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SINGULAR HYPERBOLIC SYSTEMS

C. A. MORALES, M. J. PACIFICO, AND E. R. PUJALS

(Communicated by Mary Rees)

Abstract. We construct a class of vector fields on 3-manifolds containing the
hyperbolic ones and the geometric Lorenz attractor. Conversely, we shall prove
that nonhyperbolic systems in this class resemble the Lorenz attractor: they
have Lorenz-like singularities accumulated by periodic orbits and they cannot
be approximated by flows with nonhyperbolic critical elements.

1. Introduction and statement of results

The geometric Lorenz attractor and the horseshoe are two basic examples in
the modern theory of dynamical systems [11]. The latter is a classical example of
a hyperbolic set and it was a main motivation to build up the hyperbolic theory
[11]. The former was introduced in an attempt to model the Lorenz equation [5],
[6]. These examples are different from the hyperbolic viewpoint: the horseshoe is a
hyperbolic set and the Lorenz attractor is not. Still, the geometric Lorenz attractor
resembles the horseshoe in some aspects: each is the closure of its periodic orbits,
transitive and has sensitivity with respect to initial conditions.

The purpose of this paper is to introduce a class of vector fields in dimension three
containing Axiom A systems and the geometric Lorenz attractor. This class will
also contain the singular horseshoe, introduced in [9] to exhibit stable nonhyperbolic
vector fields on 3-manifolds with boundary. Conversely, the nonhyperbolic elements
in this class will resemble the Lorenz attractors or the singular horseshoes: they
contain Lorenz-like singularities accumulated by periodic orbits and they cannot
be approximated by flows with nonhyperbolic critical elements. The considered
class will be introduced by imposing to a partially hyperbolic set to have volume
expanding the central direction. The main motivation is [10] where it was proved
that nontrivial C1 robust transitive sets for a three-dimensional flow X are partially
hyperbolic with volume expanding central direction either for X or −X .

To precisely state our results, let us recall some definitions and notations.
Let M be a closed 3-manifold and let X r(M) be the set of Cr vector fields on

M endowed with the Cr topology, r ≥ 1. Given X ∈ X r(M), the flow induced
by X is denoted by Xt. A compact set Λ, invariant by Xt, is transitive if it is the
ω-limit set of one of its orbits and isolated if there is an open set U ⊃ Λ such that
Λ =

⋂
t∈R Xt(U). A set U satisfying this property is an isolating block of Λ. An
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isolated compact transitive set Λ of X is Cr robust transitive if there is an isolating
block U of Λ such that

⋂
t∈R Yt(U) is transitive for every Y Cr-close to X . In what

follows transitive sets are always nonempty and even nontrivial: it does not consist
of a single critical element, i.e., either a singularity or a periodic orbit.

Recall that a compact invariant set Λ ⊂ M is hyperbolic if there exists a contin-
uous invariant splitting TΛM = Eu⊕EX ⊕Es such that EX is tangent to the flow
Xt and Eu (resp. Es) is expanded (resp. contracted) by the derivative DXt. A
basic set is a hyperbolic set which is either a single critical element or both isolated
and transitive. A vector field X is Axiom A if its nonwandering set Ω(X) is both
hyperbolic and the closure of its critical elements.

A compact invariant set Λ of X ∈ X r(M) is partially hyperbolic if there exists
a continuous dominated splitting TΛM = Es ⊕ Ecu such that Ecu contains the
direction of the flow and Es is one-dimensional and contracting. That is, there are
constants 0 < λ < 1, c > 0 and T > 0 such that

||DXT /Es||.||D−T /Ecu|| < cλT (dominating condition),

||DXT /Es|| ≤ cλT (contracting condition).

Note that a nontrivial basic set is a partially hyperbolic set. The Lorenz attractors
(either expanding or contracting [11]) are examples of partially hyperbolic sets
which are not hyperbolic.

We say that the central direction Ecu in a partially hyperbolic splitting TΛM =
Es ⊕ Ecu is volume expanding if there are constants T > 0, k > 1 so that
|det(DXT /Ecu)| > k. Partially hyperbolic sets with volume expanding central di-
rection were considered independently in [12]. The term ‘volume expanding’ (used
in [12]) looks better than ‘surface expanding’ due to possible higher dimensional
versions of our results.

Definition 1. A compact invariant set Λ of X with singularities is singular hy-
perbolic if each of its singularities is hyperbolic and, either for X or −X , Λ is
partially hyperbolic with volume expanding central direction. A singular basic set
is a singular hyperbolic set which is both isolated and transitive.

As we already mentioned, it was proved that a compact C1 robust transitive set
with singularities is singular hyperbolic [10]. We shall see later that the expanding
Lorenz attractor and the singular horseshoe are the prototype examples of singular
basic sets which are not hyperbolic.

It is well known that a basic set is Cr robust transitive and the closure of its
critical elements (any r). However, a singular basic set could be neither Cr robust
transitive nor the closure of its critical elements (any r). The example is the one
obtained by embedding the Cherry flow [3] as a singular hyperbolic set in M .

Definition 2. Let σ be a singularity of a vector field X contained in an invariant
compact set Λ of X . We say that σ is attached to Λ if σ is accumulated by periodic
orbits of X in Λ. If DX(σ) has real eigenvalues {−λ2,−λ3, λ1}, we say that σ is
Lorenz-like for X when

−λ2 < −λ3 < 0 < λ3 < λ1.

Clearly, an attached singularity of Λ is accumulated by regular (nonsingular)
X-orbits in Λ. The converse is obviously false. In [4] it was proved that attached
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singularities cannot coexist with robustness of transitivity of M . Note that hyper-
bolic sets cannot have attached singularities.

There are singular hyperbolic sets which are also hyperbolic. The example (that
is not transitive) is the union of a nontrivial basic set and a Lorenz-like singularity.
Note that, by definition, a singular hyperbolic set must contain singularities. So,
according to Definition 1, a suspended horseshoe [3] is partially hyperbolic but not
singular hyperbolic. The contracting Lorenz attractor (see Chapter 7 in [11]) is also
an example of a partially hyperbolic transitive set which is not singular hyperbolic.

Now, given a hyperbolic saddle-type singularity σ of X with real distinct eigen-
values, we denote by W ss(σ) (resp. Wuu(σ)) the strong stable (resp. unstable)
manifold of σ.

It was proved in [10] that an attached singularity σ of a C1 robust transitive set
Λ of a vector field X is Lorenz-like and satisfies

Λ ∩W ss(σ) = {σ},
either for X or −X (see Figure 1). This was done as a first step in proving that
those sets are singular hyperbolic.
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Figure 1

Such properties hold also for the geometric Lorenz attractor and the singular
horseshoe (see [5] and [9]). In general we have

Theorem A. Let Λ be a singular hyperbolic set of X and assume that Λ is non-
hyperbolic. Then, Λ has at least one singularity accumulated by regular X-orbits in
Λ. In addition, the following holds either for X or −X : each attached singularity
σ of Λ is Lorenz-like and satisfies

Λ ∩W ss(σ) = {σ}.
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It is known that if X is an Axiom A vector field, then its nonwandering set is
a disjoint union of basic sets [11]. This is the main motivation for the definition
below.

Definition 3. A vector field X ∈ X r(M) is a singular Axiom A if
(1) the nonwandering set Ω(X) of X is a disjoint union of basic or singular basic

sets;
(2) Ω(X) is the closure of the critical elements of X .

Moreover, we say that a singular Axiom A satisfies the no-cycle condition (or has
no cycles) if there is no set of regular orbits linking its basic or singular basic sets
in a cyclic way. It follows easily from the definition that an Axiom A vector field
(without cycles) is a singular Axiom A (without cycles). The following corollary is
a simple consequence of Theorem A and Definition 3.

Corollary 1. Let X be a singular Axiom A vector field in M . Then,
(a) X is Axiom A if and only if there is no attached Lorenz-like singularities

either for X or −X;
(b) X is Ω-stable if and only if X is Axiom A without cycles [11].

We shall describe in section 3 a singular Axiom A vector field without cycles and
with a singular basic set equivalent to the Lorenz attractor ([5]). This example will
belong also to the interior Gr(M) of the set of Cr vector fields in M whose critical
elements are hyperbolic.

Now, there is a classification, in terms of hyperbolicity, of the C1 interior of
the set of diffeomorphisms in M whose periodic points are hyperbolic: they are
Axiom A without cycles (see [7]). The corresponding result for vector fields is not
true because the Lorenz attractor is not a hyperbolic set. Our second result is the
following.

Theorem B. A Cr singular Axiom A flow without cycles is in Gr(M) for any
r ≥ 1.

Notice that to be in Gr(M) is not sufficient to be singular Axiom A. Indeed,
the singular cycle in [1] is in G1(M) but it is not singular Axiom A for, in this
case, the critical elements fail to be dense in the nonwandering set. However, such
a singular cycle can be approximated by Axiom A flows without cycles. Indeed,
we conjecture that singular Axiom A flows without cycles form an open and dense
subset in G1(M).

This paper is organized as follows. We prove our results at section 2. In section 3
we exhibit an example of a nonhyperbolic singular Axiom A flow with an invariant
set topologically conjugate to the Lorenz attractor presented in [5].

2. The proofs

In this section we prove Theorems A and B. The basic tool will be the Poincaré
flow associated to a compact invariant set without singularities. Let us recall this
concept. Let Λ ⊂ M be a compact invariant set of X ∈ X r(M) without singu-
larities. Set NX

q to be the orthogonal complement of the direction of the flow at
q ∈ Λ. Given v ∈ NX

q , define PX,Λ
t (v) as the orthogonal projection of DXt(v)

on NX
Xt(q)

. The flow PX,Λ
t is the linear Poincaré flow of X associated to Λ (see

[4]). Let NX
Λ =

⋃
q∈Λ Nq be the normal subbundle of X over Λ. The flow PX,Λ

t is
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hyperbolic if there is a continuous PX,Λ
t -invariant splitting NX

Λ = GX
Λ ⊕ FX

Λ such
that GX

Λ is contracting and FX
Λ is expanding for DPX,Λ

t .
It turns out that the hyperbolicity of a vector field without singularities can be

expressed in terms of the hyperbolicity of the linear Poincaré flow associated to X .
Indeed, the following result is proved in [4].

Lemma 1. A compact invariant set Λ of X without singularities is hyperbolic if
and only if P X,Λ

t is hyperbolic.

It is clear that the linear Poincaré flow is not defined at a singularity. So there
is no hope to characterize a singular hyperbolic set with singularities through the
hyperbolicity of that flow. Despite this difficulty, we can still get some information
from the restriction of the linear Poincaré flow to Λ∗ = Λ \ SingX(Λ), where
SingX(Λ) is the set of singularities of X in Λ. Let Λ be a partially hyperbolic set
of X with TΛM = Es

Λ ⊕ Ecu
Λ so that Ecu is volume expanding. Set EX to be the

flow direction of X in Λ. Define the subbundle FΛ∗ = NΛ∗ ∩Ecu
Λ∗ over Λ∗. Clearly,

FΛ∗ is invariant by PX,Λ∗
t . Given a linear operator B, let m(B) be the minimum

norm of B, that is, m(B) = ||B−1||−1 when B is invertible.

Lemma 2. Let Λ be a partially hyperbolic set of X whose central direction is vol-
ume expanding. Then, there are constants λ, k > 0 such that

m(P X,Λ∗
t /FΛ∗).m(DXt/EX

Λ∗) ≥ keλt, ∀t > 0.

Proof. Let TΛM = Es ⊕ Ecu. As Λ is compact and Ecu is volume expanding we
have that

|det(DXt/Ec
Λ)| ≥ keλt, ∀t ≥ 0

(fixed k, λ > 0). Moreover, Ecu
Λ∗ = FΛ∗ ⊕ EX

Λ∗ by the definition of normal bundle.
Given (v, u) ∈ FΛ∗ ⊕EX

Λ∗ , let R(v, u) be the parallelogram whose sides are v and
u. Set vol(R) the volume of R(v, u). Then

vol(R) = ||v||.||u||.
In this case,

vol(DXt(R)) = ||PX,Λ∗
t (v)||.||DXt(u)||

by definition of P X,Λ∗
t . Thus, vol(DXt(R)) ≥ keλt and the result follows.

Now we have

Lemma 3. Let Λ be a singular hyperbolic set of X and Λ′ ⊂ Λ be a compact X-
invariant set such that SingX(Λ′) is empty. Then Λ′ is hyperbolic. In particular,
any critical element of X in Λ is hyperbolic.

Proof. Reversing the flow direction if necessary, we can assume that Λ is partially
hyperbolic for X . In this case, so does Λ′. Let us prove that Λ′ is hyperbolic.
Assume that TΛ′M = Es ⊕ Ecu with Es contracting and Ecu volume expanding.
So, all we have to prove is that Ecu along Λ′ splits in the flow direction together with
an expanding bundle. For this, since Λ′ has no singularities, we can consider the sub
bundle F = FΛ′ defined as above. As Λ′ is a compact partially hyperbolic set for
X without singularities, we have that m(DXT /EX) is bounded and bounded away
and below from zero. Thus, Lemma 2 implies that there exist positive constants
T and λ < 1 so that m(P X,Λ′

t /FΛ′) ≥ keλT . This easily implies that PX,Λ′
T is

hyperbolic and applying Lemma 1 we conclude the proof.
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We point out that an isolated singular hyperbolic set can either implode or
explode by small perturbations of the flow. Indeed, if we perturb the singular
horseshoe, we can get both cases, depending on the way we do such a perturbation
(see [1]). By explode we mean that for Y near X , the nonwandering set of Y
restricted to

⋂
t∈R Yt(U) is a disjoint union of a finite number of transitive sets and

this union contains at least two elements. By implode we mean that for Y near
X , such a nonwandering set is a finite number of critical elements of Y . The next
result asserts that the new nonwandering set that arises after a perturbation of a
singular hyperbolic set is still singular hyperbolic.

Proposition 1. Let Λ be a singular hyperbolic set of X ∈ X r(M), r ≥ 1. Then
there exist a neighborhood U of Λ and a neighborhood U ⊂ X r(M) of X such that
if Y ∈ U , then any invariant set of Y in U is singular hyperbolic.

Proof. As in the hyperbolic case, the existence of a continuous, invariant and dom-
inated splitting for Λ is an open property, that is, there are neighborhoods U ⊃ Λ
and U ⊃ X with the properties in the statement of the proposition. All we have to
prove is that the central direction for ΛY , an invariant set in U for Y ∈ U is volume
expanding. And this is done following step by step Lemma 4.6 in [8], replacing
expanding by volume expanding maps. We leave the details to the reader.

Proof of Theorem A. We prove the first part of Theorem A. Notice that SingX(Λ)
6= ∅ for otherwise Λ is hyperbolic by Lemma 3. So, let σ1 ∈ SingX(Λ). If σ1 is
not in the closure of Λ∗, Λ = {σ1} ∪ Λ1 (disjoint union) where Λ1 is the closure
of Λ∗. Since Λ is nonhyperbolic, so is Λ1. Moreover, SingX(Λ1) is not empty for
otherwise Λ1 would be hyperbolic by Lemma 3, a contradiction. Since SingX(Λ)
is finite, repeating the process we finally reach a singularity in the closure of Λ∗

proving the result.
Now we prove the second part. Assume that Λ exhibits a dominated splitting

TΛM = Es ⊕ Ecu where Es is contracting and Ecu is volume expanding. Let σ
be a singularity of X in Λ. Then σ has at most two contracting eigenvalues. By
contradiction, let us assume that σ has just one contracting eigenvalue. Then W s(σ)
is one-dimensional and since σ is attached, at least one branch of this manifold
(say W s

r ) is contained in Λ. Note that the central direction Ecu contains the flow
direction. Since any tangent vector at q ∈ W s

r which is not in the flow direction is
eventually expanded by DXt, we conclude that Es(q) = {0}, giving a contradiction.
This shows that σ has exactly two contracting eigenvalues. It follows also that that
the eigenvalues of σ must be real. Indeed, if this were not the case, σ would be an
attracting singularity, which contradicts the fact that σ ∈ Λ, with Λ being partially
hyperbolic with Ecu volume expanding. As the splitting over Λ at σ coincides with
the splitting given by the eigenvalues of σ at σ, the volume expanding condition at
Ecu also implies that σ is Lorenz-like for X . In particular, dim(W s(σ)) = 2. In this
case, let us prove that Λ ∩W ss(σ) = σ. Suppose that this is not true. As W ss(σ)
is one-dimensional, it follows that Λ contains one separatrix of W ss(σ) (say Wl).
But the central direction must contain the flow direction and so it is tangent to
Wl at any q ∈ Wl. Moreover, the central direction is also contained into the stable
plane generated by the contracting eigenvalues of σ. Otherwise the angle between
Es

q and Ecu
q goes to zero when q ∈ Wl approaches σ. Then the central direction

Ecu contains Es, a contradiction.
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Proof of Theorem B. Let X be a singular Axiom A flow and Ω(X) = Λ1 ∪ ... ∪ Λn

its nonwandering set. Now, by Proposition 1, there are neighborhoods Ui of Λ and
U of X of such that any compact invariant set of Y ∈ U in Ui is singular hyperbolic.
Then, any critical element of Y in Ui is hyperbolic by Lemma 3.

Now we use the fact that Ω(X) has a finite decomposition in basic or singular
basic sets together with the fact that Ω(X) has noncycles to obtain a filtration for
Ω(X) and, as in the hyperbolic case, we conclude the proof (see [2]).

3. An example

In this section we present a singular Axiom A vector field in Gr(M) with a
singular basic set L equivalent to the geometric Lorenz attractor introduced in [5].
For this, we give a description of L and, afterward, we extend L to the whole
manifold M .

To start, consider the linear differential equation in R3 given by:

L


ẋ = λ1x,

ẏ = −λ2y,

ż = −λ3z.

(1)

See Figure 1. The origin σ = (0, 0, 0) is a hyperbolic saddle singularity of L with
eigenvalues {−λ2,−λ3, λ1}. We assume that −λ2 < −λ3 < 0 < λ3 < λ1 and so σ
is Lorenz-like (see section 1).

The flow induced by L is given by

Lt(x, y, z) = (xeλ1t, ye−λ2t, ze−λ3t).(2)

Notice that the lines (0, y, 0) (denoted by ŷ), (x, 0, 0) and (0, 0, z) are preserved by
Lt, any t ≥ 0. In particular, the line ŷ and the plane (x, 0, z) (denoted by x̂z) are
invariant by Lt.

Now, there exists a first return map Φ from the cross section S = {z = 1} into
Σ = {x = ±1}. Actually Φ is only defined on S = S \ {(0, y, 1)}.

For any q ∈ S, let t(q) > 0 be the first positive time along the orbit of q so that
Lt(q) ∈ S. Then Φ(q) = Lt(q)(q). Define

R = {(Lt(q), t) : (q, t) ∈ S × [0, t(q)]}
and

R = R ∪W s
loc(σ) ∪Wu

loc(σ).

Here W l
loc(σ) is the local stable (resp. unstable) manifold associated to σ, l = s, u

(see [11]). It turns out that R is a linear region which is pinched along Wu
loc(σ).

Let f : Σ → S be a homeomorphism such that it has a C∞ extension to small
neighborhoods of both connected components of Σ. We identify in R, (Φ(q), t(q))
with (f(Φ(q), t(q)), 0) for q ∈ S and q ∈ Wu

loc(σ) ∩ Σ with (f(q), 0).
With this identification we obtain a new manifold Lf and a flow acting on it.

We call this system the singular suspension of Φ, by analogy with the suspension
of smooth maps ([3]).

The topological structure of Lf is known. It is not a smooth manifold due to
the pinched region at the local unstable manifold, but it can be embedded in R3
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if f is orientation preserving. This is enough for our proposes. Now, the linear
vector field (2) lifts to a vector field in Lf , which we still denote by L. Actually, L
is the lift of a positive semiflow whose dynamics is related to the map f . We have
the following properties with respect to the natural coordinate system (x, y, z) in
L = Lf :

(i) L preserves the fibration R3 = E ⊕ F , where E = ŷ and F = x̂z;
(ii) the flow of L is given by (2).

Observe that although we can choose f in a way that L satisfies (i) above, it is
not possible to choose it such that L preserves neither the line (x, 0, 0) nor the line
(0, 0, z), due to obvious topological obstructions.

We claim that L is a singular hyperbolic set. In fact, one has

||DLt/E|| = e−λ2t

and

DLt/F =
(

eλ1t 0
0 e−λ3t

)
.

So E is contracting and F is volume expanding since |det(DLt/F )| = e(λ1−λ3)t,
with λ1 − λ3 > 0. We also have that E dominates F . Indeed, since m(DLt/F ) ≥
e−λ3t we have that

||DLt/E||
m(DLt/F )

≤ e(λ3−λ2)t.

This proves that the maximal invariant set of L in L is singular hyperbolic and
completes the proof.
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