+ Q)oe ° ' a2 ’
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According to (II1.2) in [Ga:Ra] the above 2¢1 can be transformed to

j—n’ -n a2
7)o 21 a ¢ / q a2a2q2”
(a2qn’ 0120[2(]2]7 a4q’l’b+j+1 : Q)oo a2qj+1 )

2 7 2.2 2n 4 2541,
(¢, a”a”q™, a* g

From this we find that Theorem 1 reduces to
i (g5 ¢)n (—a)? gD/
e q), = 3 () CaP
= (@) (a%4);

i—n o —n /2
¢ " q "/ a
2 2 2n

X 201 _ q,a"a”q
aQq]—i-l

(ae' Cj(z;a%|q)

(3.4)

There are several choices for o for which the 2¢; series in (3.4) is summable. The
choice of interest here is @ = —ig(*=)/2, so that the Bailey-Daum formula [Ga:Ra,
(I1.9)] implies

2 n+1
201 ) 7 —-aq (1,47 " /a*q*)m
a?git! (@ /a%,q1 7" /a%q%)m

j—n  ,—n 2
¢ q " a 0 if n— jis odd,
B ifn—j=2m.

The appropriate choice of ¢, leads to

= g /A (ib)2)

SQ(x;_ivb/2):Z (aQ, ) Cj(x;a2|q)
=0 34)5
(3.5) — gt —q2git? 2
X 201 ‘ 7, vy
adq2i+?

Setting a = ¢/? in (3.5) and using (1.6), we see that (1.2) follows from (3.5).
By taking the limit ¥ — oo in (1.3) we find that

o0

(3.6) Eq(z;—i,0) = ﬁ Zo(ib)" qn2/4 L([;(ij)'?,

where

Hy,(z]q) = (¢;)nCn(x;0|q),

are the continuous ¢g-Hermite polynomials.

4. 5q EXPANSIONS IN SPECIAL ASKEY-WILSON POLYNOMIALS

In this section we evaluate A,, ; using special balanced 4¢3’s. This naturally leads
to expansions in special families of Askey-Wilson polynomials, see (4.1), (4.2), (4.3),
(4.4). We also choose two specializations so that A, ; is transformable, yielding &,
expansions, including (1.3). At the end of the section we also prove the Al-Salam-
Chihara polynomial result by generating functions.

Andrews’ terminating g-analogue of the Watson’s 3Fy sum is [Ga:Ra, (I1.17)]

q ", Aq",C,-C {0 ifn is odd,

493 C™(q,9A/C%6% )2
VAq, —/Aq, C? - @AaCT Pz

WA T if nis even.
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This suggests that after replacing n by n+ j in (2.5), we take
a=—igt™™2 qg=—b, c=—-d, C= :I:z'q(l_”_j)/Z/a7 A=—c2g.
Therefore Agm+j+1,; =0, and

Aomsjy _ (@°P)4:0); (5 @)jrom (0@, =Pt ) P (1ymgmomi

(45 Q2m+j (@:9); (a®c?/q; q)25(¢%, acq? L ¢2)

This leads to the expansion

44q))
p (1', a, —a,C, _C>
9=3 G B
(4.1) o —a2gi Tt — it i i
x (ib)7 g7/t 3¢y g, —b
2 2j+1
a’c?q

In [Is:Ma:Su] it was pointed out that

vH1)/2,4i0 o (v41)/2—if

q' , g
201 q, ——
, 1

q +1

(7")” (@ /4 9)
2 (43 @)oo

is a g-analogue of J,(zr), x = cosf. The o¢1’s in (4.1) can be expressed in terms
of the above ¢-Bessel function.

If we set ¢ = 0, then the 2¢ in (4.1) becomes a 1¢g, which can be summed by
the g-binomial theorem [Ga:Ra, (I11.3)]. We find

0 (9. 272 ntl. 2 AT
(42) gq(di;—i,b) _ Z ( a 7Q)n (CL b%q 4 )oo <é> q" /4 Tn(x;a’_a,o’o)'

= (GO0 (=0*1¢%) a

Since (7.5.34) of [Ga:Ra] implies

/2 1/2 q"? 2
Tn(x§q y —4q 7070) = (—Q'Q) Hn(x|q )7
we find that
0 b2 n+2 ) 5
4. _ o0 n._n /4Hn 2
(4.3) (x;—1,b) E_ 5 %) (00 (ib)"q (w|q”),

which may be compared with (3.6).
Another balanced 4¢3 evaluation is [An, (4.3)]

q_2naA2q2anqu (
193 ¢, ¢ | =B"
Aq, A¢®, B

Aq/B,—q;q)n 1—-A
(A,—B;q)n, 1—Ag¢™

1/2—n 2 3/2—n

So (2.2) is summable if b = aq'/?,d = c¢'/?, and o® = ¢ ,ora® =gq
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After replacing ¢ by —c, the ar=¢(1=2")/4 result with ¢, = ¢""+t1/4(it /2)" /(q; ¢)n
is

_ . > (a%c?;q)n n2 it\"
ey i) =3 e ()

n—O
(44) X pn($7 a, aq /27 —C, _Cq1/2)
aq(2n+1)/4’ _cq(2n+l)/4 .
1/2 1t
X 2¢1 q ) 5
n+1/2

acq

The choice of a = ¢®~2"/4 (thus expanding &,(x;q'/*,itqg~/*/2)) gives the
same expansion as (4.4). These two &, functions are identical from [Su, (3.4)].

If, instead, we take a = —ig!=™)/2, then the 4¢3 series in (2.5) can no longer be
summed. However the 4¢3 series in (2.5) can still be transformed to another 4¢3
series in base ¢'/2 by [Ga:Ra, (IT1.21)]. It turns out that the series over n in (2.7), a
double sum, can be simplified further by an interchange of the order of summation
and finally reduced to a single sum. The result is equivalent to (1.3),

4 1/2 /9. s 2.2, n?/4 N\
sq(x;—z‘,t/2)—(”q /25 @)oo (a*c; q)ng <_ﬁ)

(it = (@00 (6P @)2n \ 2
(4.5) X pn(w;a, aql/2 —c,—cq'/?)
aq(2n+1)/47 _Cq(2n+1)/4 .
X 261 q'?, %
acq™t1/?

The right sides of (4.4) and (4.5) are identical. This follows from Suslov’s addition
theorem for the &, functions; see [Su, Theorem 3.1].

We have another example when a 4¢3 transformation, not a summation, leads
to an &; expansion. The Al-Salam-Chihara polynomials are defined by

pr(x;a,0) := 1y (x50,0,0,0).
We have (see also [Fl:Le:Vi2], (3.17))

o0

. —2h? ™ 2 00 (.1\n n? 2 —1
Eqm;—i,b) = Z %(zb) q" Apn (7€' ye ™)
(4.6) n=0 T

2.
Xy e 7(&;’;)): Eq(cos ¢; —i, vbq"/?).

To prove (4.6) we find the coefficient of b"p; (x;ve™*, ve'®) on both sides. The
left-side coefficient (by (2.7) and (2.5)) is a 3¢2 on base ¢ with one denominator
parameter equal to 0. The right-side coefficient (by the ¢-binomial theorem) gives
a 3¢ on base ¢?. These are equal using [Ga:Ra, (3.10.13), (3.2.2)].

The preceding sketch of the proof of (4.6) is not transparent, so we also prove
(4.6) from earlier results in this paper.

The Al-Salam-Chihara polynomials have the generating function [As:Is2]

(tt1,tt2:q)oo
(te?? te=; @)oo

o~ (12500 ) 0
Z ((1 _2 )q) (t/tl) pn(COSG,tl,tQ) =
= (G
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The continuous g-Hermite polynomials, see (3.10), have the generating function
[As:Is]

> Hy(cos0]g)t" /(q; @)n = 1/(te” te™"; g)oc.

n=0

Evidently the above two generating functions imply
H, " H; ; ; ; i(n—j % Dy
(4.7) (zlq) _ Z J(COS¢|q)pn_j(x;,yel¢7,ye—z¢),y2j—ne—1(n—J)¢ (v%59) J
@D)n = (69 (43 Dn—;

We then combine (4.7) and (3.6) to obtain

; 1 EOO \n, n?/4 i —ip\ . —n_—ing (Vz;q)n
5Q(x;_7’7b) :(—b2'q2) (Zb) q Pn(x;’Ye ) V€ )’7 € W
I o0 n=0 ) n
o Hj(cos ¢|q) i PAg njong
X E L )yig ibg™/%)d.
= (@) ) ( )

The j sum can be expressed in terms of £, by (3.6) to obtain (4.6).
It is not hard to see that choosing ¢ = 7/2, v = —i /g in (4.6) gives (4.3).

5. CONNECTION COEFFICIENTS FOR ASKEY-WILSON POLYNOMIALS

From (2.2) and (2.7) we have

P (%50, 8,7,0) =Y B (w30, b, ¢, ),

§=0
where
g _labac,ad g™ aBydqm ", abed/g; ),
e (@B, ay, ¢, abed/q; q);
(5.1) y (_g)j““)/? mz_:j (@™, aBydg™ Y adg’ a/d;q)n
' a s (¢; B¢, g7, a0q?; @), I

X s q " adg’, bdg?, cdg’
dg* =" /o, adq’ , abedq®

an)-

max([al, [b], [c], |d]) <1

We shall assume that

and that o and a are of the same sign. Askey and Wilson [As:Wi] have shown that
the connection coefficients are positive when

O<a<a<l, b=p c=v, d=6.

This can be iterated using the symmetry of p,(z;a, b, c,d) in its parameters. Thus
we have proven that the B, ; of (5.1) is nonnegative for

Ol<a<a<l, 0<fB<b<l, O0<y<e<l, 0<d<d<l.
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6. MATRIX INVERSION

In this section we prove Theorem 1 from an explicit matrix inversion.

Let

bn(2;0) = (ae® ae™";q),, x = cosb.

It follows from [Ga:Ra, (I1.12)] that

where

(bn(za Oé) = Z Onk(bk(xv CL),
k=0

" (™ )rlac, afa; )

C =
n (¢, ac, ag* =" /a; q)y,

To establish Theorem 1, it remains to expand ¢x(x,a) in terms of the Askey-
Wilson polynomials p;(x;a,b, ¢, d) by inverting

where

pn(z;0,b,c,d) = Z D,;(t)cjp;(x, a),

=0

Dnj(t) = (¢ ", tq";q)j, t=abed/q, 1/c; =q 7(q,ab,ac,ad;q);.

It is known (see for example (3.6.19) and (3.6.20) in [Ga:Ra]) that

(6.1)

t—kqj—kz
(@, 4" 720/t @) (g, tqg 285 ) jn

Dj_kl (t) =

Thus Theorem 1 follows from the matrix inversion (6.1). Since there is bibasic
version of (6.1), there is also a bibasic version of Theorem 1.

We can also find the inverse of the lower triangular matrix A,, ; of Theorem 1 by
expanding the polynomials p;(z;a,b, c,d) in terms of ¢;(x; ). Using (6.1) we find

(abedg’™,q77; q);
(a5 9)

).

A7l =d'd" T a" abg', acq', adq'; q) ;-

% 1 ¢, abcdg’ 'Y a/a, aag!
173 abg', acq', adg

which gives a discrete orthogonality relation for a 4¢s3.

[AL:Ch]
[An]

[As:Is]

[As:Is2]
[As:Wi]

[At:Su]

REFERENCES

W. A. Al-Salam and T. S. Chihara, Convolutions of orthogonal polynomials, STAM
J. Math. Anal. 7 (1976), 16-28. MR 53:3381

G. E. Andrews, Connection coefficient problems and partitions, Proc. Symp. Pure
Math 34 (1979), 1-24. MR 80c:33004

R. A. Askey and M. E. H. Ismail, A generalization of ultraspherical polynomials,
Studies in Pure Mathematics (P. Erdds, ed.), Birkhauser, Basel, 1983, pp. 55-78. MR
87a:33015

R. A. Askey and M. E. H. Ismail, Recurrence relations, continued fractions and or-
thogonal polynomials, Memoirs Amer. Math. Soc. 49 (1984). MR 85g:33008

R. A. Askey and J. A. Wilson, Some basic hypergeometric orthogonal polynomials that
generalize Jacobi polynomials, Memoirs Amer. Math. Soc. 54 (1985). MR 87a:05023
N. M. Atakishiev and S. K. Suslov, Difference hypergeometric functions, Progress in
Approximation Theory, An International Perspective (A. A. Gonchar and E. B. Saff,
ed.), Springer-Verlag, New York, 1992, pp. 1-35. MR 94k:33039



[Fi:Is]
[F1:Vi]
[Fl:Le: Vil
[Fl:Le:Vi2]
[Ga:Ra]
[Ge:St]

(Is]

[s:Ma:Su]
[Is:Ra:Zh)]
[Is:Zh]
(L]

[Ra]

[Su]

CONNECTION COEFFICIENTS 2941

J. Fields and M. E. H. Ismail, Polynomial expansions, Mathematics of Computation
29 (1975), 894-902. MR 51:8680

R. Floreanini and L. Vinet, A model for the continuous q-ultraspherical polynomials,
J. Math. Phys. 36 (1995), 3800-3813. MR 96d:33012

R. Floreanini, J. LeTourneux and L. Vinet, More on the g-oscillator algebra and q-
orthogonal polynomials, Journal of Physics A 28 (1995), L287-1.293. MR 96e:33043

R. Floreanini, J. LeTourneux and L. Vinet, Symmetry techniques for the Al-Salam-
Chihara polynomsals, J. Phys. A 30 (1997), 3107-3114. MR 98k:33036

G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press,
Cambridge, 1990. MR 91d:33034

I. Gessel and D. Stanton, Applications of q-Lagrange inversion to basic hypergeometric
series, Trans. Amer. Math. Soc. 277 (1983), 173-201. MR 84f:33009

M. E. H. Ismail, The zeros of basic Bessel functions the functions Jy4aa (x) and
the associated orthogonal polynomials, J. Math. Anal. Appl. 86 (1982), 1-19. MR
83c:33010

M. E. H. Ismail, D. Masson and S. Suslov, The q-Bessel functions on q-quadratic grid
(to appear).

M. E. H. Ismail, M. Rahman and R. Zhang, Diagonalization of certain integral oper-
ators II, J. Comp. Appl. Math. 68 (1996), 163-196. MR 98d:33011

M. E. H. Ismail and R. Zhang, Diagonalization of certain integral operators, Advances
in Math. 109 (1994), 1-33. MR 96d:39005

Y. Luke, The Special Functions and Their Approximations, volume 2, Academic Press,
New York, 1969. MR 40:2909

M. Rahman, An integral representation and some transformation properties of q-
Bessel functions, J. Math. Anal. Appl. 125 (1987), 58-71. MR 88h:33020

S. K. Suslov, Addition theorems for some g-exponential and trigonometric functions,
Methods and Applications of Analysis 4 (1997), 11-32. CMP 97:14

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTH FLORIDA, TAMPA, FLORIDA 33620-5700
E-mail address: ismail@math.nsf.edu

DEPARTMENT OF MATHEMATICS, CARLETON UNIVERSITY, OTTAWA, ONTARIO, CANADA K1S

5B6

E-mail address: mrahman@math.carleton.ca

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455
E-mail address: stanton@math.umn.edu



