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DIMENSION OF THE GLOBAL ATTRACTOR
FOR DAMPED NONLINEAR WAVE EQUATIONS

ZHOU SHENGFAN

(Communicated by Michael Handel)

ABSTRACT. An estimate on the Hausdorff dimension of the global attractor
for damped nonlinear wave equations, in two cases of nonlinear damping and
linear damping, with Dirichlet boundary condition is obtained. The gained
Hausdorff dimension is bounded and is independent of the concrete form of
nonlinear damping term. In the case of linear damping, the gained Hausdorff
dimension remains small for large damping, which conforms to the physical
intuition.

1. INTRODUCTION

Consider the nonlinear wave equation, with nonlinear damping,
(1) uge + h(ug) — Au+ f(u) =g,z € Q,t > 0,
with the Dirichlet boundary condition
(2) u(z, t)|zeon = 0,t > 0,

and the initial value conditions
ou

(3) U(ZIJ, 0) = UO(x)v ot

where u = u(x,t) is a real-valued function on  x [0, +00), 2 is an open bounded
set of R™ with a smooth boundary 9Q, D(—A) = H}(Q) N H?(Q),g € L*(Q).
We assume conditions on f(u) and h(v) as follows:

(i) f(u) € C%*(R; R) satisfies:

@ 50 =0, tim s <o) < k1) 5 0] < bifus - sl

lu|—+o00

(2,0) =up(z),z € Q,

for any u,uy,us € R, where k, k1,61 > 0.
(ii) h(v) € CY(R; R) satisfies:

(5) R(0)=0,0 < a < K (v) < B < 400, | (v1) — B (v2)| < kalvr — 022,

for any v,v1,vs € R, where ko, do > 0.

Hale [1] presented the existence and uniqueness of solution of system (1)—(3)
which defines a continuous semigroup of mapping S(¢) : {uo,u1} — {u,u}, for
t > o, from E = H(Q) x L?(Q) into itself, and also showed that there is a global
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attractor B in E for (1)—(3). If the damping is linear, i.e., the function h(v) = aw
in which a > 0, Temam [2] gave an upper bound of the Hausdorff dimension of
the attractor, but this upper bound is directly proportional to the coefficient @ of
damping for large o and tends to infinity as @ — +o00, which does not conform to
the physics.

In this paper, we obtain an upper bound of the Hausdorff dimension for the
global attractor B for system (1)—(3), in two cases of nonlinear damping and linear
damping, by carefully estimating and splitting the positivity of the linear operator
in the corresponding evolution equation of the first order in time. The idea of using
such a technique was originated by G. Wang and S. Zhu [3]. The gained Hausdorff
dimension is bounded and is independent of the concrete form of the nonlinear
damping term h(v). Particularly, for the linear damping, the Hausdorff dimension
of the attractor remains small for large damping, which improves the estimate given
by Temam. The main results are the following theorems.

Theorem 1. For system (1)-(3) with nonlinear damping. Let

6) 7= 28 +4) ; :

3 1
A(B2 + 4)1) + (, [ 3% +4)2a2 + 2)\1a) T (28 +4X202)7 + 28

4272
g = .
B2 + 4\ + /(B2 +40) (B2 + 40 — 1692)\)

Then the Hausdorff dimension di(B) of the global attractor B in E satisfies:

¢
. 1 _ 2a0
(7) dg(B) < min €€€N,EZ)\J,1§? ,
j=1
where {\j}jen,0 <A < A <o <\, < oo+, are the eigenvalues of operator —A

with the Dirichlet boundary condition on 2.

It is easy to see from (7) that dy(B) is bounded because

3
2 =0
j=1

|

as { — +oo.
Theorem 2. For system (1)-(3) with linear damping h(v) = av. The Hausdorff
dimension dg (By) of the global attractor By satisfies:

2)\10[2
E2vVa? + 4 (a+ Va2 +4))

¢
. 1 _
(8)  dy(Bi) < min KEEN,Z 5 /\jlg
=

Obviously, di(B1) in (8) remains small for sufficiently large damping « because

2)\10&2 _ ﬁ
k2v/a? + 4\ (a+ Va2 +4X;) k2

as o — +00.
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2. PRELIMINARIES

In this section, we present the existence and uniqueness of solutions, and the
existence of the global attractor for problem (1)—(3).

It is known that the operator A = —A : D(A) — L2() is a self-adjoint positive
linear operator and its eigenvalues {\; }ien satisfy

0<A <A< <Ay <o, Ay — 400 (M — +00).

Let

(u,v) = / wvdz, |u| = (u,u)%,Vu,v € L*(Q),
Q

(u,v)) = /QVu-Vvdx,HuH — ((uw,u))¥, Y, v € HL(Q),

and

(y1,92) = ((u1,u2)) + (v1,v2), Vyi = (us,v;)" € Byi=1,2,

1
e =(y,9)3,Vy = (u,v)" €E

denote the usual inner products and norms in L2(Q2), H}(Q) and E = H}(Q)x L?(Q)
respectively.

Let u; = v; then (1)—(3) are equivalent to the following initial value problem in
the Hilbert space E:
© Yi=CY+HY)+F(Y),t>0,

9
Y (0) = Yo = (ug,ur)”,

where

Y = (uvv)Tvyb = (uOvul)T € EvH(Y) = (07 _h(v))TvF(Y) = (07 _f(u) +9)Ta

C= (_OA é) . D(C) = D(A) x HA(Q).

Clearly, C is an unbounded closed operator and generates a Cp-semigroup on
E. Tt is easy to verify by (4)—(5) that H(Y) + F(Y) : E — FE is globally Lipschitz
continuous with respect to Y. By the classical theory concerning the existence and
uniqueness of the solutions [4], we have following lemma.

Lemma 1. Consider the initial value problem (9) on the Hilbert space E.
(i) For any Yo € E, there exists a unique function Y () =Y (-, Yy) € C(R4+; E)
such that Y(0,Yy) = Yy and Y (t) satisfies the integral equation

¢
Y(t) =Yy + / =) (H(Y (s)) + F(Y (5)))ds.
0
In this case, Y (t) is called a mild solution of (9).

(ii) If Yo € D(C), there exists Y () € C(Ry; D(C)) N CY(Ry; E) which satisfies
(9).

(ii1) Y (t,Y0) is jointly continuous in t and Yp.
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For any ¢t > 0, we introduce a map S(t) : Yo — Y (¢,Y)), where Y (¢,Yp) is the
mild solution (or solution) of (9); then {S(¢),t > 0} is a continuous semigroup on
E.

Lemma 2. The semigroup {S(t),t > 0} determined by system (9) possesses a
global attractor B in E.

Proof. See [1] for details. O

Lemma 3. Consider the linearized equation of (1)—(3)
Ut + 1 (u)Up — AU = f/(u)U,z € Q,t >0,
(10) U(z,t)]cean = 0,t >0,
U(z,0) = (&n)",z €9,
where {u(t),us(t)} is a mild solution of (1)-(3). Then (10) is a well-posed prob-
lem in E, the mapping S(t) defined by (9) is Fréchet differentiable on E for any

t > 0, and its differential at p = (ug,uq)? is the linear operator on E, (&,n)T —
(U(t), V)T, where (U, V)T is the solution of (10).

Proof. Tt is clear from assumptions (4)—(5) that (10) is a well-posed problem in E.
We first consider the Lipschitz property of S(t) on E. Let ¢o = (ug,u1)? €
E, %0 = o+ (&,m)T = (uo + & ur +n)T € E. Tt is known from Lemma 1 that the
solution S(t)po = ¢(t) = (u(t),w(t)” € E,S(t)Go = &(t) = (u(t),w(t))” € E.
Since there is a global attractor B for S(¢),t > 0 in E, ¢(t),o(t) are uniformly
bounded in E for ¢ > 0.
The difference ¢ = w — u satisfies

(11) Y+ h(te) — h(ur) = Ap = f(@) = f(u).
Taking the scalar product of (11) with 1y = u; — u¢ in L?(9), we have

= (~(h i) — haw)) + 1) — (u) )
(4 00— ) ) (4 (i — ), )
by (4)(5)
<k (/A - o] — i
ex(l? +1191?),
where 91,92 € (0,1),¢1 > 0, i.e.,

([2e* + 111%)

IAIA

IN

d
2 (0l +[1WI17) < 2ea (el + [[0]%).
So, we have the Lipschitz property

12(t) — Ol =lae(t) — ue () + () — u(t)]]®

12
(12) < exp(2eat) (]2 + |IE][2), VE > 0.

Consider the difference 8 = w — u — U, with U the solution of the linearized
equation (10) of (1)—(3). Obviously,
(13) 6(0) = 6,(0) =0,
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and
Ore — A0 =f(w) — f(u) — f'(u)(@—u) + f'(u)f

(14) - [h(ﬂt) — h(ut) — h'(ut)(ﬂt — Ut)] — h'(ut)Gt =4q.

By the mean value theorem, we have
q =[f"(u+93(u — ) — f' (W)@ —u)+ f'(u)0
— [h’(ut + 194(”[1?15 — Ut)) — /(ut ](,’I‘th — Ut) — h’(ut)Gt
where ¥; € (0,1),i = 3,4.
Taking the scalar product of each side of (14) with 6; in L?(2), we find
1d
2dt

IS

(16:> + 11011) =(q, 6:)
<by (4)(5)
<04 (Dskr [T — ul*F00 + k|0 + Dako|tly — we) T2 — al6y))
<10 (Dsky [T — w00 + k|0 + Dakol|ty — ug1TO?)

ie.,
d ~ ~
%(I@I2 H[1011%) < ca(|0:]* + 11611%) + es(Ifal) — w(®)|PF2 + [ (t) — ue(£)]*+22),
where cg, c3 > 0. From the Gronwall inequality, we obtain
t
16:(t)[* + 10(t)]? SZ—S exp(cat) - / ([a(t) = )20 + [ (t) — u(t)[*F>02)dr
2 0

<(with (12))
<egexp(est) - [(Inf* + 1€[17)' T + (Inf* + 1€]1%) '], vt > 0,

where ¢4, c5 > 0, that is,

|B(t) — () = Ut)[5 < caexplest) - [1(€,mT 15 + 1€, m) " I52;

therefore,
[5(t) — o(t) —U@)I2
T2 £ < cgexp(est) - [I(€,m) 7[5 + (&) T [5*] — 0,
as (£,7)T — 0 in E. The proof is completed. O

3. PROOF OF THEOREM 1
Let ¢ = (u,v)T,v = us + cu, where ¢ is chosen as

201y

15 — =77 S
(15) =y Y
in which ~ is defined by (6); then system (1)—(3) can be written as
(16) i+ G(p) = F(p),0(0) = (uo, ur + eup),

where F(p) = (0,—f(u) + 9)7, G(¢) = (cu — v, —Au+&*u — cv + h(v — 6u))T
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Lemma 4. For any orthonormal family of elements of E, {(éj,nj)T}gzl, we have
4 ¢
(17) STl < STa
j=1 j=1
Proof. See Lemma VI.6.3 in [2]. |

To estimate the Hausdorff dimension of the global attractor B for (16) in E, we
consider the first variation equation of (16)

(18) U+ AV = F'(p)¥
with initial condition
(19) v0)= (" ek

where ¥ = (U, V)T, ¢ = (u,v)T is a solution of (16),
Lo (0 0\, el i
(20) Fp) = (f’(u) O) A= <A—|—<€2[—Eh’(v—£u)] h’(v—au)I—EI) ’

D(A) = D(A) x H}(Q).

Since the relation of S(t) with S.(t) defined by (16) is made by the reversible
transformation u = w, v = uy + €u, it is easy to show from Lemma 3 that (18)—(19)
is a well-posed problem in E, the mapping S.(t) is Fréchet differentiable on E for
any t > 0, and its differential at ¢ = (ug,u1 + EUO)T is the linear operator on
E, (&n)T — (U®),V ()T, where (U, V)T is the solution of (18)—(19).

Lemma 5. For any ¢ = (u,v)T € E,

Q
(21) (Ap,0)m > olels + Sl
where
AN A2
(22) vy a

o= :
62 + 4N + \/(52 + 4)\1)(ﬂ2 + 4N — 16")/2)\1)
in which v is chosen as in (6).
Proof. By (20), we have
a
(Ap,0)m = ololf = S vl
= g|ul|* - e(h' (v — eu)u,v) + €*(u,v) + (K (v — ew)v,v)

o
—e(v,v) —ollul]* = olo* — Ffof?

> by (5)
> (e —o)|ul® + (% —e—o)v]* - E(ﬂ—\/;—f)“““ [ol.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE GLOBAL ATTRACTOR FOR NONLINEAR WAVE EQUATIONS 3629

Since
e2(B+¢)? «
%—(5—0)(5—5—0)
B+ 208 2 s a o« )
(23) _T+ 4)\14-1 e get 500

1 2
:4%1 [53 +2Be% — 4(5 - v)Ala} + (le + 1) e2 — yae + %U -2

and from (6), (15), (22), elementary computations show
1
e3 4+ 28e% — 4(5 — A1 <0,
2

(%4—1) 52—7(164—%0—02 <0,
by (23), we have
e2(B +¢)?

a4

Thus, the proof is completed. O

Lemma 6. Consider the system (16). Let ® denote a set of ¢ vectors {®;}i_,
which are orthonormal in E. If

¢
(24) sup sup Z((—A + F'(p)®;, ®;)p <0,
®CFE peEB i—1

then the Hausdorff dimension of the global attractor B is less than or equal to £,
i.€.,

Proof. This is a direct consequence of Theorem V. 3.3, equation (V. 3.47)—(V. 3.49)
and identity (VI. 6.24) of [2]. O

Lemma 7. The Hausdorff dimension diy(B) of B for system (16) in E satisfies

20

¢
. 1 _
(25) dy(B) < min ZEEN,ZE /\jlgﬁ
Jj=1

Proof. Let £ € N be fixed. Consider ¢ solutions Wy, Ug,--- W, of ( 18)—(19). At a
given time 7, let Q¢(7) denote the orthogonal projector in E onto the space spanned
by Uy, Wy, -+, Uy Let ®;(7) = (&,n;)" € E,j =1,2,---,¢, be an orthonormal
basis of Q¢(7)E. From (21) and |®;|g = 1, we have

e
(26) ~(A®, @))p < —0 = Z[n;[?

and

kQ
(27)  (F'(9)2;,®5)5 = (f (W,m;) < by (4) < Kl - Iyl < 5167+ 5 il
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Hence, by (17), (26) and (27),

4
(28) > (A + F(9) @i, @) < ———

i=1 j=1

If

then

Z((_A + F'(¢))®i, ®;)p < 0.

i=1
By Lemma 6, the proof is completed. O

Combining with Lemma 7 and (22), we complete the proof of Theorem 1.

4. PROOF OF THEOREM 2

We consider the system (1)—(3). If the damping is linear, i.e., h(v) = av, then
the equation (1) is

(29) ug + oug — Au+ f(u) =g,z € Q,t > 0.
Let ¢ = (u,v)T,v = 1 + egu, where ¢ is chosen as
/\10&
30 - .
(30) T2

then (29) can be written as
(31) ¢+ Aoy = F(p),

(32) F(p) = (_f(f) " g> A= (A - s(gojz o)l (a :Ié?)f) '

Lemma 8. For any ¢ = (u,v)’ € E,

«@
(33) (AO% SD)E 2 0'0|(¢0|2E + §|’U|2,
where

A
(34) o = 19

Va2 +4x (a+ Va2 +4);)

Proof. Since

(6%
(Ao, 0)E — Uo|<ﬂ|§3 - §|U|2

(20 = o0)ljull® + (5 — 20— o0)lol? — o(a — 20)(u,v)

2 (e0 = o0)lull? + (5 = 0~ qu)lel? = F= -
and simple computation by (30) and (34) shows
2 2
4(50 — 0'0)(% — &0 — 0'0) = E(;\O; .
Thus, the proof is completed. O
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We consider the first variation equation of (31)
(35) V=AU F (9)0,(0) = (€.0)" € E,

where ¥ = (U, V)T € E, and ¢ = (u,v)T is a solution of (31)-(2)-(3) and F’(yp) is
defined by (20).

Lemma 9. The Hausdorff dimension dg(B1) of By for system (31)-(2)-(3) in E

satisfies
1o 200
- 0
(36) du(By) < EﬂeN,zZ)\jlg -
j=1
Proof. Similar to the proof of Lemma 7. O

Combining with Lemma 9, (34) and (36), we complete the proof of Theorem 2.
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