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NILPOTENT IDEALS IN A CLASS
OF BANACH ALGEBRAS
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Abstract. We introduce the concepts of approximately complemented sub-
spaces of normed spaces and approximately biprojective algebras. We prove
that any approximately biprojective Banach algebra with left and right ap-

proximate identities does not have a nontrivial nilpotent ideal whose closure
is approximately complemented.

It is known that nonzero nilpotent ideals in amenable Banach algebras, if any,
must be infinite dimensional [3], and there do exist amenable Banach algebras which
contain nonzero nilpotent ideals (see [9] and [13]). These properties lead to the
following natural question: Can a contractible Banach algebra contain a nonzero
nilpotent ideal? Here a contractible Banach algebra is a biprojective Banach algebra
with an identity, and a Banach algebraA is biprojective if and only if the continuous
bimodule morphism π : A⊗̂A → A, specified by π(a ⊗ b) = ab, has a continuous
bimodule morphism right inverse T : A → A⊗̂A, i.e. π ◦ T = IA, the identity
operator on A, where A⊗̂A denotes the projective tensor product. One can see
[12] for further properties of biprojective Banach algebras and [7], VII §1.4, for
conditions equivalent to contractibility of Banach algebras.

In [9] Loy and Willis have proved that if a biprojective Banach algebra has a
central approximate identity, then no nonzero nilpotent ideal can have the approx-
imation property. In this paper we will improve this theorem by introducing the
concepts of “approximately complemented subspaces” and “approximately bipro-
jective algebras”. We use some of the techniques in [9].

1. Approximately complemented subspaces

We first introduce the following:

Definition 1. Suppose that E is a subspace of a normed space X . Then E is
approximately complemented in X if for any compact subset K of E and any ε > 0,
there is a continuous operator P : X → E such that ‖x−P (x)‖ < ε, for all x ∈ K.

The following examples explain the use of the terminology “approximately com-
plemented”. First, if a subspace E of X is such that for any compact subset K
of E there is a subspace N , complemented in X , such that K ⊂ N ⊂ E, then E
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is approximately complemented. In particular, any complemented subspace is ap-
proximately complemented. A subspace with the approximation property is also an
approximately complemented subspace because any finite rank bounded operator
on the subspace can be extended to the whole of the space. Another interesting
example is that when E is a right (left) ideal of a Banach algebra A and has a
left (resp. right) bounded approximate identity, then E is approximately comple-
mented. In fact, suppose that {eα} is a left bounded approximate identity of the
right ideal E. Then for any compact K ⊂ E and ε > 0, there is an index α such
that ‖x−eαx‖ < ε for all x ∈ K. So P : X → E defined by P (x) = eαx satisfies the
requirement in Definition 1. For C∗-algebras, it is well known that any closed left
ideal has a bounded right approximate identity (see [8], Proposition 4.2.12). This
shows that every closed left ideal of a C∗-algebra is approximately complemented.
For any Banach space X , let B(X) be the Banach algebra of all bounded operators
on X with the multiplication of the operator composition, and let BK(X) be the
ideal of all compact operators on X . From [10], Theorem 5.1.12(d), BK(X) has a
left bounded approximate identity if X has the bounded compact approximation
property. So BK(X) is approximately complemented in B(X) if X has this prop-
erty. It is worth mentioning that, BK(X) is not complemented in B(X) when X
is an infinite dimensional Hilbert space (see [2]).

Suppose that X and Y are normed spaces. Denote by X⊗̂Y (resp. X⊗̌Y ) the
projective (resp. injective) tensor product of X and Y . We will use ‖ · ‖X,Y to
denote the projective tensor norm in case any confusion may occur.

Suppose that X1, X2, Y1 and Y2 are normed spaces, and Ti: Xi → Yi, i = 1, 2,
are bounded operators. We denote by T1⊗T2: X1⊗̂X2 → Y1⊗̂Y2 the linear operator
determined by

(T1 ⊗ T2)(a1 ⊗ a2) = T1(a1)⊗ T2(a2), (a1 ∈ X1, a2 ∈ X2).

Clearly, T1 ⊗ T2 is continuous and ‖T1 ⊗ T2‖ ≤ ‖T1‖‖T2‖. If

A1
T1−→ B1

S1−→ C1 and A2
T2−→ B2

S2−→ C2

are bounded operator sequences of normed spaces, then we have

(S1 ◦ T1)⊗ (S2 ◦ T2) = (S1 ⊗ S2) ◦ (T1 ⊗ T2).

Lemma 1. Suppose that X is a normed space and E is an approximately com-
plemented subspace of X. Let ı : E → X be the inclusion mapping. Then
ı ⊗ IY : E⊗̂Y → X⊗̂Y is injective for any normed space Y , where IY is the
identity mapping on Y .

Proof. Let u ∈ E⊗̂Y satisfying ı⊗ IY (u) = 0 in X⊗̂Y . We prove u = 0 in E⊗̂Y , or
equivalently, ‖u‖E,Y = 0. It is elementary that for every convergent series

∑∞
n=1 xn,

xn > 0, there exists a sequence (cn) such that cn →∞ and
∑∞

n=1 cnxn converges.
Thus, without loss of generality, we can assume u =

∑∞
n=1 an⊗bn with an ∈ E and

bn ∈ Y , n = 1, 2, ..., satisfying limn→∞ an = 0,
∑∞

n=1 ‖bn‖ < 1. Given ε > 0, let
P : X → E be a continuous operator satisfying ‖an − P (an)‖ < ε for all n. Then
P ⊗ IY : X⊗̂Y → E⊗̂Y is a continuous operator, and hence

∞∑
n=1

P (an)⊗ bn = (P ⊗ IY ) ◦ (ı⊗ IY )(u) = 0.
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Therefore,

‖u‖E,Y = ‖
∞∑

n=1

an ⊗ bn −
∞∑

n=1

P (an)⊗ bn‖E,Y

≤
∞∑

n=1

‖an − P (an)‖‖bn‖ < ε.

Since ε was arbitrary, we have ‖u‖E,Y = 0, and hence ı⊗ IY is injective.

Remark. One cannot expect that ı⊗ IY will be injective for any closed subspace E
of X . In fact, if X is a Banach space with the approximation property and E is a
closed subspace of X without this property, then there is a Banach space Y such
that ı ⊗ IY : E⊗̂Y → X⊗̂Y has a nontrivial kernel. Because (see [6], p.156), if E
does not have the approximation property, then there is a Banach space Y such that
a nonzero element u =

∑∞
n=1 an⊗bn ∈ E⊗̂Y exists with

∑∞
n=1 an⊗bn = 0 in E⊗̌Y .

Since E⊗̌Y ⊂ X⊗̌Y ,
∑∞

n=1 an ⊗ bn = 0 in X⊗̌Y . This implies
∑∞

n=1 an ⊗ bn = 0
in X⊗̂Y , since X has the approximation property. In other words, ı⊗ IY (u) = 0.
The problem of under what condition ı⊗ IY is injective is still open.

Corollary. Suppose that Ti : Ai → Bi, i = 1, 2, are topologically isomorphic embed-
dings (injective and homeomorphic) of Banach spaces. If Ti(Ai) is approximately
complemented in Bi, i = 1, 2, then the operator T1 ⊗ T2 is injective.

Proof. Let T̂i : Ai → Ti(Ai), i = 1, 2, be the canonical isomorphisms induced from
Ti, and ıi : Ti(Ai) → Bi, i = 1, 2, be the inclusion mappings. Then

T1 ⊗ T2 = (IB1 ⊗ ı2) ◦ (IB1 ⊗ T̂2) ◦ (ı1 ⊗ IA2) ◦ (T̂1 ⊗ IA2).

IB1 ⊗ T̂2 and T̂1⊗ IA2 are injective because they are invertible. From the condition
and the previous lemma IB1 ⊗ ı2 and ı1 ⊗ IA2 are also injective. Subsequently, as
a composition of injective operators T1 ⊗ T2 is injective.

2. Approximately biprojective Banach algebras

In this section we introduce the following notion.

Definition 2. A Banach algebra A is pointwise approximately biprojective if for
each a ∈ A there is a net {Tα | α ∈ Λ} of continuous bimodule morphisms from A
into A⊗̂A such that π ◦ Tα(a) → a in norm. If in addition, the net {Tα | α ∈ Λ} is
independent of the element a ∈ A, then A is approximately biprojective.

Of course any biprojective Banach algebra is approximately biprojective. Also,
if A has a central approximate diagonal (i.e., a net {uα| α ∈ Λ} ⊂ A⊗̂A such
that auα = uαa for all a ∈ A and α ∈ Λ, and π(auα) → a in norm), then A
is approximately biprojective. An example of this kind of Banach algebra is as
follows.
Example. Let S be any nonempty set and consider `2(S) with the pointwise mul-
tiplication. Let Λ be the collection of all finite subsets of S ordered by inclu-
sion. Then {uα =

∑
i∈α ei ⊗ ei | α ∈ Λ} forms a central approximate diagonal of

`2(S), where ei is the element of `2(S) equal to 1 at i and 0 elsewhere. We prove
that `2(S) is not biprojective whenever S is an infinite set. Suppose conversely
that T : `2(S) → `2(S)⊗̂`2(S) were a continuous bimodule morphism satisfying
π ◦ T = I`2(S). Since T (ei) = eiT (ei)ei, one easily sees that T (ei) = ei ⊗ ei for
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each i ∈ S. So if x =
∑

i∈S αiei ∈ `2(S), then T (x) =
∑

i∈S αiei ⊗ ei. Consider
the identity operator ı ∈ BL(`2(S), `2(S)), which can be viewed as an element of
(`2(S)⊗̂`2(S))∗, when the latter is identified with BL(`2(S), `2(S)) (cf. §30 of [1]).
We have

|〈ı, T (x)〉| ≤ ‖ı‖‖T ‖‖x‖ = ‖T ‖‖x‖.
But it is clear that 〈ı, ei ⊗ ei〉 = 1 for each i ∈ S, and so

〈ı, T (x)〉 =
∑
i∈S

αi.

Together with the preceding inequality, one is led to a contradiction that
∑

i∈S αi

converges for each x =
∑

i∈S αiei ∈ `2(S). This example also shows that, for
any commutative compact group G, L2(G) with convolution multiplication is ap-
proximately biprojective but is not biprojective unless G is finite, because from
Plancherel’s Theorem ([11], Theorem 1.6.1) L2(G) is isometrically isomorphic to
`2(Γ ); Γ being the dual group of G and `2(Γ ) having pointwise multiplication. It
is worth mentioning that, although L2(G) has a central approximate diagonal as
shown here, it is not amenable unless G is finite ([4], Proposition 1.10).

The terminology “approximately projective” was first used by Grønbæk for mod-
ules in [5], where that kind of modules were defined in terms of lifting of morphisms.

3. Main results on nilpotent ideals

In the following for two subsets M and N of an algebra A, MN always denotes
the set {mn | m ∈ M, n ∈ N}.
Lemma 2. Suppose that A is a pointwise approximately biprojective Banach al-
gebra, N is an approximately complemented closed ideal of A, and E is a closed
ideal of A satisfying E ⊆ N and EN = {0} (NE = {0}). Then for any subset M
of A satisfying ME ⊆ EA (resp. EM ⊆ AE), it is true that ME = {0} (resp.
EM = {0}).
Proof. We prove the case EN = {0} and ME ⊆ EA. Here the idea is, in fact,
from the proof of Proposition 1 of [9]. Let ı : N → A be the inclusion operator,
let q : A → A/E be the quotient operator, let IA, IN and IA/E be the identity
operators on A, N and A/E respectively, and let p : (A/E)⊗̂N → N be the
operator determined by p((a + E)⊗ c) = ac for any a + E ∈ A/E and c ∈ N . The
operator p is well defined because EN = {0}. All the operators above are obviously
continuous.

Suppose towards a contradiction that ME 6= {0}, and assume mc 6= 0 for some
m ∈ M, c ∈ E. From the assumption mc = lim cnan, for some sequences (cn) ⊂
E and (an) ⊂ A. Since A is pointwise approximately biprojective, there is a
continuous bimodule morphism T : A → A⊗̂A such that π ◦ T (m) · c 6= 0. For
b ∈ N , let Rb (Lb) : A → N be the map of right (resp. left) multiplication by b.
We now consider the element d ∈ (A/E)⊗̂N defined by

d = (q ⊗Rc) ◦ T (m).

Since

p(d) = Rc ◦ π ◦ T (m) = π ◦ T (m) · c 6= 0,
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we have d 6= 0. Now consider its image under IA/E ⊗ ı.

(IA/E ⊗ ı)(d) = (IA/E ⊗ ı) ◦ (q ⊗ IN ) ◦ (IA ⊗Rc) ◦ T (m)

= (q ⊗ IA) ◦ (IA ⊗ ı) ◦ (IA ⊗Rc) ◦ T (m)

= (q ⊗ IA)(T (m)c)

= (q ⊗ IA)T (mc)

= lim(q ⊗ IA)T (cnan)

= lim(q ⊗ IA) ◦ (ı⊗ IA) ◦ (Lcn ⊗ IA) ◦ T (an)

= lim((q ◦ ı ◦ Lcn)⊗ IA) ◦ T (an) = 0,

since q ◦ ı ◦Lcn = 0 as an operator from A to A/E. But IA/E ⊗ ı is injective due to
Lemma 1. Therefore the above equality implies that d = 0, a contradiction which
shows that ME = {0}.
Theorem. Suppose that A is a pointwise approximately biprojective Banach alge-
bra. If A has both left and right approximate identities, then A possesses no nonzero
nilpotent ideal whose closure is approximately complemented in A.

Proof. If there were a nonzero nilpotent ideal N whose closure is approximately
complemented, then there would be an integer n ≥ 1 such that Nn 6= {0} and
Nn+1 = {0}. Without loss of generality, assume that N is closed. Let E be the
closure of the linear span of Nn. Then E would be a nonzero closed ideal of A
satisfying E ⊂ N and EN = {0}. Since A has a left approximate identity, E = AE.
Similarly E = EA. So AE ⊆ EA. Then AE = 0, from Lemma 2, which leads to a
contradiction that E = AE = {0}.
Remark. The requirement of the existence of both left and right approximate iden-
tities in the above theorem cannot be reduced to the existence of just one one-sided
approximate identity, as seen from the following example of Helemskii (see [9]).
The Banach algebra of 2 × 2 matrices with zero first column is biprojective. It

has a right identy
(

0 0
0 1

)
but no left (approximate) identity, and it does have a

nonzero nilpotent ideal (which must be complemented since the algebra is finite

dimensional) containing all the matrices of the form
(

0 a
0 0

)
.

Corollary 1. A pointwise approximately biprojective Banach algebra with both left
and right approximate identities has no nonzero finite dimensional nilpotent ideals.

Proof. Any finite dimensional subspace is complemented.

Corollary 2. Suppose that A is a pointwise approximately biprojective Banach al-
gebra whose underlying space is a Hilbert space. If A has both left and right ap-
proximate identities, then A possesses no nonzero nilpotent ideals. If in addition,
A is commutative, then it has no nontrivial nilpotent elements.

Proof. Every closed subspace of a Hilbert space is complemented. If in addition, A
is commutative, then the ideal generated by a nilpotent element is nilpotent.

Since contractible Banach algebras are biprojective and have identities ([7],
VII.1.72), we can immediately deduce the following results.
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Corollary 3. Suppose that A is a contractible Banach algebra. Then A possesses
no nonzero nilpotent ideals which are approximately complemented.

Remark. Corollary 2 is not new for the case that A is contractible. In fact, a
contractible Banach algebra whose underlying space is a Hilbert space is finite di-
mensional (see [4], Proposition 1.10) and hence is isomorphic to a Cartesian product
of a finite number of complete matrix algebras. Since each complete matrix alge-
bra (which is always simple) is not nilpotent, any nonzero ideal of A (which must
also be isomorphic to a Cartesian product of a finite number of complete matrix
algebras) is not nilpotent.

Similar results can be obtained for Banach algebras with central approximate
diagonals. For example we have:

Corollary 4. Suppose that A is a Banach algebra with a central approximate di-
agonal. Then A possesses no nonzero nilpotent ideal which is approximately com-
plemented.
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