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QUADRATIC q-EXPONENTIALS
AND CONNECTION COEFFICIENT PROBLEMS

MOURAD E. H. ISMAIL, MIZAN RAHMAN, AND DENNIS STANTON

(Communicated by Hal. L. Smith)

Abstract. We establish expansion formulas of q-exponential functions in
terms of continuous q-ultraspherical polynomials, continuous q-Hermite poly-
nomials and Askey-Wilson polynomials. The proofs are based on solving con-
nection coefficient problems.

1. Introduction

The q-exponential function on a q-quadratic grid is

Eq(x; a, b) :=
∞∑

n=0

(aq(1−n)/2eiθ, aq(1−n)/2e−iθ; q)n

(q; q)n
qn2/4 bn,(1.1)

where x = cos θ [Is:Zh], [At:Su]. Ismail and Zhang [Is:Zh] gave a q-analogue of the
expansion of the plane wave in spherical harmonics. Their formula is

Eq(x;−i, b/2) =
(q; q)∞ (2/b)ν

(−b2/4; q2)∞ (qν ; q)∞

∞∑
n=0

in(1− qn+ν)qn2/4J
(2)
ν+n(b; q)Cn(x; qν |q),

(1.2)

where J
(2)
ν+n are q-Bessel functions [Is], [Ga:Ra] and Cn(x; β|q) are the continuous

q-ultraspherical polynomials [As:Is], [Ga:Ra]. This formula has attracted some at-
tention and two different proofs were given in [Fl:Vi] and [Is:Ra:Zh]. The proof by
Floreanini and Vinet [Fl:Vi] is group theoretic and is of independent interest. Equa-
tion (1.2) was extended to continuous q-Jacobi polynomials in [Is:Ra:Zh], where the
following expansion was established:

Eq(x;−i, r) =
∞∑

m=0

ampm(x; b, bq1/2,−c,−cq1/2),(1.3a)
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with the am’s given by

am =
(b2c2, b2q1/2; q)m (irq1/2; q)∞
(q, bcq1/2, bc; q)m (−ir; q)∞

(ir/b)mqm2/4

× 2φ1

(
cqm/2+1/4,−bqm/2+1/4

bcqm+1/2

∣∣∣∣ q1/2, ir

)
.

(1.3b)

The purpose of this paper is to extend (1.3) to an Askey-Wilson polynomial
expansion (see (2.7)), and thereby also several special cases: (4.1), (4.4), (4.6). We
also specialize (2.7) to find expansions of q-Bessel functions instead of the quadratic
q-exponential function, see (3.2), (3.3). The fundamental technique is a connection
coefficient result for Askey-Wilson polynomials (Theorem 1), which is established
from the Nassrallah-Rahman integral [Ga:Ra, (6.3.9)]

It is known that expansions of the type treated in this paper are equivalent
to inversions of certain lower triangular matrices [Fi:Is] and to Lagrange and q-
Lagrange inversion [Ge:St]. In §6 we give the matrices and inverse relations lying
behind the expansions established in this paper. We explain a positivity result for
the connection coefficients for certain Askey-Wilson polynomials in §5.

We record here some the definitions and properties of the q-Bessel functions that
will be required. The q-Bessel functions J

(1)
ν (x; q) and J

(2)
ν (x; q) are defined by

J (1)
ν (x; q) =

(qν+1; q)∞
(q; q)∞

∞∑
n=0

(−1)n(x/2)ν+2n

(q, qν+1; q)n
,(1.4a)

J (2)
ν (x; q) =

(qν+1; q)∞
(q; q)∞

∞∑
n=0

(−1)n(x/2)ν+2n

(q, qν+1; q)n
qn(ν+n).(1.4b)

They are related through

J (2)
ν (x; q) = (−x2/4; q)∞J (1)

ν (x; q).(1.5)

We will also need

2φ1(−qν+1,−qν+2; q2ν+2; q2,−b2/4) =
(q; q)∞

(qν+1; q)∞
(2/b)ν

(−b2/4; q2)∞
J (2)

ν (b; q),(1.6)

which follows from (1.23) of [Ra] (note a misprint) via [Ga:Ra, (III.4)].

2. a basic expansion formula

We prove Theorem 1, which is the fundamental theorem in this paper. It allows
one to expand any function of (αeiθ, αe−iθ; q)n in terms of Askey-Wilson polyno-
mials which are defined by (see [As:Wi] or [Ga:Ra])

pn(cos θ; a, b, c, d) := (ab, ac, ad; q)na−nrn(cos θ; a, b, c, d),

where

rn(cos θ; a, b, c, d) := 4φ3

q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣∣∣∣ q, q

 .

The main difference between pn and rn is that pn is symmetric in all four parameters
while rn is symmetric in b, c, d but not in a. The basic expansion formula that we
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shall prove in this section is

(αeiθ, αe−iθ; q)n =
n∑

j=0

An,j pj(x; a, b, c, d).(2.1)

Theorem 1. The coefficients An,j in (2.1) are given by

An,j =
(q, αd; q)n (α/d; q)n−j (abcd/q; q)j

(q, αd; q)j (q; q)n−j (abcd/q; q)2j

× (−α)jqj(j−1)/2
4φ3

 qj−n, adqj , bdqj , cdqj

αdqj , dq1−n+j/α, abcdq2j

∣∣∣∣∣∣ q, q
 .

(2.2)

Proof. From the orthogonality relation of the Askey-Wilson polynomials, (7.5.15)-
(7.5.17) in [Ga:Ra], we find that

κAn,j =hj

∫ 1

−1

h(x; 1,−1, q1/2,−q1/2, α)
h(x; a, b, c, d, αqn)

pj(x; a, b, c, d)
dx√

1− x2

=(ab, ac, ad; q)ja
−jhj

j∑
k=0

(q−j , abcdqj−1; q)k qk

(q, ab, ac, ad; q)k

×
∫ 1

−1

h(x; 1,−1, q1/2,−q1/2, α)
h(x; aqk, b, c, d, αqn)

dx√
1− x2

,

(2.3)

where

h(cos θ; α) := (αeiθ, αe−iθ; q)∞, h(x; a1, . . . , an) :=
n∏

j=1

h(x; aj),

the hj’s are

hj =
1− abcdq2j−1

1− abcd/q

(abcd/q; q)j

(q, ab, ac, ad, bc, bd, cd; q)j
.

and κ is

κ :=
2π(abcd; q)∞

(q, ab, ac, ad, bc, bd, cd; q)∞
.

This is valid if max(|a|, |b|, |c|, |d|) < 1. The integral in (2.3) can be evaluated by
the Nassrallah-Rahman integral [Ga:Ra, (6.3.8)], and is equal to

2π(αb, αc, αd, abcdqk, αbcdqn; q)∞
(q, bc, bd, cd, abqk, acqk, adqk, αbqn, αcqn, αdqn, αbcd; q)∞

× 8W7(αbcd/q; bc, bd, cd, αq−k/a, q−n; q, aαqn+k)

= κ (αd, α/d; q)n(ab, ac; q)k

×
n∑

m=0

(q−n, bd, cd; q)m qm

(q, αd, dq1−n/α; q)m

(ad; q)k+m

(abcd; q)k+m
,
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where (III.17) of [Ga:Ra] was used in the last step. Thus the An,j ’s have the
representation

An,j =(ab, ac, ad; q)ja
−jhj (αd, α/d; q)n

n∑
m=0

(q−n, ad, bd, cd; q)m

(q, dα, dq1−n/α, abcd; q)m
qm

× 3φ2

q−j, abcdqj−1, adqm

abcdqm, ad

∣∣∣∣∣∣ q, q

 .

(2.4)

The 3φ2 in (2.4) is now summed by (II.12) in [Ga:Ra]. After some simplification
we establish (2.2), completing the proof of Theorem 1.

Application of the Sears transformation [Ga:Ra, (III.15)] gives an alternate rep-
resentation of An,j , which we will find useful later in this work. It is

An,j =
(q, cα, dα, ab; q)n (abcd/q; q)j

(q, cα, dα, ab; q)j (q; q)n−j (abcd; q)n+j

1− abcdq2j−1

1− abcd/q
(−α)j qj(j−1)/2

× 4φ3

qj−n, cdqj , α/a, α/b

αcqj , αdqj , q1−n/ab

∣∣∣∣∣∣ q, q

 .

(2.5)

It is clear from (2.1) that An,j must be symmetric in a, b, c, d which, however, is not
obvious in either of the two forms (2.2) or (2.5). The symmetry becomes explicit
when we apply the Watson transformation [Ga:Ra, (III.17)] to obtain the following
representation:

An,j =
(q, aα, bα, cα, dα; q)n (abcd/q, α2; q)j

(q, aα, bα, cα, dα; q)j (α2; q)n (q; q)n−j

1− abcdq2j−1

1− abcd/q

(−α)jqj(j−1)/2

(abcd; q)n+j

× 8W7(α2qj−1; qj−n, α/a, α/b, α/c, α/d; abcdqn+j).
(2.6)

In the subsequent sections we shall use Theorem 1 in the following way. We have
∞∑

n=0

cn(αeiθ, αe−iθ; q)n =
∞∑

j=0

pj(cos θ; a, b, c, d)
∞∑

n=0

An+j,jcn+j ,(2.7)

which is obtained from (2.1) by multiplying by cn and and summing over n, where
{cn} is an arbitrary sequence, provided that the left-hand side of (2.7) converges and
interchanging the sums is justifiable. If we choose α = eq(1−n)/2 for some constant
e and cn in accordance with (1.1), then (2.7) is an expansion for a q-exponential
function Eq. We will specialize the parameters in such a way that the 4φ3 series in
(2.2) and (2.5), or the 8W7 series in (2.6), can be summed. We will also choose α
independent of n, obtaining basic hypergeometric series expansions.

3. Expansions in continuous q-ultraspherical polynomials

In this section we first find two general Askey-Wilson polynomial expansions
with q-Bessel functions, (3.2) and (3.3). First, if α = a, then An,j is summable
by (2.5). Next we specialize to α = −iq(1−n)/2 and the continuous q-ultraspherical
polynomials, and prove (1.2).

If α = a, and

cn =
(E1, E2; q)n

(q, ab, ac, ad; q)n
(−B2/4)n,
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then (2.5) and (2.7) imply
∞∑

n=0

(aeiθ, ae−iθ, E1, E2; q)n

(q, ab, ac, ad; q)n
(−B2/4)n

=
∞∑

j=0

(abcd/q, E1, E2; q)j

(q, ab, ac, ad; q)j

1− abcdq2j−1

1− abcd/q
(aB2/4)jqj(j−1)/2pj(x; a, b, c, d)

× 2φ1

E1q
j , E2q

j

abcdq2j

∣∣∣∣∣∣ q,−B2/4

 .

(3.1)

Setting abcd = q2ν+1, E1 = −qν+1/2, and E2 = −qν+1, in (3.1) and using (1.6) we
find

4φ3

aeiθ, ae−iθ,−qν+1/2,−qν+1

ab, ac, ad

∣∣∣∣∣∣ q,−B2

4


=

(q1/2; q1/2)∞
(qν+1/2; q1/2)∞ (−b2/4; q)∞

∞∑
j=0

(q2ν ; q)j(qν+1/2; q1/2)2j

(q, ab, ac, ad; q)j

1− q2ν+2j

1− q2ν
qj(j−1)/2aj

× (2/b)2νJ
(2)
2ν+2j(B; q1/2)pj(x; a, b, c, d).

(3.2)

We may find another q-Bessel expansion by choosing E1 = E2 = 0 in (3.1), and
using (1.4a) and (1.5). The result (again for abcd = q2ν+1) is

4φ3

aeiθ, ae−iθ, 0, 0

ab, ac, ad

∣∣∣∣∣∣ q,−B2

4


=

(q; q)∞(2/B)2ν

(q2ν+1,−B2/4; q)∞

∞∑
j=0

(q2ν ; q)j(q2ν+1; q)2j

(q, ab, ac, ad; q)j

1− q2ν+2j

1− q2ν
qj(j−1)/2aj

× J
(2)
2ν+2j(B; q)pj(x; a, b, c, d).

(3.3)

The continuous q-ultraspherical polynomials Cn(x; a2|q) are obtained from the
Askey-Wilson polynomials by

pn(x; a, a
√

q,−a,−a
√

q) =
(q; q)n (a4; q)2n

(a2, a4; q)n
Cn(x; a2|q).

Thus q-ultraspherical versions of (3.2) and (3.3) can be found be putting

{a, b, c, d} = {qν/2, q(ν+1)/2,−qν/2,−q(ν+1)/2}.
The left-hand sides then become other q-analogues of the Bessel function Jν+1/2.

Next we consider (2.7) for the continuous q-ultraspherical polynomials (b =
a
√

q, c = −a, d = −a
√

q) for an arbitrary α. Using (3.4.7) in [Ga:Ra], we have

8W7(α2qj−1; qj−n, αq−1/2/a,−αq−1/2/a, α/a,−α/a; q, a4qn+j+1)

=
(α2qj , a4q2j+1; q)∞

(a2α2q2j , a2qj+1; q)∞
2φ1

α2/qa2, q−n/a2

α2qn

∣∣∣∣∣∣ q, a4qn+j+1

 .



2936 MOURAD E. H. ISMAIL, MIZAN RAHMAN, AND DENNIS STANTON

According to (III.2) in [Ga:Ra] the above 2φ1 can be transformed to

(α2qj , a2α2q2n, a4q2j+1; q)∞
(α2qn, a2α2q2j , a4qn+j+1; q)∞

2φ1

qj−n, q−n/a2

a2qj+1

∣∣∣∣∣∣ q, a2α2q2n

 .

From this we find that Theorem 1 reduces to

(αeiθ, αe−iθ; q)n =
n∑

j=0

(q; q)n (−α)j qj(j−1)/2

(q; q)n−j (a2; q)j
Cj(x; a2|q)

× 2φ1

qj−n, q−n/a2

a2qj+1

∣∣∣∣∣∣ q, a2α2q2n

 .

(3.4)

There are several choices for α2 for which the 2φ1 series in (3.4) is summable. The
choice of interest here is α = −iq(1−n)/2, so that the Bailey-Daum formula [Ga:Ra,
(II.9)] implies

2φ1

qj−n, q−n/a2

a2qj+1

∣∣∣∣∣∣ q,−a2qn+1

 =

{
0 if n− j is odd,

(q,q−2n/a4;q2)m

(q−n/a2,q1−n/a2;q2)m
if n− j = 2m.

The appropriate choice of cn leads to

Eq(x;−i, b/2) =
∞∑

j=0

qj2/4(ib/2)j

(a2; q)j
Cj(x; a2|q)

× 2φ1

−a2qj+1,−a2qj+2

a4q2j+2

∣∣∣∣∣∣ q2,−b2

4

 .

(3.5)

Setting a = qν/2 in (3.5) and using (1.6), we see that (1.2) follows from (3.5).
By taking the limit ν →∞ in (1.3) we find that

Eq(x;−i, b) =
1

(−b2; q2)∞

∞∑
n=0

(ib)n qn2/4 Hn(x|q)
(q; q)n

,(3.6)

where

Hn(x|q) = (q; q)nCn(x; 0|q),
are the continuous q-Hermite polynomials.

4. Eq expansions in special Askey-Wilson polynomials

In this section we evaluate An,j using special balanced 4φ3’s. This naturally leads
to expansions in special families of Askey-Wilson polynomials, see (4.1), (4.2), (4.3),
(4.4). We also choose two specializations so that An,j is transformable, yielding Eq

expansions, including (1.3). At the end of the section we also prove the Al-Salam-
Chihara polynomial result by generating functions.

Andrews’ terminating q-analogue of the Watson’s 3F2 sum is [Ga:Ra, (II.17)]

4φ3

q−n, Aqn, C,−C

√
Aq,−√Aq, C2

∣∣∣∣∣∣ q, q

 =

{
0 if n is odd,
Cn(q,qA/C2;q2)n/2

(qA,qC2;q2)n/2
if n is even.
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This suggests that after replacing n by n + j in (2.5), we take

α = −iq(1−n)/2, a = −b, c = −d, C = ±iq(1−n−j)/2/a, A = −c2qj−n.

Therefore A2m+j+1,j = 0, and

A2m+j,j

(q; q)2m+j
=

(a2c2/q; q)j (q; q)j+2m(−a2qj+1,−c2qj+1; q2)m

(q; q)j (a2c2/q; q)2j(q2, a2c2q2j+1; q2)m
ij(−1)mq−m2−mj .

This leads to the expansion

Eq(x;−i, b) =
∞∑

j=0

(a2c2/q; q)j

(q; q)j (a2c2/q; q)j
pj(x; a,−a, c,−c)

× (ib)j qj2/4
2φ1

−a2qj+1,−c2qj+1

a2c2q2j+1

∣∣∣∣∣∣ q2,−b2

 .

(4.1)

In [Is:Ma:Su] it was pointed out that

(r

2

)ν (qν+1, −r2/4; q)∞
(q; q)∞

2φ1

q(ν+1)/2eiθ, q(ν+1)/2e−iθ

qν+1

∣∣∣∣q, −r2

4


is a q-analogue of Jν(xr), x = cos θ. The 2φ1’s in (4.1) can be expressed in terms
of the above q-Bessel function.

If we set c = 0, then the 2φ1 in (4.1) becomes a 1φ0, which can be summed by
the q-binomial theorem [Ga:Ra, (II.3)]. We find

Eq(x;−i, b) =
∞∑

n=0

(−a2; q)n (a2b2qn+1; q2)∞
(q; q)n (−b2; q2)∞

(
ib

a

)n

qn2/4 rn(x; a,−a, 0, 0).(4.2)

Since (7.5.34) of [Ga:Ra] implies

rn(x; q1/2,−q1/2, 0, 0) =
qn/2

(−q; q)n
Hn(x|q2),

we find that

Eq(x;−i, b) =
∞∑

n=0

(b2qn+2; q2)∞
(−b2; q2)∞ (q; q)n

(ib)nqn2/4Hn(x|q2),(4.3)

which may be compared with (3.6).
Another balanced 4φ3 evaluation is [An, (4.3)]

4φ3

q−2n, A2q2n, B, Bq

Aq, Aq2, B2

∣∣∣∣∣∣ q2, q2

 = Bn (Aq/B,−q; q)n

(A,−B; q)n

1−A

1−Aq2n
.

So (2.2) is summable if b = aq1/2, d = cq1/2, and α2 = q1/2−n, or α2 = q3/2−n.
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After replacing c by−c, the α=q(1−2n)/4 result with cn =qn(n+1)/4(it/2)n/(q; q)n

is

Eq(x; q−1/4, itq1/4/2) =
∞∑

n=0

(a2c2; q)n

(q; q)n (a2c2; q)2n
qn2/4

(
− it

2

)n

× pn(x; a, aq1/2,−c,−cq1/2)

× 2φ1

aq(2n+1)/4,−cq(2n+1)/4

acqn+1/2

∣∣∣∣∣∣ q1/2,
it

2

 .

(4.4)

The choice of α = q(3−2n)/4 (thus expanding Eq(x; q1/4, itq−1/4/2)) gives the
same expansion as (4.4). These two Eq functions are identical from [Su, (3.4)].

If, instead, we take a = −iq(1−n)/2, then the 4φ3 series in (2.5) can no longer be
summed. However the 4φ3 series in (2.5) can still be transformed to another 4φ3

series in base q1/2 by [Ga:Ra, (III.21)]. It turns out that the series over n in (2.7), a
double sum, can be simplified further by an interchange of the order of summation
and finally reduced to a single sum. The result is equivalent to (1.3),

Eq(x;−i, t/2) =
(itq1/2/2; q)∞
(−it/2; q)∞

∞∑
n=0

(a2c2; q)nqn2/4

(q; q)n (a2c2; q)2n

(
− it

2

)n

× pn(x; a, aq1/2,−c,−cq1/2)

× 2φ1

aq(2n+1)/4,−cq(2n+1)/4

acqn+1/2

∣∣∣∣∣∣ q1/2,
it

2

 .

(4.5)

The right sides of (4.4) and (4.5) are identical. This follows from Suslov’s addition
theorem for the Eq functions; see [Su, Theorem 3.1].

We have another example when a 4φ3 transformation, not a summation, leads
to an Eq expansion. The Al-Salam-Chihara polynomials are defined by

pn(x; a, b) := rn(x; a, b, 0, 0).

We have (see also [Fl:Le:Vi2], (3.17))

Eq(x;−i, b) =
∞∑

n=0

(−γ2b2qn; q2)∞
(−b2; q2)∞

(ib)nqn2/4pn(x; γeiφ, γe−iφ)

× γ−ne−inφ (γ2; q)n

(q; q)n
Eq(cos φ;−i, γbqn/2).

(4.6)

To prove (4.6) we find the coefficient of bnpj(x; γe−iφ, γeiφ) on both sides. The
left-side coefficient (by (2.7) and (2.5)) is a 3φ2 on base q with one denominator
parameter equal to 0. The right-side coefficient (by the q-binomial theorem) gives
a 3φ2 on base q2. These are equal using [Ga:Ra, (3.10.13), (3.2.2)].

The preceding sketch of the proof of (4.6) is not transparent, so we also prove
(4.6) from earlier results in this paper.

The Al-Salam-Chihara polynomials have the generating function [As:Is2]
∞∑

n=0

(t1t2; q)n

(q; q)n
(t/t1)npn(cos θ, t1, t2) =

(tt1, tt2; q)∞
(teiθ, te−iθ; q)∞

.
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The continuous q-Hermite polynomials, see (3.10), have the generating function
[As:Is]

∞∑
n=0

Hn(cos θ|q)tn/(q; q)n = 1/(teiθ, te−iθ; q)∞.

Evidently the above two generating functions imply

Hn(x|q)
(q; q)n

=
n∑

j=0

Hj(cosφ|q)
(q; q)j

pn−j(x; γeiφ, γe−iφ)γ2j−ne−i(n−j)φ (γ2; q)n−j

(q; q)n−j
.(4.7)

We then combine (4.7) and (3.6) to obtain

Eq(x;−i, b) =
1

(−b2; q2)∞

∞∑
n=0

(ib)nqn2/4pn(x; γeiφ, γe−iφ)γ−ne−inφ (γ2; q)n

(q; q)n

×
∞∑

j=0

Hj(cosφ|q)
(q; q)j

)γjqj2/4(ibqn/2)j .

The j sum can be expressed in terms of Eq by (3.6) to obtain (4.6).
It is not hard to see that choosing φ = π/2, γ = −i

√
q in (4.6) gives (4.3).

5. Connection coefficients for Askey-Wilson polynomials

From (2.2) and (2.7) we have

rm(x; α, β, γ, δ) =
m∑

j=0

Bm,jrj(x; a, b, c, d),

where

Bm,j =
(ab, ac, ad, q−m, αβγδ qm−1, abcd/q; q)j

(αβ, αγ, q, abcd/q; q)j

×
(
−α

a

)j(j+1)/2
m−j∑
n=0

(qj−m, αβγδqm+j−1, αdqj , α/d; q)n

(q, αβqj , αγqj , αδqj ; q)n
qn

× 4φ3

(
q−n, adqj , bdqj, cdqj

dq1−n/α, αdqj , abcdq2j

∣∣∣∣ q, q) .

(5.1)

We shall assume that

max(|a|, |b|, |c|, |d|) < 1

and that α and a are of the same sign. Askey and Wilson [As:Wi] have shown that
the connection coefficients are positive when

0 < α < a < 1, b = β, c = γ, d = δ.

This can be iterated using the symmetry of pn(x; a, b, c, d) in its parameters. Thus
we have proven that the Bm,j of (5.1) is nonnegative for

0 < α < a < 1, 0 < β < b < 1, 0 < γ < c < 1, 0 < δ < d < 1.
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6. Matrix inversion

In this section we prove Theorem 1 from an explicit matrix inversion.
Let

φn(x; a) = (aeiθ, ae−iθ; q)n, x = cos θ.

It follows from [Ga:Ra, (II.12)] that

φn(x, α) =
n∑

k=0

Cnkφk(x, a),

where

Cnk =
qk (q−n; q)k(aα, α/a; q)n

(q, aα, aq1−n/α; q)k
.

To establish Theorem 1, it remains to expand φk(x, a) in terms of the Askey-
Wilson polynomials pj(x; a, b, c, d) by inverting

pn(x; a, b, c, d) =
n∑

j=0

Dnj(t)cjφj(x, a),

where

Dnj(t) = (q−n, tqn; q)j , t = abcd/q, 1/cj = q−j(q, ab, ac, ad; q)j.

It is known (see for example (3.6.19) and (3.6.20) in [Ga:Ra]) that

D−1
jk (t) =

t−kqj−k2

(q, q1−2k/t; q)k(q, tq1+2k; q)j−k
.(6.1)

Thus Theorem 1 follows from the matrix inversion (6.1). Since there is bibasic
version of (6.1), there is also a bibasic version of Theorem 1.

We can also find the inverse of the lower triangular matrix An,j of Theorem 1 by
expanding the polynomials pj(x; a, b, c, d) in terms of φl(x; α). Using (6.1) we find

A−1
j,l =qlal−jα−l(abql, acql, adql; q)j−l

(abcdqj−1, q−j ; q)l

(q; q)l

× 4φ3

(
ql−j , abcdqj+l−1, a/α, aαql

abql, acql, adql

∣∣∣∣ q, q

)
,

which gives a discrete orthogonality relation for a 4φ3.
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