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LP ESTIMATES FOR OSCILLATORY INTEGRAL OPERATORS

LESLIE C. CHENG AND YIBIAO PAN

(Communicated by Christopher D. Sogge)

ABSTRACT. An endpoint boundedness result is established for a class of oscil-
latory integral operators.

1.

This paper deals with a problem left open in [6]. Let A = {(z,z) : x € R},
K € C~(R?\A) and satisfy
QIFHK .
- e — I

for (z,y) € R*\A and 4,1 > 0.
For a,b > 1, define the non-convolutional oscillatory integral operator Ty, p:

(2) (Tunf)(@) = / oW K (2, ) f (y)dy,

R
initially for f € S(R).

Such operators often arise in harmonic analysis (see e.g. [7], [8], [9]). It should
be noted that when ¢ = b = 1 and K = 1 the operator in (2) is essentially the
Fourier transform.

The main problem under investigation concerns the LP boundedness of the op-
erators {T,p}. A quick examination of the operators Ty, with K = 1 reveals that
the LP inequality

(3) [Tapfllp < Cappl fllp

cannot hold (for all f € S(R)) unless p = 22, Thus one is led to the problem of
determining whether

(4) [ Tapfllate < Capllfllaze
holds for f € S(R) and a,b > 1. The following is known:
Theorem A. Suppose that K satisfies (1). Let Top be given as in (2). Then:

(i) If a > 1 and b > 1, then T, is bounded from L% to itself.
(it) Ifa=b=1 (hence “t =2), then T, = Ty,1 is bounded from L? to itself.
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Part (i) of Theorem A was established in [6] (Theorem 3.1 on page 212), while
part (ii) can be found in [5] (see also [7]). Apparently the remaining issue is to
answer the following question:

atb
a

Question. Is T, bounded from L * to itself when eithera =1 orb=1 %

It would seem quite reasonable to believe that the answer is “yes”. In fact, this
was shown to be true in the special case where K (z,y) = |z — y|*” with ¢ € R
([6]). However, for the operators with generic K’s that satisfy (1) the question has
remained unanswered. The main purpose of this paper is to completely resolve this
issue. Namely we have:

Theorem B. Let b > 1, K satisfy (1), and T, = Thp be given as in (2). Then
there exists a constant Cp > 0 such that

() 1Tofllo+1 < Coll fllp+1
holds for f € S(R).

For a > 1 and b = 1 one obtains (4) from (5) by duality. It follows from Theorems
A and B that T, is bounded on L for all a,b>1.

Part of our argument presented here is similar to the method used in [6], which
goes back to [7]. The key new ingredients are reduction to pseudodifferential oper-
ators and the establishment of related L? estimates. This combination allows us to
tackle the above mentioned problem and may have applications elsewhere.

For a nonnegative locally integrable function w we shall write ||f|p. for
([ |f()[Pw(z)dz)t/P. When w = 1, we shall simply write || ||, for || f]p,w-

2.

Let b > 1, n € C*°(R) such that n(x) = 1 when |z| < 1/2 and n(z) = 0 when
|z] > 1. For K (x,y) that satisfies (1) and m € N we define K,,,(-,-) and wy, (-, ) by

(6) Ku(w,y) = [1 = (e — K @ y)n(—),

(7) (7, €) = / T K, (x + 7|V, 7] /) da
R

We shall begin with two propositions.
Proposition 1. There exist constants zzlj,l independent of m such that

8j+le
2Dy
for 3,1 >0 and (z,y) € R*\A.

(@,9)] < Aja[l+ |z —yl) 7~

Proposition 2. There exists A > 0 which is independent of m such that
(9) |wn (7,6)] < Amin{|r — €71, |7 — €]7%}
forall 7,6 € R.

The proof of Proposition 1 is elementary and hence will be omitted.
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Proof of Proposition 2. If |7 —&| > 1, then by Integration by Parts and Proposition
1

1 1x(T— d2 1 1
fon(r. &)l = =gl [ O T Ko+ Il el )
<apr-g2 [

\

2124 2
= Amin{|7 — &7, |7 — &7}
Now suppose that |7 — &| < 1 and write wy,(7,€) = I1 + I2 where

I = / e TOK, (x+ |7|F [P )n(a(r — €))da
R

and
b= [ 0K, (ot frib b1 = nGa(r - ©))da,
R
Then
|Il| SAl/ d$:2A1|7’—§|_1
lz|<|r—¢ 71
and
1)< s [ 125 e+ o1 D)1~ s~ )]
T — m T, |T — T —
NP Jn e !
A d -
< = T [ T8y b~ gpyan)
e @lr-gh-1<lal<lr—¢-1 2]

< TAslr — €71 = TAymin{|7 — €71, |7 — €72}
Thus (9) always holds. Using the arguments given above, one easily obtains:

Proposition 3. There exists A > 0 independent of m such that

(10) T r o) < Al — 7l
and

0 m 1_ —
() SOl < AL+ [rb g 7|72

forall€ € R and 7 # 0.
Define the kernels 2, and operators H,, by

(12) (7€) = win (7, (€ — 7)1 — 0(4%]7])]
and
(13) Hf(€) = /R (. €) (7)dr.

Below is a uniform weighted norm estimate for H,,.

Theorem 4. Let p € (1,00) and w € A,. Then there exists a constant Ap ., > 0
independent of m such that

(14) /R Hon f (@) Pwo(@)dz < Ay, /R | @) P(e)de
holds for all f € S(R).

Here A, = A,(R) represents the collection of Muckenhoupt’s A,-weights (see
[4])-
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Proof. Let a(r,z) = Kn(z + |7]%, |7|%)[1 — n(4%|7])] . Then by Proposition 1 for
j,k > 0 there exists A; 1 > 0 independent of m such that
|3j+ka(7', x)
OTidxk
Thus a(-,-) is a symbol in the class S?,. Let W, be the pseudodifferential
operator with symbol a(:,-) i.e.

(15) (Wof)(r) = / e a(r, x) f(x)dx.

R

| < Ajr(L+ Ja]) ",

Then there exists C' > 0 independent of m such that

(16) [Wafll2 < Cllfll2
for all f € S(R) (see, for example, [10] on page 234).
For u € R we shall let f,(7) = 7% f(—7). Then by (7), (12), (13) and (15)

(17) Hof(6) = / €€ (w)g (€, u)du

R

where g(&,u) = Fo[W, o F1*(f,)(€) and F represents the Fourier transform. By
(16) and Plancherel’s Theorem, one obtains:

(18) ( /R l9(6,w)2d€) < C|fulls = Cllfll2 ¥ ueR.

It then follows from (17), (18) and Minkowski’s Inequality that

(19) [Hm fll2 < Cllallall fllz < Al f[l2

for all f € S(R).
Since Q,,(7,€) = 0 when |7| < 2=+ (9), (10), (11), and (12) give us that

A
Qm bl —=
(20) | (7 )|<|T_€|
and
0 0 A
(21) |EQm(T,§)|+|6—§Qm(T,§)| < T—ep

hold for (¢,7) € R?\ A and some positive constant A independent of m. It follows
from (19)-(21) that Q,,(7, &) is a generalized Calderén-Zygmund kernel. By a minor
modification of the arguments in [1] one obtains the weighted L? inequality (14)
with a constant A, ,, independent of m (see also [10], page 221, and [3]).

Corollary 5. If we let

(22 (Inf)(©) = [ Qullr,Of(r)ar,
R
then there exists A > 0 independent of m such that
(23) [ lmp@ P et < 4 [ 1)ty
R R

for all f € S(R).
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Proof. Let
1
fi(t) = Ef(t%)t%_IX[O,oo)(t)
and
1 1,1 4
fa(t) = gf(—tb)tb X[0,00) (1)
Then J,, f = Hyf1 + Hpn fo. Let w(€) = |€]°~! € Apy1. By Theorem 4 we get
[T fllo+1,0 < CULf1llo+1,0 + [ f2llo+1,0) < Allfllo41-
This proves (23).

Lemma 6. Define L, by:

(24) Ln$)©) = [ 00, (11,0 f(5)dy
R
for £ € R. Then there exists A > 0 independent of m such that
(25) [ AEnn)©P el < 4 [ 11 dy
R R
for f € S(R).

This result follows from Corollary 5 by using the method employed in [6] on
pages 217 and 218, which can be traced all the way back to [7] and [9]. Below we
shall give a sketch of the proof.

Without loss of generality we may assume that supp(f) C [0,00). For j > 0 let

I = [0, (G + DY), fi(y) = f(y)xr, (y), and g;(y) = 7Y’ f;(y). Then

o0

(26) (L £)(©) =D (L £5)(8).

§=0
By (12) and (9)
(Lo f3)(€) = €74 (J1ng;) ()]

-3

<A i =T G = 1|6 — ¥V £ (y)|dy < AV F;)(€),

lyb—¢|<1

where (M f)(€) represents the Hardy-Littlewood maximal function of g(t) =
f(t%)ts 1. By Corollary 5 and the L'*1(R, |#|*~1dz) — L' (R, |z|*~'dz) bound-
edness of the Hardy-Littlewood maximal function ([4]), we obtain:

1)
[ as©Pettag < e[ lamPtt+ [ 1nehlE
R o 0

A [ 15wy,

By Supp(meJ) g [.] - 17.] + 2]7 (26)a and (27)7 we get

/ L (€)1 Je[P e < A / F)dy.
R R
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Lemma 7. Let

(Pf)(x) = /R W[ — n(z — y)]K (z,9)[1 = n(4"|y[")] £ (y)dy.
Then there exists A > 0 such that

(29) 1P Flsr < Al s
holds for all f € S(R).
Proof. Let f € S(R). Form € N and « € R let
(29)
Pote) = [ e 1= (e~ KL= 0 )

Then by (29), (24) and (12) we obtain
Bu©)= [ €001y oo, 1 )y
and
Lo )€ = [ €091 o 0l — o))
By (9) we get that for € € R
(30) 1Pl = L0000 1)(E)]

<L —nE€—y)] y
A _— A .
< / F Wy < AT (E)
By Pitt’s Inequality ([2]), (30), and Lemma 6,

(31) 1Pl < ( /R B (€)1 €0 de)
< Ol Lm (x(0,00) )b 1,jape—1 + 1M Fllpg1,jajo—1]

<l + L[ 1A P gl 7 = A .
0

By letting m — oo in (31), we obtain

I /OOO e — n(z — YK (2,9)[1 = @[y ") F@)dyloer < AlF o1

Similarly,

0
I /_ WL — (@ — YK (2,9)[1 = 0@y F @)dyllosr < Al o

This proves (28).
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3.
We shall finish the paper with a proof of our main result.
Proof of Theorem B. For f € S(R) write
(32) (Tof)(z) = Fi(z) + Fa(z) + F3(x)

where

Fi(z) = /R 1y (x — )] K (2, 9)[1 — 1(4]y[")]f (y)dy,

Fy(x) = /R el (1 — p(a — )] K (2 y)n(@ly ) £ () dy,
and
Fy(x) = / eIV e — ) K (2, ) f(y)dy.
R

By considering x > 0 and = < 0 separately and applying Lemma 7, it follows
that

(33) I F1 o1 < Al fllpra-
Since [|F3llp+1 < A(|n] * [f])(z),
(34) 541 < Allfllo41-

For (z,y) € supp[(1 — n(z — y)n(4°|y|*)] we have |z —y| > § and [y| < §. Let

I(z) = K(z,0) /Re””””y‘b[l —n(z =)@ lyl*) f (y)dy

and
1) = 5 (2.0) [ 1=t = et )
Then by (1)
(3) Fa(o) o) + 1)) < 4 [ 0
Clearly
1(2)] < AL ()| + (1l * 1£1) (=)

where )

9(t) = S LF(ED) + F(9) (4 x0,00) (1)

Hence by Pitt’s inequality
/R ()" de < A] / G d + ]S £l

< AL 1oP TP+ I < AN
Similarly,
[ m@) e < Al
Using (35), we obtain: .
(36) 1Pl < Allfllosn.
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It

now follows from (32)-(34) and (36) that
1Tof b1 < All fllp42

for all f € S(R). This completes the proof of Theorem B.
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