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ABSTRACT. In this paper we prove the following result: Let A be a nonunital
Banach algebra with a bounded approximate identity. Then A cannot be both
Arens regular and weakly sequentially complete. The paper also contains some
applications of this result.

1. INTRODUCTION

In this paper we prove a general result about the Arens regularity of weakly
sequentially complete Banach algebras. As is well known, many of the Banach al-
gebras that arise in harmonic analysis and other parts of mathematics are weakly
sequentially complete (=WSC). Just to list some of them, let us mention the fol-
lowing ones:

a) Group algebras L'(G) and their weighted analogs L!(G;w).

b) Semigroup algebras £1(.S) and their weighted analogs £*(S;w).

¢) Hypergroup algebras L(X) ([D] and [J]).

d) The Fourier algebra A(G) ([E]) and, more generally, algebras that are predual
of the von Neuman algebras.

e) Various kinds of measure algebras.

f) Reflexive algebras.

g) Certain sequence spaces with coordinatewise multiplication such as the algebra
oL

h) The algebras obtained through certain Banach algebra constructions applied
to the preceding ones.

Among these algebras, some are Arens regular but most are not. If one looks at
the Arens regular ones, we see that they are either unital (e.g., £1(Z;w), with w(n)
= 1+ | n | [C-Y]), or they do not have a bounded approximate identity (= b.a.i.)
(e.g., £1). This observation led us to wonder whether there exist nonunital WSC
Banach algebras with a b.a.i. [Ul, p. 395, Question 3]. The main result of this
paper states that such an algebra does not exist. In other words, a nonunital
Banach algebra with a b.a.i. cannot be both Arens regular and WSC. The group
algebra L'(G) is WSC and has a b.a.i. but is Arens regular only if the group G is
finite. On the other hand, there exist many non-WSC and nonunital Arens regular
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Banach algebras with ab.a.i. (e.g., Co( R)) as well as WSC ones without b.a.i. (e.g.,
reflexive algebras). We shall also prove that for a large class of commutative WSC
Banach algebras with b.a.i., Arens regularity is equivalent to finite dimensionality
of the algebra. As an application of the method used to prove the main result,
we prove that for any continuous homomorphism A from an Arens regular Banach
algebra A with a b.a.i. into a WSC one B, the subalgebra h(A) is unital. This
implies, for example, that, if the algebra B has no idempotent different from zero,

then there exists no nontrivial continuous homomorphism from A into B.

2. NOTATION AND PRELIMINARY RESULTS

Our notation and terminology are quite standard and, for Banach algebras, are
those of Bonsall and Duncan [B-D]. For a Banach space X, we denote by X* its
continuous dual, and we always consider X as naturally embedded into its second
dual. For x € X and f € X*, we denote by (z, f) the natural duality between X
and X*.

Let A be a Banach algebra. A bounded net (e, )acr in A is a bounded approxi-
mate identity (=b.a.i.) if, for each a in A, ae, — a and e,a — a. For a in A and
f in A*, we denote by f.a and a.f, respectively, the functionals on A defined by
(f.a,b) = (f,ab) and (a.f,b) = (f,ba). We denote by A*A and AA*, respectively,
the subspaces

{fa:a€Aand fe A"}, {a.f:a€ Aand f € A"}

of A*. If A has a b.a.i., then, by Cohen’s Factorization theorem [H-R, 32.22], the
spaces A*A and AA* are closed in A*. We need only the following two results about
Arens regular Banach algebras:

a) If A is Arens regular and has a b.a.i., then A*A = AA* = A* [U1, Corollary
3.2].

b) Closed subalgebras of an Arens regular algebra are Arens regular.
Finally, throughout the paper the term “unital Banach algebra” and “Banach al-
gebra with a unit element” are used interchangeably.

3. THE MAIN RESULTS

In this section we prove that, for a nonunital Banach algebra A, the properties
“Arens regularity”, “b.a.i.” and “WSC” cannot coexist together. If the algebra A
is separable, the proof of this result is easy, as the next lemma shows.

Lemma 3.1. Any WSC Arens regular Banach algebra with a sequential b.a.i. is
unital.

Proof. Let A be a WSC Arens regular Banach algebra with a sequential b.a.i.
(en)nen. Then AA* = A*A = A*. Let f be an element in A*. Then f = g.a for
some g € A* and a € A. So (f,en) = {(g,ae,) — (g,a), as n — oo. This shows
that the sequence (e, )nen is weakly Cauchy in A. The algebra A being WSC, the
sequence (e, )nen converges weakly to an element, say e, of A. For f € A* and
a € A, we have

(f,ae) =lim(f.a,e,) = Um(f, ae,) = {f,a),

and so ea = a. Similarly, ae = a, so that e is the unit element of A. O
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The next lemma plays an essential role in the proof of the main result. For that
reason, although one version of it is proved in [U1], we give here a complete (and
different) proof of it.

Lemma 3.2. Let A be any Banach algebra with a b.a.i. Then given any separable
subspace X of A, there exists a separable subalgebra B of A with a sequential b.a.i.
such that B D X.

Proof. Let (xn, )n>1 be a dense sequence in X. Let (eq)aer be a b.ad. in A with
|| ea ||< C, for some C. We define inductively a sequence (e, ),>1 satisfying the
inequality || ey, ||< C for all n > 1, as follows. We choose e; € A such that

[|erxr —x1 ||< 1, ||x1er —z1]|<1 and ||e; ||<C.
The elements ey, es,...,e, being chosen, we choose e,11 such that, for 1 <i < n,

| wientr — @ |[<1/(n+1), || ensr@i — i [|<1/(n+1),

leiens1 —ei [|<1/(n+1), |l ent1ei—eil[<1/(n+1) and || enta ||<C.

Set Y ={zn,:n>1}U{e,:n>1}.Fora €Y, epa — a and ae, — a, as n — oo.
If we take for B the closed subalgebra of A generated by Y, then B is separable
and contains X. The sequence (e,,)n>1 is a b.a.i. for B and is bounded by the same
constant C' that bounds the net (ey)aer- O

Now we can prove the main result of the paper.

Theorem 3.3. Let A be a nonunital Banach algebra with a b.a.i. Then A cannot
be both WSC and Arens regular.

Proof. Assume on the contrary that A is both WSC and Arens regular. To obtain
a contradiction, we shall construct a sequence of linearly independent idempotents
(en)n>1 in A satisfying the relations enen, = €n€m = €min{n,m}, and we shall show
that the subalgebra of A generated by them is finite dimensional. To construct
such a sequence, we start with an arbitrary separable subspace X (X # {o}) of A.
By Lemma 3.2, X is contained in a separable subalgebra A; of A with a sequential
b.a.i., bounded by the same constant C' that bounds the b.a.i. of A. The algebra
Ay, being WSC and Arens regular, is unital by Lemma 3.1. Let e; be the unit
element of A;. Then || e; ||[< C since the b.ai. of A; converges weakly to e;
(see the proof of Lemma 3.1). Let By = {a € A : ae; = eja = a} be the largest
subalgebra of A that has e; as the unit element. Since A is not unital, B; # A.
Let z1 be an arbitrary element in A\ By, and let X; = Span{z1, e;}. For the same
reason as above X is contained in a unital subalgebra As of A. Let e; be the unit
element of Ay. Observe that since x; is not in By, ea ¢ By. Consequently, e; and
eo are linearly independent and ejes = ese; = e;. Continuing this process, we
obtain a linearly independent sequence (ey)1>1 of idempotents in A bounded by
the constant C' and such that e;e; = eje; = eyings, 53 ford, j > 1.

Let B = Span{e, : n > 1}. Then B is a commutative, separable subalgebra of A.
For any element x = Ele)\iei in Span{e, :n > 1} and for n > p, xe, = e,z = x.
It follows that the sequence (ey)n>1 is a b.a.d. for the algebra B. The algebra B,
being WSC and Arens regular, is unital by Lemma 3.1. Let e be the unit element of
B. Since (en)n>1 is a b.ad. for B and ee,, = e,, e, — e innormin B, as n — oo.
Hence there exists an integer N such that forn > N, || e, —e ||< 1. Since e, —e is
an idempotent, the inequality || e,, — e ||< 1 is possible only if e,, — e = 0. Hence for
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n > N, e, =e and the algebra B is finite dimensional, contracting the fact that
the sequence (ey)n>1 is linearly independent. This contradiction proves that for
n > N, B, = A so that A is unital, which contradicts the hypothesis and finishes
the proof. O

This theorem applied to the group algebra L!(G) of a locally compact group G
falls short of giving Young’s theorem [Y] asserting that the algebra L!(G) is Arens
regular if and only if the group G is finite. Theorem 3.3. implies only that G is
discrete in the case where the algebra L!(G) is Arens regular.

Next we present a less general but more precise result. We recall that any
amenable Banach algebra and its cofinite closed ideals (i.e., ideals whose codi-
mensions are finite) have, b.a.i.’s [Cu-L, Corollary 3.8]. This is also the case for
certain nonamenable algebras such as the Fourier algebra A(G) of an amenable
group G [F]. For the sake of briefness, we shall say that a Banach algebra A has
b.a.i.p.(=bounded approximate identity property) if A and its cofinite closed ideals
have b.a.i.’s.

Theorem 3.4. Let A be a WSC commutative Banach algebra with b.a.i.p. Then
A is Arens regular if and only if it is semisimple and finite-dimensional.

Proof. Tt is enough to prove the direct implication. To prove this, suppose that
A is Arens regular. Then, by the preceding theorem, A and its cofinite closed
ideals are unital. In particular, the Gelfand spectrum ¥ of A is compact. We
want to prove that ¥ is discrete. To prove this, for f € ¥, denote by ey the
unit element of the ideal ker f. Since ey is an idempotent and, for g € X\{f}, f
and g are linearly independent, (e, g) = 1. The function €7 : ¥ — C, €x(g) =
(er, g), being continuous and (ey, g) =1 for all g € X\{f}, whereas (ef, f) =0,
we conclude that f is an isolated point of X. This being true for each f € X, we
conclude that ¥ is discrete, so finite. Let ¥ = {f1, fo,...., fn} and J = ker f1 N
... N ker f,,. Then the ideal J is the radical of the algebra A and the element
U = €y,.€f,....ef, is the unit element of J. Since the radical of a Banach algebra
cannot contain a nontrivial idempotent element, v must be zero. It follows that A
is semisimple. Since X if finite, we conclude that A is finite-dimensional. O

It follows that, for an amenable locally compact group G, the Fourier alge-
bra A(G) is Arens regular if and only if G is finite, a result first proved by Lau
and Wong [L-W].

4. SOME APPLICATIONS

In this section we present some applications of the theorems proved in the pre-
ceding chapter to the study of homomorphisms between Banach algebras. These
theorems can also be used to prove that nonunital, Arens regular Banach algebras
with b.a.i.’s cannot be WSC. A typical example of this is the algebra of the compact
operators on a reflexive, infinite-dimensional Banach space with the ( Grothendieck )
approximation property. This kind of results being well known, we include only one
of them as a sample.

The next theorem is actually equivalent to Theorem 3.3. But thinking that both
theorems and their proofs are of independent interest, we have included both of
them. The reader will observe that in this and the following results we do not make
any weak compactness assumption on the homomorphisms in question.
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Theorem 4.1. Let A be an Arens reqular Banach algebra with a b.a.i., and let B
be a WSC Banach algebra. Then, for any (nontrivial) continuous homomorphism

h: A — B, the algebra h(A) is unital.

Proof. Let h : A — B be a nontrivial continuous homomorphism. We can and
do suppose that (_A) = B. If B is unital, we have nothing to prove. So we
suppose that B is not unital and try to obtain a contradiction. At this point we
remark that the equality B = h(A) does not imply that the algebra B is Arens
regular, so Theorem 3.3 does not apply directly. To proceed with the proof, we
first remark that the algebra A, being Arens regular and having a b.a.i., by Lemma
3.1, has lots of nontrivial separable subalgebras with b.a.i.’s, bounded by the same
constant, say C, that bounds the b.a.i. of A. Let (A, (dy 1)) be one of them. As the
algebra A is Arens regular, A; A} = Aj. It follows that the sequence (dy 1)nen is
weakly Cauchy in A;. As h is continuous and B is WSC, the sequence (h(dn1))nen
converges weakly to some element e; of B. This element ey is the unit element of
the subalgebra h(A;) of B, and || e1 ||[< C || h|| . Let By = {b € B :be; = e1b=b}
be the largest subalgebra of B having e; as the unit element. Since B is not unital,
B; # B. Let b; be an element in B\B;. Since h(A) = B, A has a separable
subalgebra As with a sequential b.a.i. such that b; € h(As). Let ex be the unit
element of h(Az). Then es ¢ h(A;) and ejeq = ezeq = e1. In this way we construct
inductively a sequence of separable subalgebras (A, (dn,x)) of A with sequential
b.a.i’.s and a sequence of idempotents (e, )n>1 in B such that:

(i) Ay CAyC....C AL C ..
(ii) e, € h(A,) but eny1 ¢ h(Ay) for n > 1;
(iii) eje; = eje; = emingi, ;3 and, foralln > 1, |le, |[[SC|| A .

Let D =J k>1 Ajg. Then D is a separable subalgebra of A and the double sequence

(dnk)n>1,k>1 is a b.ad. for D. It follows that the algebra E = h(D) is unital. Let
e be its unit element.

On the other hand, since e,, is the unit element of h(4,) and E = J,, h(Ax),
the sequence (e, )n>1 is a b.a.i. for the algebra E. Since ee,, = e, e, — g, as n —
oo. Hence, for n large, || e — e, ||< 1. However, since e — e,, is an idempotent, this
is possible only if e,, = e for n large. But the equalities e,, = e,,41 = .... = e are not
possible either since, by (ii), the e,’s are linearly independent. This contradiction
proves that the algebra B = h(A) is unital, and so completes the proof. |

Now we present some applications of the preceding three theorems. For results
closely related to the results below we refer the reader to the papers [G-R-W] and
[U2].

Corollary 4.2. Let A be an Arens reqular Banach algebra with b.a.i.p., and let B
be a WSC Banach algebra. If one of the algebras is commutative and h : A — B
is a continuous homomorphism, then the algebra h(A) is semisimple and finite-
dimensional.

Proof. We can and do suppose that h(A) = B and the algebra B is commutative.
By the preceding theorem the algebra B is unital. It follows that its Gelfand
spectrum X p is compact. Let f € X p be a multiplicative functional on B. Then,
as one can easily see (see the proof of Lemma 2.2. in [G-R-W]), h™1(ker f) is a
cofinite closed ideal and h(h—!(ker f)) = ker f. Since the algebra A has b.a.i.p., the
ideal ker f has a b.a.i. Hence, by the preceding theorem, the ideal ker f is unital.
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Now, exactly as in the end of the proof of Theorem 3.4, we show that X g is finite,
B is semisimple and finite-dimensional. O

We remark that, since the range of the Fourier transform I' : L'(R) — C,(R) is
infinite dimensional, it is not possible to reverse the roles of A and B in the preceding
corollary. However, we have the following result.

Corollary 4.3. Let A be a commutative Banach algebra with b.a.i.p., and let B be
a WSC, Arens reqular Banach algebra. Then, for any continuous homomorphism
h:A— B, the algebra h(A) is semisimple and finite-dimensional.

Proof. Let h : A — B be a continuous homomorphism. We can and do suppose
that h(A) = B. Then B is commutative and, by Theorem 3.3, is unital. As in the
proof of the preceding corollary, we show that for each f € ¥p, ker f has a b.a.i.
Hence, again by Theorem 3.3, ker f is unital. From this, exactly as in the proof of
the preceding corollary, we show that B is semisimple and finite-dimensional. [

In the next corollary, which is the final result of the paper, H is a Hilbert space
and L(H) is the C*- algebra of the bounded operators on H.

Corollary 4.4. Let A be a nonunital closed subalgebra of L(H) with a b.a.i. Then
A is not WSC.

Proof. The algebra A is Arens regular, being a closed subalgebra of the Arens
regular algebra L(H). By Theorem 3.3, A is not WSC. O

At this point we recall that the algebras (P (1 < p < co) are function algebras.
(i.e., they are isomorphic to closed subalgebras of L(H)).
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