PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 127, Number 11, Pages 3403-3412

S 0002-9939(99)04948-5

Article electronically published on May 3, 1999

MATRIX PRESENTATIONS OF BRAIDS AND APPLICATIONS

SANG YOUL LEE

(Communicated by Ronald A. Fintushel)

ABSTRACT. We show that there exists a one-to-one correspondence between
the class of certain block tridiagonal matrices with the entries —1,0, or 1

and the free monoid generated by 2n generators o1, ,0n, ofl, cee ,cr,j1 and
: +1 _+1 _ _+1 _+1 . - . : : :
relation ;= 05 =05 07 (|i—j| > 2) and give some applications for braids.
In particular, we give new formulation of the reduced Alexander matrices for
closed braids.

1. INTRODUCTION

The Artin’s braid group on n+1 strings B, +1(n > 0) has a standard presentation
as a group with generators 01,09, -+, 0, and defining relations:

(I) oioj = ojoi (|i — j| = 2),
(II) 00410 = 04107041 (1 S ) S n — 1).

By (y,n + 1) we mean a braid v in B,y;. The closure of a braid (vy,n + 1)
is denoted by (v,n + 1) or simply by 4. In [Al], Alexander showed that every
oriented link in S is ambient isotopic to the closure of some braid and Markov’s
theorem [Bir] said that two braids have the ambient isotopic closures if and only if
they are Markov equivalent, i.e., there exists a finite sequence of the following two
moves taking one to the other: (M1) Replace (y,n+ 1) by (w,n+ 1), where w is a
conjugate of v; (M2) Replace (v,n + 1) by ('yafj_l, n + 2) (or vice versa).

In section 2 of this paper, we show that the class €2, of certain block tridiagonal
matrices with entries —1,0, or 1 and the free monoid F,,, under juxtaposition, of
all words generated by 2n generators oy, ,0p,07 Lo ,o, 1 are in one-to-one
correspondence up to the relation crz-jclcrjj-El = ajilaiil (Ji — j] > 2) in F,. Since a
braid word v in B,4+1 can be regarded as an element of F,,, this correspondence
gives a matriz presentation M () € €, of the braid v and, conversely, the matrix
M () reproduces the braid v up to the defining relation (I).

In [Mur], Murasugi defined an integral matrix M, called Murasugi’s matrix, with
respect to an oriented link diagram L in S? and showed that the S-equivalence class
of the symmetrized matrix M* + M*T of its principal minor M* is an oriented link
type invariant. He thereby attached a class of quadratic forms to an oriented link L
and defined the signature of L, denoted by o (L), to be the signature of M* + M*T
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and the nullity of L, denoted by N'(L), to be the nullity of M*+ M*T plus 1. Some
authors([GL], [Tr]) developed more simple algorithms to compute the signature and
nullity of an oriented link via its link diagram.

In section 3, for a braid v € B, 41, we characterize a Murasugi’s matrix with
respect to the closure v of v from the matrix presentation M () € Q,, of v by using
simple matrix calculations. This gives a new formulation of a reduced Alexander
matrix Ay, (t) for the closure of a braid v and simultaneously gives an algorithm
to compute the signature and nullity of the closure v of + by using the reduced
Alexander matrix Apz(,)(t) for 4" without using the braid version of Reidemeister
move III.

2. CERTAIN BLOCK MATRICES AND WORDS

Let A be a block tridiagonal matrix of the form

A A
Agy Az Az
Azy  Asz Aszy
(2.1) A=
An—ln—2 An—ln—l An—ln
Ann—l Ann
satisfying the following conditions: for each i € {1,2,--- ,n},

(2.1.1). Each diagonal block A;; = (0), the 1 x 1 zero matrix, or the s; x s; matrix
of the form: for 7, = £1 (k=1,2,---,5;), 4 = (—71) (s; = 1), and

—T1 0 0 0 T1
T2 —T2 0 0 0
0 T3 —T3 0 0
A= . . o . | (s> 1).
0 0 0 - -7 O
0 0 0 - T, -7

i

(2.1.2). If A;; = (0), then A;;—1, Ajiy1, Ai—14, and A;4q; are all zero matrices.
If Aii, Aivriv1 # (0), let ¢j (j = 1,2,---,s;) denote the jth-column vector of

the matrix A;y14, i.e., Ajy1; = [c1 c2 -+ ¢s;]. Then A;1q; and Aj4q satisfies the
following:
(1) One and only one of the following occurs.
(i) All¢j (j =1,2,---,s;) are nonzero and Ajiy1 = Oy, xs,, -
(i) For some k (1 < k < s;),¢1,- -+, ¢k are all zero and ¢gy1,- -+ , ¢, are all
nonzero and, in this case, Aj;41 = [r1 -+ 7% O -+ O]T, where rj=0---01)

or (0 ---0 —1)forall j=1,2,--- k.

(2) Each nonzero column (resp., row) of A;iq;(resp., Aji+1) contains one and
only one nonzero entry which is equal to —1 times the diagonal entry of A;;
corresponding to the column(resp., row).

(3) Let ¢ be the first nonzero column of A;y1;. Then for each p (k < p < s; — 1),
the nonzero entry of the (p + 1)th-column cp+1 of A;11; cannot occur in the
higher row than the row in which the nonzero entry of the p"-column ¢, of
A;11; occurs.
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Let ©,, denote the set of all block tridiagonal matrices described in (2.1) and let
F, be the free monoid, under juxtaposition, of all words generated by 2n generators
01,09, "+ ,crn,al_l,agl,--- yot(n > 1).

For a matrix A = (4ij)i<ij<n € Oy, we define a word W(A4) € F, by the
following procedure:

First, let

W, =oto2-- o,
where —7; (j = 1,---,sy) is the (j,j)-diagonal entry of the block A, of A. If
Ay = (0), then W, is the empty word.
Next, for i € {1,2,--- ,n — 1}, we define the word W; from the word W;,; as
follows: If Aii = (0), then Wi = Wi+1.
Now we assume that A;; # (0). If A;41,41 = (0), then
T1 T2 Tsi

WiZO'Z— g;,” 0, i+1-

If Ait1541 # (0), then we define W; to be the word obtained from W;y; by
inserting the letters o7 *, 072, - - 7UZS" into the word W1, where —7; (j =1, ,5;)
is the (4, j)-diagonal entry of the block A;; of A, as follows:

(1) If Ai-i—li = Osi+1><sm then

_ 4Tl T2 Tsi
Wi—O'i 0% 0; "Wig1.

(2) If Ajr1i # Os,pixs; and the kth-column is the first nonzero column of A;1;,
then for each ¢ =k, -, s,

(i) If the nonzero entry of the ¢*"-column occurs in the p*-row (1 < p <

s;+1) and the nonzero entry of the (¢—1)**-column does not occur in the same

th H T1 -T2 Tk—1 T1 ; Tq Tp 3
p*-row, then insert o/'0;* --- ;""" before o/}, and insert o;* after 0,7, i.e.,

Tp+1...

C T e e Tl T2... Tk71 Tl .« . Tp Tq...
W; = o;'0; oo o;}10; ol

K2 K2

(ii) If the nonzero entry of the ¢""-column (¢ > k+1) occurs in the p'"-row
(1 < p < si11) and the nonzero entry of the (¢ — 1)*"-column also occurs in

. el ) -
the same p!"*-row, then insert o]'0}* ---0," " before o;1, and insert o, * after
Tg—1 -
o, Le.,
T e e T]‘ 7-2 PRI Tk71 T]‘ PRI Tp PRI Tq71 Tq-.- Tp+1 DN
Wi=---0i'0; Oy Oip1" 041770 0y Oit1

Repeating this process fori =n—1,n—2,---,2,1, we obtain the word Wy € F,.
Finally, we define the word W (A) to be the word Wj.

Now we are going to consider the reverse procedure. For a word v = O’Z—: ! UZ' 2.
o (1, = £1,k=1,2,--- ,m) € F,, we define a block matrix M ()= (Ai;)1<ij<n
€, as follows:

For each i € {1,2,--- ,n}, let s; (s; > 0) denote the number of the generators
i, oi_l which occur in the word « and rewrite the s; generators as Uz;.()i’)l), 0&%2)2), e

U(Ti(i’f)i) keeping the order from left to right, where 7(i, k) denotes the exponent of
the generator o; in v which constitutes o(; 1) and s1 + s + -+ + s, = m. The

resultant is denoted by 4 and called the rewriting word of v (see Example 2.1).
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Each diagonal block A;; (1 < i < n) of M(v) is defined to be the square matrix
given by A;; = (0) (s; =0), A = (—7(3,1)) (s; = 1), and

(i, 1) 0 0 (i, 1)
7(,2) —7(i,2) 0 0 0
0 7(4,3) —7(i,3) 0 0
Ay = . (51 > 1)
0 0 0 —7(i,8;, — 1) 0
0 0 0 7(i, ;) —7(1, 54)

For ¢ # j, define A;; as follows:

(1) For |Z —]| > 1,Aij = OS,iXSj.

(2) For |Z —]| = 1, if S; = 0 and so Aii = (O), then Aii—l = lesi,laAii-i-l =
O1xsiyrs Aic1i = Os;_y x1, and Ajp1; = Os,, x1- If s; > 1, then

Air1i = (0 ") 1<p<siin,1<a<sis
i+l (s ; 7(4,9) 7(i+1,p)
where a,! " = T(i,q) if 1 <p < s;41—1 and T(iq) OCCUTS between (i1 p)
and U(Tii—;;i—;)l) in 7, aij‘ffq =71(i,q) if U(Téfz’)q) occurs farther to the right than
(Tz(ﬂrlsf:)l) in 4; otherwise, a;‘gli =0, and

_ 2i+1
Ajiv1 = (apg )1<p<si1<q<siis

where alof! = 7(i,p) if ¢ = s;y1 and O'E-i(;)p) occurs farther to the left than
Uz;.(f{ll’)l) in 4; otherwise, a?jl =0.

It is obvious that the matrix M (v) is contained in €, and M (W (A)) = A for any
matrix A € Q,.

Example 2.1. (1) Let A = (A;;)1<s,j<3 be the 11 x 11 matrix in Q3 given by
-1 0 1 0 0 0 0
-1 1 0 0 0 0 0
0 1 -1 0 0 0 0
1 0o 0 -1 0 O 1 0 0 0 1
o -1 0 1 -1 0 0 0O 0 0 1
A=f0 O 0 0 -1 1 0 0 0 0 O
0 0 1 0 0 1 -1 0 0 0 O
0 0 0 0 -1 0 0 1
o 0 -1 0 1 -1 0 0
o 0 o0 o 0 -1 1 0
o o o 1 0 0 -1 1,

Then W3 = 030303_10'3—1, Wy = 0202030302_103_103_102, and
W, = 02010201_1030302_103_103_10201 =W(A) € Fs.

Conversely, let v = W(A). Then the rewritten word 7 of ~ is

-1 -1
T =02,1)9(1,1)0(2,2)9(1,2)9(3,19(3,2)7(2,3)9(3,3)7 (3,4) 7 (2,24) 9 (1,3)-

This gives that M (y) = M(W(A)) = A.
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Now let w = 020102030301_102_103_103_10201 € F3. Then the rewriting word @ of
wisw = 0'(2,1)0'(1)1)0'(2)2)0'(3,1)0'(3,2)0'(_1}2)0'(_23'3)0'(_33'3)0'(_3}4)0'(2,4)0'(1,3) and M((U) = A.
So W(M(w)) =W(A) =1.

(2) Let A and B be the n x n matrices in ©; and ,, respectively, given by

-1 0 0 0 1 -1 1[0] 0 0 0

1 -1 0 0 0 0[] -1 1[o] 0 0

0 1 -1 0 0 0 o] -1 0 0
A= ,B=| .

0 0 0 - -1 0 0 0 0 - —1 1[0]

o 0 0 - 1 -1 0 0 0 - 0] -1

Then W(A) = o} € F; and W(B) = 0102 - 0n[00n0n—1 -+ - 01] in F,,. Conversely,
MW (A)) =M(c})=Aand M(W(B)) = M(c102+--0plonon-1---01]) = B.

Let v and w be two words in F,,. By v = w we mean that v can be transformed
to w by applying a finite number of relations: o U;tl = U;tl (i — 4| > 2)
and vice versa. For v € F,, the equivalence class of v is denoted by [v], i.e.,

M ={we Fnlwn}.

Lemma 2.2. Let v and w be two words in F,. Then v = w if and only if M(y) =
M (w).

Proof. Let M(y) = (Aij)i<ij<n and M(w) = (Bjj)1<i,j<n be the matrices for v
and w in ©Q,, defined as above. Foreachi € {1,2,--- ,n}, let ¥(i) and w(i) denote the
words obtained from « and w by replacing all generators o; and Uj_l (j # 1) with the
empty word and similarly, fori € {1,2,--- ,n—1}, let v(¢,i+1) and w(i, i+1) denote
the words obtained from vy and w by replacing all generators o; and o Y #i,i41)
with the empty word, respectively. Then it is clear from the definition that the
words v(7),v(¢ + 1) and ~y(¢,% + 1) uniquely define the blocks A;;, Aiy1it1, Aiit1,
and A;y1; of M () and the words w(?),w(i + 1) and w(i, i+ 1) uniquely define the
blocks Bj;, Bit1it1, Bii+1, and B;y1; of M(w), and vice versa. Now v =~ w if and
only if y(i) = w(i) (1 < i < m)and v(i,i+1) = w(i,i+1) (1 < i < n—1), equivalently
A“‘ = B” (1 S ) S TL) and Ai+1i = Bi+li7Aii+1 = Bii+1 (1 S ) S n — 1) Hence
v~ w if and only if M(v) = M (w). |

Lemma 2.3. For any word vy in Fy,, W(M(y)) = 7.

Proof. Let v be any word in F,, and let M () be the matrix for v in €,,. Now let
w = W(M(v)). Then M(w) = M(W(M(7))) = M(y). By Lemma 2.2, v = w =
W(M(7)). O

Theorem 2.4. Let Q,, be the set of all block tridiagonal matrices described in (2.1)
and let [Fp] = {[y] | v € Fu}, where [y] = {w € F,, | w = v}. Then Q,, and [Fy)
are in one-to-one correspondence.

Proof. Let @ : [F,] — Q, be the mapping defined by ®([y]) = M(y) for [7] € [F,]
and let ¥ : Q,, — [F,] be the mapping defined by ¥(A4) = [W(A)] for A € Q,. By
Lemma 2.2, ® is well defined and, by Lemma 2.3, U(®([v])) = [W(M(vy))] = [v]
for any [y] € [Fn]. Since ®(¥(A)) = M(W(A4)) = A for any matrix A € Q,,, ®is a
bijection and ®~! = W. This completes the proof. O
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Let B,,+1 be the Artin’s braid group on n+1 strings and let v be any braid word
of B, +1. Then we may regard «y as an element of F,,. In this regard, the trivial braid
141 of By41 corresponds to the empty word in F,,. This gives that each braid word
v € Bp41 can be presented by a matrix M (y) € Q,, and, conversely, any matrix
A € Q,, presents a braid word W(A) € B,,+1. In what follows the matrix M (v) € Q,,
corresponding to the braid word v € By, 41 is called the matriz presentation of the
braid word «y. Note that each braid of B,,4+1 has many matrix presentations.

3. ALEXANDER MATRICES FOR CLOSED BRAIDS

Let A = (Aij)1<i j<n be a matrix in §,,, where A;; is a s; X s; matrix (s; > 1),
and let
A
A1 Az
Aszy Asz

SN
I

An—ln—2 An—ln—l

Ann—l Ann
where Au = A (1 <1< n) and Ai+li e Ai+li + A5+1 (1 <i1<n-— 1).

Define Do =A11 @ - ® A, and Ly = A — Dy.

Throughout this section we denote by C' and E the block diagonal matrices
given by C = Cs;, &--- & Cs, and EF = E;; & --- @ E;, where Cy, is a s; X s;
circulant matrix and Es, is a s; X s; skew-symmetric matrix: Cs, = E;, = (0) if
S; = 1,E5i = 02><2 if S; = 2, and

1 -1 0 0 0 0 1 0 0 -1

0 1 -1 0 0 -1 0 1 0 0

0 0 1 0 0 110 -1 0 0 0
Cs, = B =5

. . . . . . 2 . . . . . .

0 0 o --- 1 -1 0 o 0 --- 0 1

-1 0 o --- 0 1 1 o o0 --- =1 0

Let Z be an infinite cyclic group generated by ¢ and let JZ be the integral group
ring of Z. For a matrix A € Q,,, let A4(t) be the matrix with entries in the ring JZ
defined by

1
Aa(t) =LaDy —t(LaDa)" + F(1=0CDs+ (1 +)E.
Then we have the following

Theorem 3.1. Let v be a braid in B,y1 and let M(vy) € Q, be a matriz pre-
sentation of v. Then a reduced Alexander matriz for the closure v of v is given

by
1
A7) () = Lavi)Dmayy — t(LM(w)DM(W))T + 5(1 —t)CDuy) + (L +H)E.

Proof. The theorem follows from Theorem 4.1([Mur]) and the identity M'(y) —
tM' (7)1 = Ay (t), where M'(v) is the Murasugi’s matrix with respect to "
given by the following:
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3 O

YA = the closure of v

FIGURE 3.1

Lemma 3.2. Let v be a braid word in By+1 and let A = M () € Q,, be the matriz
presentation of . Then M'(y) = (La 4+ 2C)Da + E is a Murasugi’s matriz with
respect to the closure v of v. Consequently, if two braids v and w are Markov
equivalent, then M'(y) and M'(w) are S-equivalent.

Proof. Let v be a braid word in By and let M () = (Asj)1<i j<n be the matrix
presentation in €2, of 7. Assume that each A;; in M(7) is an s; X s; matrix (s; > 1).
The closure 4" of 7 is an oriented link diagram in R? obtained from v by joining
the n + 1 points at the top of the braid v to the corresponding n + 1 points at the
bottom without further crossings as in Figure 3.1.

In what follows we refer to [Mur, pp. 389-391] for the definitions of the Seifert
circuit, Seifert domain, a-region, S-region, and the indices n(c), d,(c) and €,(c).

Case I. v involves all the generators 01,09, - ,0, of B,41. It is obvious that the
number of Seifert circuits in v is equal to n+ 1. Among them, n — 1 Seifert circuits
are of the second type and so there are n Seifert domains, say, D1, Do, -, D,.
Note that the unbounded region in D; and the region in D,, which intersects the
braid axis A of ¥ are 3-regions. Otherwise, they are all a-regions.

Now let 4 be the rewriting word of v € B,,4+1 and, for each i € {1,2,--- ;n}, let
W;,' (p=1,2,---,s;) denote the word obtained from % such that the initial letter

of W is UZ;S;;)I) ) and the terminal letter of W} is U(Ti(;;_’;r)l)

Define W/ (p = 1,2,---,s;) to be the word obtained from W} by replacing all
U(Tk(z)q)(k # i — 1,4,7+ 1) with the empty word. Then each D; (i = 1,2,---,n)
contains s; a-regions, denoted by Xi, X3, -+, X, which can be identified with the
words Wi, W4, .- WL  respectively, in such a way that all vertices in the boundary
of the region X/ are just the letters in W/ (p =1,2,--- ,s;).

From Definition 3.3 [Mur, p.391] and the identification of X with W}, Mura-
sugi’s matrix M with respect to " is given by the block matrix:

M = (M;j)ij=1.2, ns

(s; +1 = 1) cyclically.

M;; = (a,(,? )pg=1,2, 505

where for p # ¢ agq) = - Z’?(C)dwg (c), where the summation extends over all

common letters ¢ that are in the two different a-regions W) and W contained in
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D;, and app == ot apq),
Mij = (b5 ) p=1,2, ss2q=1.2,- s, (i # ),

where b%) = — 2 n(c)dy: (c)ey; (), where the summation extends over all com-
mon letters ¢ that are in the two a-regions V_V; and V_Vg contained in D; and D;
respectively.
(3.2.1). M;; =1Cs,Aii + B, (i=1,2,--- ,n).

If s; = 1, then D; has one and only one a-region W7, and M;; = (0).

If s; = 2, then

Cy, Ay

@) _ 7(4,1)4+7(%,2) 7(4,1)+7(4,2) 1
Mii = (apq)p.g=12 = T(i,1)+27'(i72) _T(i,1)2+7'(i72) =3
2 2

If s; > 3, then for 1 <p,q <s; (p #q),
o=l fp=g+1(1<q<si—1)orp=1g=s,

aly) = BT if g —p 1 (1<p<s;—1)orp=s,q=1,

0 otherwise.

So M;; = (a,(,iq))p)q:l)27...7si is the matrix given by M;; =

77’(1’,1)-57'(1’,2) 1+T2(i,2) 0 . 0 ‘r(i,;)—l
T(i,2)—1 _ 71(5,2)+7(4,3) 1+7(4,3) 0
2 2 2
7(4,3)—1 7(%,3)4+7(7,4
0 :3) _ (i) r(id) 0
7(4,8,—1)+7(4,8;) 147(4,8;)
0 0 e — . :
T(4,8;)—1 7(3,1)4+7(1,8;
2( n 0 0 (s (s
1 _
=10, A + E.,.

AijjAj;  ifi=j+1,
Os,;xs;  otherwise.
(i) | — 4] > 2 : there do not exist common letters that are in the two a-regions
Wi and Wj forall 1 <p<s;,1<q<s;. Hence bl(fg) =0 and so M;; = O, xs,-
(i) li—j|=1:b0 = -3 n(c)dyi+1(c)ew: (c), where the summation extends

(3.2.2). For 1 <i,j <n(i #j), M;; =

over all letters that are in the two a-regions W;“ and V_V; - Since dyyita (¢) =0 for
all common letters ¢ that are not in the two regions W;“ and V_V;, we have

(i4+13) _ Tzk) 7(i,k) 7(i,k)
Sa 1 = Z” i) Vgt (0 Jewi (0G,)")

Sit1
7(i+1, k) T(i+1,k)\ 7(i+1,k)
- Z O(i+1,k) W£+1(0(1+1 k) Jew, (U(H—l k) )-

Since each letter J(T(fl'lk)k ) does not belong to D; (for the definition, see [Mur,

p-390]), ey (o (Tg:lk)k)) =0forallk=1,2,---,8i41.
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Now let a”‘h = —’I’](Uz;-();)k))dwé+l( ((k) )) Then
il 0 if U(Ti(?c’)k) is not in Wit
attt = ’
o (i, k)

if oy s in Wit
. _it1d - i ik
This gives that (a;-};lz)lgpgsi+1,1§k§si = A;i1;. Let ay, = i (O’Z—i(}c))). Then we

can check that (@, )1<k,g<s, = Aii- Hence

o (plitli)
Miy1i = (bpq ):D_l 2, ,8i4139=1,2,- .84

7(i,k 7(i,k 7(i,k
ZW 9, k)) W?‘“(U(i(,k) ))6 (o (1(1@) )))p:1,2,~-~,Si+1;q:1,2,---,sl

1+17 -4%
E :a“pk a’kq p=1,2,,5i41;¢=1,2, 54

= Ai+1z‘Au‘-
It is obvious that My 11 = O, s, , -
(iii) | — j| = 2 : Since each letter ¢ that is in the two a-regions X/ and X for
all p, ¢ are not contained in D; or Dj, €Wy (¢) = 0. Hence

Mij; = (05)p=1.20 siia=1.20 55 = (= D 1(€)dygrs (€)eggs (€)) = O,
Combining (3.2.1) and (3.2.2), we obtain that M = LaDs+3CDs+E = M' ().

Case II. y does not involve the generator o;,,---,0, (i; € {1,2,---,n}) with
i1 < g < --+ < 4. Then VTR W= wl(l,il — 1)w2(i1 + 1,49 — 1)"'wk(ik + 1,n),
where for 1 < j < k, w;(r,s) denotes a braid word which involves all generators
Or,Ory1, - ,0s if r < s, and w;(r, s) denotes the empty word if r > s. By Lemma
2.2, M(y) = M(w) and so M'(y) = M'(w) = M'(w1) ® (0) & M'(w2) ® (0) ® -+ D
(0) ® M'(w), where M'(wj) = M'(w;(r,s)) is the empty matrix if r > s. Note
that the closure w” is a split diagram with k& components w{', w5, - ,wy. Let M;
denote the Murasugi’s matrix with respect to ij. Then by Case I, we see that
M; = M'(w;). Hence the Murasugi’s matrix M with respect to w” is the matrix
M = M®- - ©Mr®O_1)x k—1) and there is a unimodular integral matrix U such
that UMUT = M'(w). This completes the proof of Lemma 3.2 and so Theorem
3.1. O

Now let A7, 'v)(t) denote the principal minor of the reduced Alexander matrix
App() () for ~” obtained by deleting the row and column containing (1, 1)-entry in
each diagonal block matrix %(1 —1)Cy, Aii + (1 +1)Es, corresponding to the nonzero
block A;; of D 4. Then we have the following:

Theorem 3.3. Let v be a braid word in By,y1 and let ¥ be the closure of «v. Then
o(7") = 0 (g (—1)) and N(7%) = NNy (~1)) + 1.

Proof. Let M'(v) be the Murasugi matrix with respect to v given by Lemma 3.2
and let M*(vy) denote the principal minor of M’(v) obtained by deleting the row
and column containing (1,1)-entry in each diagonal block matrix %Csi;lii + E;,
corresponding to the nonzero block A;; of D 4. Then o(y") = o(M*(y) + M*(y)T)
and N (7") = N(M*(y) + M*(y)T) + 1. But M*(y) + M*(y)T = A%,y (=1). This
completes the proof.
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Theorem 3.4. Let A be any matriz in Q, and let W(A) be the braid in B4 cor-
responding to A. Then o(W (A)") = o(A¥%(—1)) and N(W (A)") = N (A% (—1))+1.

Proof. Since M(W(A)) = A, A}‘W(W(A))(t) = A%(t). By Theorem 3.3, (W (A)")
= U(A?W(W(A))(—l)) = o(A4(=1)) and N(W(A)") = N(A*M(W(A))(—l)) +1 =

N(A%(-1)) + 1. O
Remark 3.5. For i € {1,2,--- ,n}, let B!, denote the subgroup of B, gener-
ated by o1, ,0;-1,0i41,"* ,0n. A braid v € B,,41 is called a split braid if ~
is conjugate into B!, for some i € {1,2,--- ,n}. A braid v € By is called a

positive braid if it can be presented by a braid word such that the exponents of the
generators in the word are all positive.

(1) Let v be a nonsplit braid word in B, 11. Then v involves all generators in
Bry1 and so £(7) = R(A}(,) (—1)) + N (7") +n — 1, where £(7) is the letter length
of v and R(A},(,,(—1)) denotes the rank of the matrix A}*w(,y)(—l). Hence we can
see that |o(v")| < L(y) =N (v") —n+1, where L(y) = min{{(w)|w is equivalent to
~}. This shows that if £(y) = |o(v™)| + M(¥") + n — 1, then « is a minimal length
braid representation in By,41(cf. [Ke]).

(2) Let y be a nonsplit positive braid in By,41 and let Ay (¢) denote the reduced
Alexander polynomial of 7. Since deg(Ay(t)) = €(y) —n, o(7") + N(7") =1 <
deg(Ayn(t)). Moreover, the equality holds if and only if Ay, (—1) is a positive
semidefinite, that is, the eigenvalues of A*I‘\/I(,Y)(—l) are all nonnegative.
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