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MATRIX PRESENTATIONS OF BRAIDS AND APPLICATIONS

SANG YOUL LEE

(Communicated by Ronald A. Fintushel)

Abstract. We show that there exists a one-to-one correspondence between
the class of certain block tridiagonal matrices with the entries −1, 0, or 1
and the free monoid generated by 2n generators σ1, · · · , σn, σ−1

1 , · · · , σ−1
n and

relation σ±1
i σ±1

j = σ±1
j σ±1

i (|i−j| ≥ 2) and give some applications for braids.

In particular, we give new formulation of the reduced Alexander matrices for
closed braids.

1. Introduction

The Artin’s braid group on n+1 strings Bn+1(n > 0) has a standard presentation
as a group with generators σ1, σ2, · · · , σn and defining relations:

(I) σiσj = σjσi (|i− j| ≥ 2),

(II) σiσi+1σi = σi+1σiσi+1 (1 ≤ i ≤ n− 1).

By (γ, n + 1) we mean a braid γ in Bn+1. The closure of a braid (γ, n + 1)
is denoted by (γ, n + 1)∧ or simply by γ∧. In [Al], Alexander showed that every
oriented link in S3 is ambient isotopic to the closure of some braid and Markov’s
theorem [Bir] said that two braids have the ambient isotopic closures if and only if
they are Markov equivalent, i.e., there exists a finite sequence of the following two
moves taking one to the other: (M1) Replace (γ, n + 1) by (ω, n + 1), where ω is a
conjugate of γ; (M2) Replace (γ, n + 1) by (γσ±1

n+1, n + 2) (or vice versa).
In section 2 of this paper, we show that the class Ωn of certain block tridiagonal

matrices with entries −1, 0, or 1 and the free monoid Fn, under juxtaposition, of
all words generated by 2n generators σ1, · · · , σn, σ−1

1 , · · · , σ−1
n are in one-to-one

correspondence up to the relation σ±1
i σ±1

j = σ±1
j σ±1

i (|i − j| ≥ 2) in Fn. Since a
braid word γ in Bn+1 can be regarded as an element of Fn, this correspondence
gives a matrix presentation M(γ) ∈ Ωn of the braid γ and, conversely, the matrix
M(γ) reproduces the braid γ up to the defining relation (I).

In [Mur], Murasugi defined an integral matrix M, called Murasugi’s matrix, with
respect to an oriented link diagram L in S2 and showed that the S-equivalence class
of the symmetrized matrix M∗+M∗T of its principal minor M∗ is an oriented link
type invariant. He thereby attached a class of quadratic forms to an oriented link L
and defined the signature of L, denoted by σ(L), to be the signature of M∗ + M∗T
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and the nullity of L, denoted by N (L), to be the nullity of M∗+M∗T plus 1. Some
authors([GL], [Tr]) developed more simple algorithms to compute the signature and
nullity of an oriented link via its link diagram.

In section 3, for a braid γ ∈ Bn+1, we characterize a Murasugi’s matrix with
respect to the closure γ∧ of γ from the matrix presentation M(γ) ∈ Ωn of γ by using
simple matrix calculations. This gives a new formulation of a reduced Alexander
matrix ΛM(γ)(t) for the closure of a braid γ and simultaneously gives an algorithm
to compute the signature and nullity of the closure γ∧ of γ by using the reduced
Alexander matrix ΛM(γ)(t) for γ∧ without using the braid version of Reidemeister
move III.

2. Certain block matrices and words

Let A be a block tridiagonal matrix of the form

A =



A11 A12

A21 A22 A23

A32 A33 A34

. . . . . . . . .
An−1n−2 An−1n−1 An−1n

Ann−1 Ann


(2.1)

satisfying the following conditions: for each i ∈ {1, 2, · · · , n},
(2.1.1). Each diagonal block Aii = (0), the 1×1 zero matrix, or the si× si matrix
of the form: for τk = ±1 (k = 1, 2, · · · , si), Aii = (−τ1) (si = 1), and

Aii =



−τ1 0 0 · · · 0 τ1

τ2 −τ2 0 · · · 0 0
0 τ3 −τ3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −τsi−1 0
0 0 0 · · · τsi −τsi


(si > 1).

(2.1.2). If Aii = (0), then Aii−1, Aii+1, Ai−1i, and Ai+1i are all zero matrices.
If Aii, Ai+1i+1 6= (0), let cj (j = 1, 2, · · · , si) denote the jth-column vector of

the matrix Ai+1i, i.e., Ai+1i = [c1 c2 · · · csi ]. Then Ai+1i and Aii+1 satisfies the
following:

(1) One and only one of the following occurs.
(i) All cj (j = 1, 2, · · · , si) are nonzero and Aii+1 = Osi×si+1 .
(ii) For some k (1 ≤ k ≤ si), c1, · · · , ck are all zero and ck+1, · · · , csi are all

nonzero and, in this case, Aii+1 = [r1 · · · rk O · · · O]T , where rj = (0 · · · 0 1)
or (0 · · · 0 − 1) for all j = 1, 2, · · · , k.

(2) Each nonzero column (resp., row) of Ai+1i(resp., Aii+1) contains one and
only one nonzero entry which is equal to −1 times the diagonal entry of Aii

corresponding to the column(resp., row).
(3) Let ck be the first nonzero column of Ai+1i. Then for each p (k ≤ p ≤ si− 1),

the nonzero entry of the (p + 1)th-column cp+1 of Ai+1i cannot occur in the
higher row than the row in which the nonzero entry of the pth-column cp of
Ai+1i occurs.
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Let Ωn denote the set of all block tridiagonal matrices described in (2.1) and let
Fn be the free monoid, under juxtaposition, of all words generated by 2n generators
σ1, σ2, · · · , σn, σ−1

1 , σ−1
2 , · · · , σ−1

n (n ≥ 1).
For a matrix A = (Aij)1≤i,j≤n ∈ Ωn, we define a word W (A) ∈ Fn by the

following procedure:
First, let

Wn = στ1
n στ2

n · · ·στsn
n ,

where −τj (j = 1, · · · , sn) is the (j, j)-diagonal entry of the block Ann of A. If
Ann = (0), then Wn is the empty word.

Next, for i ∈ {1, 2, · · · , n − 1}, we define the word Wi from the word Wi+1 as
follows: If Aii = (0), then Wi = Wi+1.

Now we assume that Aii 6= (0). If Ai+1i+1 = (0), then

Wi = στ1
i στ2

i · · ·στsi

i Wi+1.

If Ai+1i+1 6= (0), then we define Wi to be the word obtained from Wi+1 by
inserting the letters στ1

i , στ2
i , · · · , σ

τsi

i into the word Wi+1, where −τj (j = 1, · · · , si)
is the (j, j)-diagonal entry of the block Aii of A, as follows:

(1) If Ai+1i = Osi+1×si , then

Wi = στ1
i στ2

i · · ·στsi

i Wi+1.

(2) If Ai+1i 6= Osi+1×si and the kth-column is the first nonzero column of Ai+1i,
then for each q = k, · · · , si,

(i) If the nonzero entry of the qth-column occurs in the pth-row (1 ≤ p ≤
si+1) and the nonzero entry of the (q−1)th-column does not occur in the same
pth-row, then insert στ1

i στ2
i · · ·στk−1

i before στ1
i+1 and insert σ

τq

i after σ
τp

i+1, i.e.,

Wi = · · ·στ1
i στ2

i · · ·στk−1
i στ1

i+1 · · ·στp

i+1σ
τq

i · · ·στp+1
i+1 · · · .

(ii) If the nonzero entry of the qth-column (q ≥ k+1) occurs in the pth-row
(1 ≤ p ≤ si+1) and the nonzero entry of the (q − 1)th-column also occurs in
the same pth-row, then insert στ1

i στ2
i · · ·στk−1

i before στ1
i+1 and insert σ

τq

i after
σ

τq−1
i , i.e.,

Wi = · · ·στ1
i στ2

i · · ·στk−1
i στ1

i+1 · · ·στp

i+1 · · ·στq−1
i σ

τq

i · · ·στp+1
i+1 · · · .

Repeating this process for i = n−1, n−2, · · · , 2, 1, we obtain the word W1 ∈ Fn.
Finally, we define the word W (A) to be the word W1.

Now we are going to consider the reverse procedure. For a word γ = σ
τi1
i1

σ
τi2
i2
· · ·

σ
τim

im
(τik

= ±1, k = 1, 2, · · · , m) ∈ Fn, we define a block matrix M(γ)=(Aij)1≤i,j≤n

∈ Ωn as follows:
For each i ∈ {1, 2, · · · , n}, let si (si ≥ 0) denote the number of the generators

σi, σ
−1
i which occur in the word γ and rewrite the si generators as σ

τ(i,1)
(i,1) , σ

τ(i,2)
(i,2) , · · · ,

σ
τ(i,si)
(i,si)

keeping the order from left to right, where τ(i, k) denotes the exponent of
the generator σi in γ which constitutes σ(i,k) and s1 + s2 + · · · + sn = m. The
resultant is denoted by γ̄ and called the rewriting word of γ (see Example 2.1).
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Each diagonal block Aii (1 ≤ i ≤ n) of M(γ) is defined to be the square matrix
given by Aii = (0) (si = 0), Aii = (−τ(i, 1)) (si = 1), and

Aii =



−τ(i, 1) 0 0 · · · 0 τ(i, 1)
τ(i, 2) −τ(i, 2) 0 · · · 0 0

0 τ(i, 3) −τ(i, 3) · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −τ(i, si − 1) 0
0 0 0 · · · τ(i, si) −τ(i, si)


(si > 1).

For i 6= j, define Aij as follows:
(1) For |i− j| > 1, Aij = Osi×sj .
(2) For |i − j| = 1, if si = 0 and so Aii = (0), then Aii−1 = O1×si−1 , Aii+1 =

O1×si+1 , Ai−1i = Osi−1×1, and Ai+1i = Osi+1×1. If si ≥ 1, then

Ai+1i = (ai+1i
pq )1≤p≤si+1,1≤q≤si ,

where ai+1i
pq = τ(i, q) if 1 ≤ p ≤ si+1 − 1 and σ

τ(i,q)
(i,q) occurs between σ

τ(i+1,p)
(i+1,p)

and σ
τ(i+1,p+1)
(i+1,p+1) in γ̄, ai+1i

si+1q = τ(i, q) if σ
τ(i,q)
(i,q) occurs farther to the right than

σ
τ(i+1,si+1)
(i+1,si+1) in γ̄; otherwise, ai+1i

pq = 0, and

Aii+1 = (aii+1
pq )1≤p≤si,1≤q≤si+1 ,

where aii+1
pq = τ(i, p) if q = si+1 and σ

τ(i,p)
(i,p) occurs farther to the left than

σ
τ(i+1,1)
(i+1,1) in γ̄; otherwise, aii+1

pq = 0.

It is obvious that the matrix M(γ) is contained in Ωn and M(W (A)) = A for any
matrix A ∈ Ωn.

Example 2.1. (1) Let A = (Aij)1≤i,j≤3 be the 11× 11 matrix in Ω3 given by

A =



−1 0 1 0 0 0 0
−1 1 0 0 0 0 0
0 1 −1 0 0 0 0
1 0 0 −1 0 0 1 0 0 0 1
0 −1 0 1 −1 0 0 0 0 0 1
0 0 0 0 −1 1 0 0 0 0 0
0 0 1 0 0 1 −1 0 0 0 0

0 0 0 0 −1 0 0 1
0 0 −1 0 1 −1 0 0
0 0 0 0 0 −1 1 0
0 0 0 1 0 0 −1 1,


.

Then W3 = σ3σ3σ
−1
3 σ−1

3 , W2 = σ2σ2σ3σ3σ
−1
2 σ−1

3 σ−1
3 σ2, and

W1 = σ2σ1σ2σ
−1
1 σ3σ3σ

−1
2 σ−1

3 σ−1
3 σ2σ1 = W (A) ∈ F3.

Conversely, let γ = W (A). Then the rewritten word γ̄ of γ is

γ̄ = σ(2,1)σ(1,1)σ(2,2)σ
−1
(1,2)σ(3,1)σ(3,2)σ

−1
(2,3)σ

−1
(3,3)σ

−1
(3,4)σ(2,4)σ(1,3).

This gives that M(γ) = M(W (A)) = A.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MATRIX PRESENTATIONS OF BRAIDS AND APPLICATIONS 3407

Now let ω = σ2σ1σ2σ3σ3σ
−1
1 σ−1

2 σ−1
3 σ−1

3 σ2σ1 ∈ F3. Then the rewriting word ω̄ of
ω is ω̄ = σ(2,1)σ(1,1)σ(2,2)σ(3,1)σ(3,2)σ

−1
(1,2)σ

−1
(2,3)σ

−1
(3,3)σ

−1
(3,4)σ(2,4)σ(1,3) and M(ω) = A.

So W (M(ω)) = W (A) = γ.
(2) Let A and B be the n× n matrices in Ω1 and Ωn, respectively, given by

A =



−1 0 0 · · · 0 1
1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −1 0
0 0 0 · · · 1 −1


, B =



−1 1[0] 0 · · · 0 0
0[1] −1 1[0] · · · 0 0
0 0[1] −1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −1 1[0]
0 0 0 · · · 0[1] −1


.

Then W (A) = σn
1 ∈ F1 and W (B) = σ1σ2 · · ·σn[σnσn−1 · · ·σ1] in Fn. Conversely,

M(W (A)) = M(σn
1 ) = A and M(W (B)) = M(σ1σ2 · · ·σn[σnσn−1 · · ·σ1]) = B.

Let γ and ω be two words in Fn. By γ ≈ ω we mean that γ can be transformed
to ω by applying a finite number of relations: σ±1

i σ±1
j = σ±1

j σ±1
i (|i − j| ≥ 2)

and vice versa. For γ ∈ Fn, the equivalence class of γ is denoted by [γ], i.e.,
[γ] = {ω ∈ Fn | ω ≈ γ}.
Lemma 2.2. Let γ and ω be two words in Fn. Then γ ≈ ω if and only if M(γ) =
M(ω).

Proof. Let M(γ) = (Aij)1≤i,j≤n and M(ω) = (Bij)1≤i,j≤n be the matrices for γ
and ω in Ωn defined as above. For each i ∈ {1, 2, · · · , n}, let γ(i) and ω(i) denote the
words obtained from γ and ω by replacing all generators σj and σ−1

j (j 6= i) with the
empty word and similarly, for i ∈ {1, 2, · · · , n−1}, let γ(i, i+1) and ω(i, i+1) denote
the words obtained from γ and ω by replacing all generators σj and σ−1

j (j 6= i, i+1)
with the empty word, respectively. Then it is clear from the definition that the
words γ(i), γ(i + 1) and γ(i, i + 1) uniquely define the blocks Aii, Ai+1i+1, Aii+1,
and Ai+1i of M(γ) and the words ω(i), ω(i + 1) and ω(i, i + 1) uniquely define the
blocks Bii, Bi+1i+1, Bii+1, and Bi+1i of M(ω), and vice versa. Now γ ≈ ω if and
only if γ(i) = ω(i) (1 ≤ i ≤ n) and γ(i, i+1) = ω(i, i+1) (1 ≤ i ≤ n−1), equivalently
Aii = Bii (1 ≤ i ≤ n) and Ai+1i = Bi+1i, Aii+1 = Bii+1 (1 ≤ i ≤ n − 1). Hence
γ ≈ ω if and only if M(γ) = M(ω).

Lemma 2.3. For any word γ in Fn, W (M(γ)) ≈ γ.

Proof. Let γ be any word in Fn and let M(γ) be the matrix for γ in Ωn. Now let
ω = W (M(γ)). Then M(ω) = M(W (M(γ))) = M(γ). By Lemma 2.2, γ ≈ ω =
W (M(γ)).

Theorem 2.4. Let Ωn be the set of all block tridiagonal matrices described in (2.1)
and let [Fn] = {[γ] | γ ∈ Fn}, where [γ] = {ω ∈ Fn | ω ≈ γ}. Then Ωn and [Fn]
are in one-to-one correspondence.

Proof. Let Φ : [Fn] → Ωn be the mapping defined by Φ([γ]) = M(γ) for [γ] ∈ [Fn]
and let Ψ : Ωn → [Fn] be the mapping defined by Ψ(A) = [W (A)] for A ∈ Ωn. By
Lemma 2.2, Φ is well defined and, by Lemma 2.3, Ψ(Φ([γ])) = [W (M(γ))] = [γ]
for any [γ] ∈ [Fn]. Since Φ(Ψ(A)) = M(W (A)) = A for any matrix A ∈ Ωn, Φ is a
bijection and Φ−1 = Ψ. This completes the proof.
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Let Bn+1 be the Artin’s braid group on n+1 strings and let γ be any braid word
of Bn+1. Then we may regard γ as an element of Fn. In this regard, the trivial braid
1n+1 of Bn+1 corresponds to the empty word in Fn. This gives that each braid word
γ ∈ Bn+1 can be presented by a matrix M(γ) ∈ Ωn and, conversely, any matrix
A ∈ Ωn presents a braid word W (A) ∈ Bn+1. In what follows the matrix M(γ) ∈ Ωn

corresponding to the braid word γ ∈ Bn+1 is called the matrix presentation of the
braid word γ. Note that each braid of Bn+1 has many matrix presentations.

3. Alexander matrices for closed braids

Let A = (Aij)1≤i,j≤n be a matrix in Ωn, where Aii is a si × si matrix (si ≥ 1),
and let

Ā =



Ā11

Ā21 Ā22

Ā32 Ā33

. . . . . .
Ān−1n−2 Ān−1n−1

Ānn−1 Ānn


,

where Āii = Aii (1 ≤ i ≤ n) and Āi+1i = Ai+1i + AT
ii+1 (1 ≤ i ≤ n− 1).

Define DA = Ā11 ⊕ · · · ⊕ Ānn and LA = Ā−DA.
Throughout this section we denote by C and E the block diagonal matrices

given by C = Cs1 ⊕ · · · ⊕ Csn and E = Es1 ⊕ · · · ⊕ Esn , where Csi is a si × si

circulant matrix and Esi is a si × si skew-symmetric matrix: Csi = Esi = (0) if
si = 1, Esi = O2×2 if si = 2, and

Csi =



1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
0 0 1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 −1
−1 0 0 · · · 0 1


, Esi =

1
2



0 1 0 · · · 0 −1
−1 0 1 · · · 0 0
0 −1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 1
1 0 0 · · · −1 0


.

Let Z be an infinite cyclic group generated by t and let JZ be the integral group
ring of Z. For a matrix A ∈ Ωn, let ΛA(t) be the matrix with entries in the ring JZ
defined by

ΛA(t) = LADA − t(LADA)T +
1
2
(1− t)CDA + (1 + t)E.

Then we have the following

Theorem 3.1. Let γ be a braid in Bn+1 and let M(γ) ∈ Ωn be a matrix pre-
sentation of γ. Then a reduced Alexander matrix for the closure γ∧ of γ is given
by

ΛM(γ)(t) = LM(γ)DM(γ) − t(LM(γ)DM(γ))T +
1
2
(1− t)CDM(γ) + (1 + t)E.

Proof. The theorem follows from Theorem 4.1([Mur]) and the identity M ′(γ) −
tM ′(γ)T = ΛM(γ)(t), where M ′(γ) is the Murasugi’s matrix with respect to γ∧

given by the following:
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Figure 3.1

Lemma 3.2. Let γ be a braid word in Bn+1 and let A = M(γ) ∈ Ωn be the matrix
presentation of γ. Then M ′(γ) = (LA + 1

2C)DA + E is a Murasugi’s matrix with
respect to the closure γ∧ of γ. Consequently, if two braids γ and ω are Markov
equivalent, then M ′(γ) and M ′(ω) are S-equivalent.

Proof. Let γ be a braid word in Bn+1 and let M(γ) = (Aij)1≤i,j≤n be the matrix
presentation in Ωn of γ. Assume that each Aii in M(γ) is an si×si matrix (si ≥ 1).
The closure γ∧ of γ is an oriented link diagram in R2 obtained from γ by joining
the n + 1 points at the top of the braid γ to the corresponding n + 1 points at the
bottom without further crossings as in Figure 3.1.

In what follows we refer to [Mur, pp. 389–391] for the definitions of the Seifert
circuit, Seifert domain, α-region, β-region, and the indices η(c), dr(c) and εr(c).

Case I. γ involves all the generators σ1, σ2, · · · , σn of Bn+1. It is obvious that the
number of Seifert circuits in γ∧ is equal to n+1. Among them, n−1 Seifert circuits
are of the second type and so there are n Seifert domains, say, D1, D2, · · · , Dn.
Note that the unbounded region in D1 and the region in Dn which intersects the
braid axis A of γ∧ are β-regions. Otherwise, they are all α-regions.

Now let γ̄ be the rewriting word of γ ∈ Bn+1 and, for each i ∈ {1, 2, · · · , n}, let
W i

p (p = 1, 2, · · · , si) denote the word obtained from γ̄ such that the initial letter

of W i
p is σ

τ(i,p)
(i,p) and the terminal letter of W i

p is σ
τ(i,p+1)
(i,p+1) (si + 1 = 1) cyclically.

Define W̄ i
p (p = 1, 2, · · · , si) to be the word obtained from W i

p by replacing all

σ
τ(k,q)
(k,q) (k 6= i − 1, i, i + 1) with the empty word. Then each Di (i = 1, 2, · · · , n)

contains si α-regions, denoted by X i
1, X

i
2, · · · , X i

si
, which can be identified with the

words W̄ i
1, W̄

i
2 , · · · , W̄ i

si
, respectively, in such a way that all vertices in the boundary

of the region X i
p are just the letters in W̄ i

p (p = 1, 2, · · · , si).
From Definition 3.3 [Mur, p.391] and the identification of X i

p with W̄ i
p, Mura-

sugi’s matrix M with respect to γ∧ is given by the block matrix:

M = (Mij)i,j=1,2,··· ,n,

Mii = (a(i)
pq )p,q=1,2,··· ,si ,

where for p 6= q a
(i)
pq = −∑ η(c)dW̄ i

p
(c), where the summation extends over all

common letters c that are in the two different α-regions W̄ i
p and W̄ i

q contained in
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Di, and a
(i)
pp = −∑si

q=1,p6=q a
(i)
pq ,

Mij = (b(ij)
pq )p=1,2,··· ,si;q=1,2,··· ,sj (i 6= j),

where b
(ij)
pq = −∑ η(c)dW̄ i

p
(c)εW̄ j

q
(c), where the summation extends over all com-

mon letters c that are in the two α-regions W̄ i
p and W̄ j

q contained in Di and Dj

respectively.

(3.2.1). Mii = 1
2CsiĀii + Esi (i = 1, 2, · · · , n).

If si = 1, then Di has one and only one α-region W̄ i
1 , and Mii = (0).

If si = 2, then

Mii = (a(i)
pq )p,q=1,2 =

(
− τ(i,1)+τ(i,2)

2
τ(i,1)+τ(i,2)

2
τ(i,1)+τ(i,2)

2 − τ(i,1)+τ(i,2)
2

)
=

1
2
CsiĀii.

If si ≥ 3, then for 1 ≤ p, q ≤ si (p 6= q),

a(i)
pq =


τ(i,p)−1

2 if p = q + 1 (1 ≤ q ≤ si − 1) or p = 1, q = si,
1+τ(i,q)

2 if q = p + 1 (1 ≤ p ≤ si − 1) or p = si, q = 1,

0 otherwise.

So Mii = (a(i)
pq )p,q=1,2,··· ,si is the matrix given by Mii =



− τ(i,1)+τ(i,2)
2

1+τ(i,2)
2 0 · · · 0 τ(i,1)−1

2
τ(i,2)−1

2 − τ(i,2)+τ(i,3)
2

1+τ(i,3)
2 · · · 0 0

0 τ(i,3)−1
2 − τ(i,3)+τ(i,4)

2 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · − τ(i,si−1)+τ(i,si)
2

1+τ(i,si)
2

1+τ(i,1)
2 0 0 · · · τ(i,si)−1

2 − τ(i,1)+τ(i,si)
2


= 1

2CsiĀii + Esi .

(3.2.2). For 1 ≤ i, j ≤ n(i 6= j), Mij =

{
ĀijĀjj if i = j + 1,
Osi×sj otherwise.

(i) |i − j| > 2 : there do not exist common letters that are in the two α-regions
W̄ i

p and W̄ j
q for all 1 ≤ p ≤ si, 1 ≤ q ≤ sj . Hence b

(ij)
pq = 0 and so Mij = Osi×sj .

(ii) |i− j| = 1 : b
(i+1i)
pq = −∑ η(c)dW̄ i+1

p
(c)εW̄ i

q
(c), where the summation extends

over all letters that are in the two α-regions W̄ i+1
p and W̄ i

q . Since dW̄ i+1
p

(c) = 0 for
all common letters c that are not in the two regions W̄ i+1

p and W̄ i
q , we have

b(i+1i)
pq = −

si∑
k=1

η(στ(i,k)
(i,k) )dW̄ i+1

p
(στ(i,k)

(i,k) )εW̄ i
q
(στ(i,k)

(i,k) )

−
si+1∑
k=1

η(στ(i+1,k)
(i+1,k) )dW̄ i+1

p
(στ(i+1,k)

(i+1,k) )εW̄ i
q
(στ(i+1,k)

(i+1,k) ).

Since each letter σ
τ(i+1,k)
(i+1,k) does not belong to Di (for the definition, see [Mur,

p.390]), εW̄ i
q
(στ(i+1,k)

(i+1,k) ) = 0 for all k = 1, 2, · · · , si+1.
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Now let āi+1i
pk = −η(στ(i,k)

(i,k) )dW̄ i+1
p

(στ(i,k)
(i,k) ). Then

āi+1i
pk =

{
0 if σ

τ(i,k)
(i,k) is not in W̄ i+1

p ,

τ(i, k) if σ
τ(i,k)
(i,k) is in W̄ i+1

p .

This gives that (āi+1i
pk )1≤p≤si+1,1≤k≤si = Āi+1i. Let āii

kq = εW̄ i
q
(στ(i,k)

(i,k) ). Then we
can check that (āii

kq)1≤k,q≤si = Āii. Hence

Mi+1i = (b(i+1i)
pq )p=1,2,··· ,si+1;q=1,2,··· ,si

= (−
si∑

k=1

η(στ(i,k)
(i,k) )dW̄ i+1

p
(στ(i,k)

(i,k) )εW̄ i
q
(στ(i,k)

(i,k) ))p=1,2,··· ,si+1;q=1,2,··· ,si

= (
si∑

k=1

āi+1i
pk āii

kq)p=1,2,··· ,si+1;q=1,2,··· ,si

= Āi+1iĀii.

It is obvious that Mii+1 = Osi×si+1 .

(iii) |i − j| = 2 : Since each letter c that is in the two α-regions X i
p and Xj

q for
all p, q are not contained in Di or Dj , εW̄ j

q
(c) = 0. Hence

Mij = (b(ij)
pq )p=1,2,··· ,si;q=1,2,··· ,sj = (−

∑
η(c)dW̄ i

p
(c)εW̄ j

q
(c)) = Osi×sj .

Combining (3.2.1) and (3.2.2), we obtain that M = LADA+ 1
2CDA+E = M ′(γ).

Case II. γ does not involve the generator σi1 , · · · , σik
(ij ∈ {1, 2, · · · , n}) with

i1 < i2 < · · · < ik. Then γ ≈ ω = ω1(1, i1 − 1)ω2(i1 + 1, i2 − 1) · · ·ωk(ik + 1, n),
where for 1 ≤ j ≤ k, ωj(r, s) denotes a braid word which involves all generators
σr, σr+1, · · · , σs if r ≤ s, and ωj(r, s) denotes the empty word if r > s. By Lemma
2.2, M(γ) = M(ω) and so M ′(γ) = M ′(ω) = M ′(ω1)⊕ (0)⊕M ′(ω2) ⊕ (0)⊕ · · · ⊕
(0) ⊕ M ′(ωk), where M ′(ωj) = M ′(ωj(r, s)) is the empty matrix if r > s. Note
that the closure ω∧ is a split diagram with k components ω∧1 , ω∧2 , · · · , ω∧k . Let Mj

denote the Murasugi’s matrix with respect to ω∧j . Then by Case I, we see that
Mj = M ′(ωj). Hence the Murasugi’s matrix M with respect to ω∧ is the matrix
M = M1⊕· · ·⊕Mk⊕O(k−1)×(k−1) and there is a unimodular integral matrix U such
that UMUT = M ′(ω). This completes the proof of Lemma 3.2 and so Theorem
3.1.

Now let Λ∗
M(γ)(t) denote the principal minor of the reduced Alexander matrix

ΛM(γ)(t) for γ∧ obtained by deleting the row and column containing (1, 1)-entry in
each diagonal block matrix 1

2 (1− t)CsiĀii +(1+ t)Esi corresponding to the nonzero
block Āii of DA. Then we have the following:

Theorem 3.3. Let γ be a braid word in Bn+1 and let γ∧ be the closure of γ. Then
σ(γ∧) = σ(Λ∗

M(γ)(−1)) and N (γ∧) = N (Λ∗
M(γ)(−1)) + 1.

Proof. Let M ′(γ) be the Murasugi matrix with respect to γ∧ given by Lemma 3.2
and let M∗(γ) denote the principal minor of M ′(γ) obtained by deleting the row
and column containing (1, 1)-entry in each diagonal block matrix 1

2CsiĀii + Esi

corresponding to the nonzero block Āii of DA. Then σ(γ∧) = σ(M∗(γ) + M∗(γ)T )
and N (γ∧) = N (M∗(γ) + M∗(γ)T ) + 1. But M∗(γ) + M∗(γ)T = Λ∗

M(γ)(−1). This
completes the proof.
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Theorem 3.4. Let A be any matrix in Ωn and let W (A) be the braid in Bn+1 cor-
responding to A. Then σ(W (A)∧) = σ(Λ∗

A(−1)) and N (W (A)∧) = N (Λ∗
A(−1))+1.

Proof. Since M(W (A)) = A, Λ∗
M(W (A))(t) = Λ∗

A(t). By Theorem 3.3, σ(W (A)∧)
= σ(Λ∗

M(W (A))(−1)) = σ(Λ∗
A(−1)) and N (W (A)∧) = N (Λ∗

M(W (A))(−1)) + 1 =
N (Λ∗

A(−1)) + 1.

Remark 3.5. For i ∈ {1, 2, · · · , n}, let Bi
n+1 denote the subgroup of Bn+1 gener-

ated by σ1, · · · , σi−1, σi+1, · · · , σn. A braid γ ∈ Bn+1 is called a split braid if γ
is conjugate into Bi

n+1 for some i ∈ {1, 2, · · · , n}. A braid γ ∈ Bn+1 is called a
positive braid if it can be presented by a braid word such that the exponents of the
generators in the word are all positive.

(1) Let γ be a nonsplit braid word in Bn+1. Then γ involves all generators in
Bn+1 and so `(γ) = R(Λ∗

M(γ)(−1))+N (γ∧)+n− 1, where `(γ) is the letter length
of γ and R(Λ∗

M(γ)(−1)) denotes the rank of the matrix Λ∗
M(γ)(−1). Hence we can

see that |σ(γ∧)| ≤ L(γ)−N (γ∧)−n+1, where L(γ) = min{`(ω)|ω is equivalent to
γ}. This shows that if `(γ) = |σ(γ∧)|+N (γ∧) + n− 1, then γ is a minimal length
braid representation in Bn+1(cf. [Ke]).

(2) Let γ be a nonsplit positive braid in Bn+1 and let ∆γ∧(t) denote the reduced
Alexander polynomial of γ∧. Since deg(∆γ∧(t)) = `(γ)− n, σ(γ∧) +N (γ∧) − 1 ≤
deg(∆γ∧(t)). Moreover, the equality holds if and only if Λ∗

M(γ)(−1) is a positive
semidefinite, that is, the eigenvalues of Λ∗

M(γ)(−1) are all nonnegative.
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