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PRODUCTS OF ORTHOGONAL PROJECTIONS
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ABSTRACT. We give a characterization of operators on a separable Hilbert
space of norm less than one that can be represented as products of orthogonal
projections and give an estimate on the number of factors. We also describe
the norm closure of the set of all products of orthogonal projections.

1. INTRODUCTION

In this paper, we study products of orthogonal projections on separable (finite or
infinite-dimensional) Hilbert spaces. Throughout the work, the word projection is
reserved for orthogonal projections on a Hilbert space. The word idempotent refers
to a (not necessarily orthogonal) projection.

The problem of describing operators acting on a finite-dimensional complex
Hilbert space which can be represented as products of orthogonal projections was
solved by Kuo and Wu. In [KW1] they proved that w : 5 — £% is a product of
projections if and only if either u is the identity map or u = I,,, .5, where I, is the
identity on an m-dimensional subspace of £5 and S is a singular strict contraction.
In [KW2], Kuo and Wu characterized all the selfadjoint operators on a separable
Hilbert space which factor into a product of projections.

In Section 2 we give estimates on the number of projections necessary to represent
a given operator u : £§ — ¢% (Theorem 1). We also give a new characterization of
finite-dimensional Hilbert spaces: E is isometric to a Hilbert space if and only if
every singular strict contraction u : F — F is a norm limit of products of contractive
projections (Corollary 7).

In Section 3 we characterize all operators on a separable Hilbert space of the form
I'® S with ||S]| < 1, which are products of projections (Theorem 10), and describe
the norm closure of the set of products of projections (Corollary 11). We also
disprove Conjecture 3.3 of [KW?2] by constructing an operator T : f5 — £2 which is
a product of idempotents such that for every = € o, ||[(I — T)z||*> < ||z||* — ||T=||?,
yet T cannot be represented as a product of projections (Proposition 14).
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2. FINITE-DIMENSIONAL RESULTS
The main result of this section is the following

Theorem 1. If u : {5 — {3 is an operator of norm less than 1 with nontrivial
kernel, then w can be factored into a product of projections. Moreover, if M (u)
denotes the minimal number of projections necessary to represent w, then there
exists a constant C' such that

M) <Cc—" L

n—ranku 1 — ||ul|’

This estimate is optimal: for all positive integers n > m and 0 < a < 1 there exists
an operator u : 05 — 0y of norm a and rank m such that

1 n 1
M > — .
(u)_Qn—m 1—a

The fact that every singular strict contraction u : £5 — 5 can be represented as
a product of projections was proved in [KW1] (in the complex case). Their method
shows that M(u) < Cn/(1 — ||u||), and the lower estimate Kuo and Wu get (for a
certain u) is ¢/(1 — ||u]]).

To prove Theorem 1, we need four lemmas.

Lemma 2. (a) Suppose x and y are vectors in £y that are not parallel and such
that ||y|| < ||z|| end (z,y) is real. Then there exist projections Py, ..., Py such that
Py ... Prx = y. Moreover, Pi,...,P; can be chosen in such a way that they fix
span[z,y]*t and k < c1 /(1 — ||y||/||z||), where ¢ is an absolute constant.

(b) Suppose u; : 05" — L5° (i € I) are linear operators such that uw; = Py ... Py,
where P;; : 05" — {57 are projections and sup; k; < oco. Consider u = @iel U -
ly — Ly, where n =3, ;ni. Then u = Q1 ...Qy, where the Q;’s are projections
and k = sup;c; k;.

Proof. Part (a) is essentially contained in [KW1]; we include the proof for the sake
of completeness. If ||y|| = 0, the proof is obvious. Otherwise, assume, w.l.og., that
l|[z]] = 1, let a = ||y||, and set z = y/||y||. Let H = span[z,z]*. Find k > 5 such
that (cos(m/k))* > a. Since

k 2\ k/2
()= (=) 2

we can take k = max{5,[-7?/Inal}. Find t € 3 of norm 1 such that z =
(cos ¢o) z + (sin ¢p) ¢ with 0 < ¢p < 7 (so t € span[z, z] and ¢ is orthogonal to z).
Let Q; (1 <i < k) be the orthogonal projection onto (cos ¢;) z + (sin ¢;)t, where
or =0, and set P, = Iy ® Q; (Ig stands for the identity map on H). Then P; fixes
Hand P,... Pz = Hle (cos (¢i — ¢i—1))2~ By a suitable choice of ¢1, ..., ¢r_1,
we insure that Py ... Pz = az = y. To prove part (b), let P;; = Iyni (the identity
map on £5°) for k; +1 < j <k, and set Q; = @,; P;; for 1 < j < k. Then Q; is
a projection, and u = Q1 ... Q. O

Lemma 3. Ifu: {3y — {3 is a normal operator of norm < 1 and rank m < n, then
there exist projections Py, ..., Py such that u= Py ... P, and

k < con/((n —m)(1 — [[ul])),

where co 1s an absolute constant.
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Proof. Let E = (keru)* = ranu. Then E is an m-dimensional subspace of /3.
Fix orthonormal vectors fi,..., fu—m in E+. Let a = y/|[u||. Consider the com-
plex case first. Let ai,...,a, be nonzero eigenvalues of u, and ey,... ,e,, the
corresponding orthonormal eigenvectors. By Lemma 2, there exist projections
Py, ..., Py which fix en_mt1,---,6m, Poy...Pie; = af; for 1 < i < n—m,
and {1 < ¢1/(1 — a). Similarly, there exist projections Py, 11,..., Py, which fix
Cn—m+1s--- 5 Em, Pk1 ...Pg1+1afi = a;€; for 1 < ) < n-— m, and kl — él <
c1/(1—a/||ul]) = e1/(1 —a). Thus,

Py <i<m—
Pkl...PleiZ{ale“ 1fzin ™
e, i>n-—m,
and k1 < 2¢1/(1 — +/||u]]) < 4e1/(1 = ||ul]). Likewise, we can find Py,, ..., P11
such that
_ Jae;, 1<i<2(n—m),
Pk2"'PleZ_{ e;, i>2(n—m),

and ko — k1 < 4e1/(1—]|ul|); hence ko < 2-4¢1/(1—]|ul|). Proceeding further in the
same manner, we show the existence of projections Py,... , Py (k< [m/(n—m)] -
4e1/(1 — ||ul])) such that Py ...Pe; = aze; for 1 <i < m. Then u = Py ... P, Pg,
where Pg is the orthogonal projection onto F.

In the real case the situation is a little more complicated: there exists an
orthonormal basis ey, ..., es, 911,912, ,9r1,9r2 I E (s + 2r = m) such that
ue; = ae; (1 < i < s), ugji = bjigj1 + bjagje and ugja = —bjagj1 + bj19)2
(1 <j <r); here, aj, bj1 and bjp are real, 0 < a; < |[ul| and 0 < b%; + %, < ||ul*.
As before, we can find projections Py, ..., Py (¢ < c¢1[s/(n—m)]/(1—]|u||)) which fix
gip (1 <j<r,p=1,2)and such that P,... Pie; = a;e; (1 <i <s). By Lemma 2,

there exist projections Ppy1,..., Prre, (01 < ¢1/(1 —a)) which fix e; (1 < i < s),
gin n—m+1<j<r)and gjo (1 <j <r), such that Ppyp, ... Pry1gj1 = af;j
(1 < j < n—m). Also, there exist projections Ppig 41, Prye, (l2 — €1 <

c1/(1 —|Jul|)) which fix e; (1 <@ <s),g5p (n—m+1<j<r p=12)and f;
(1 < ] <n-— m), such that P[+g2 . Pg+[1+1gj2 = _ijle + bjlgj2- Finally, find
prOjections P[+g2+1, . ,Pg+k1 (kl — éQ < Cl/(l — CL)) which fix €; (1 < ) < S), 9ip
m—m+1<j<r p=12)and —bjegj1 + bj1g;2 (1 < j < n —m) such that
Prig, .o Poperaf; = bjrgjpn + bjagjo.

Then, Ppi1,..., Pryp, fixe; (1 <i<s)and gjp (n—m+1<j<s,p=1,2),
ky < 5e1/(1 = ||ul]), and Ppy, ... Pey1gj1 = bjigji + bjagje, Poyk, - Pey1gje =
bj1gj2 — bjagj1 for 1 < j < n —m. Proceeding further in the same manner, we find
projections Ppy1, ..., Py (k—£€ < 5cq1[r/(n—m)]/(1—]lu||)) which fix e; (1 <7 <'s)
and

Py ... Piy1gj1 = bjigi1 +bjagje , Pi... Pry1gj2 = —bjagj1 + bj1ge.

Therefore, Py ... P1Pg = u, and k < can/((n — m)(1 — ||u|])). This completes the
proof of the lemma. O

Lemma 4. Suppose H is a Hilbert space and (e;)ic1, (9:)icr are systems of norm
1 wectors such that (e;, g;) > 0 and spanle;, g;| is orthogonal to spanle;, g;] if i # j.
Suppose, furthermore, that there exists 0 < a < 1 and scalars (a;)ic; such that
a; =11ife;=g; and 0 < a; < a if e; # g;. Then there exist projections Q1, ... ,Qk
(k <e3/(1 —a)) such that Q. ...Q1re; = a;g; for every i € I.
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Proof. Let Iy " {i € I'le; # ¢;}. Let E; = spanfe;,g;]. By Lemma 2(b), it

suffices to show that, for every ¢ € I, there exist projections Pi,..., P, € B(E;)
(k < ¢3/(1 — a)) such that Py...Pie; = a;g;. However, the existence of such
projections follows from Lemma 2(a). |

Lemma 5. Suppose 0 < a <1 andm < n, and let E be an m-dimensional subspace
of t5. Consider w = —aPg, where Pg is the orthogonal projection onto E. Then,
if Pi,..., Py € B({3) are projections such that u = Py ... Py, it follows that k >

n/(2(n —m)(1 —a)).

Proof. Below, I and Ir will stand for the identities on ¢5 and E, respectively. For
1 <5<k set

w; % (PeP;Pi1...Pi~ PuP1... ) ’E = Pp(Pj—I)P;_, .. .Pl‘E € B(E).

Then, u|lg — Ig = 25:1 uj. Hence [[ 32 uj|li = |lulg — Iglli = (1 + a)m, where
|| - ||p stands for the norm in Schatten class S,. Note also that rank P; > m for
1 < j <k; hence ranku; < s = min{m,n —m}.

Consider the polar decomposition u; = 22:1 ej¢ ® fje; in other words, for every
z€E, ujz =Y ,_, fje(x)eje. We may assume that (fj¢)5_, are mutually orthogo-
nal, and (ej¢)j_, are orthonormal for every j. Note also that P; ... Pz is orthogonal
to Pj N Pll' — Pj_l . Pl:zc = (PJ — I)Pj_l . Pll'. Therefore7 ||Pj_1 .. .P11'||2 —
||1P; ... Pix||?> = ||(P; — I)Pj_1 ... Piz||*> > ||ujz||%. Hence,

k
(1= a®lfall® = llall® = 1P Pl = > (111 Pl = 1Py .. Pral?)
j=1
k k
= NI =B Py Pl = Y el P =Y [ fie(e)
j=1 J=1 Jit

Now, let N = ks and define operators v : E — (Y and w : £) — E as follows:
o def (fﬂ(x))je , (((5Jg)) ol e

(here, (8;¢)j.¢ stands for the canonical basis in €5 = (5 @4 £3). Then,

loll = sup (zmz B <vice

[lzl|<
Therefore, ||v]|]2 < v/mv1 — a?. Moreover,
/2 _ o\ 1/2
llwlle = (D llwdsel?) ZH% 1) = Vks.
7,

Note that u = wwv; hence ||u||1 < ||w||2||v]|2. Thus, (1 +a)m < /mVk/sV1 — a2.

Therefore,
> 14+a m _ 14a ' m S n '
“l-as 1—amin{m,n—m} ~ 2(n—m)(l —a)
The proof is now complete. O
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Proof of Theorem 1. Consider an operator u : £§ — {5 of rank m < n. Set a =
[[ul]|'/? < 1;let E = (keru)®, F = ranu. If G is a subspace of £3, Pg will denote
the projection onto G. First, we will introduce an operator w; : E — F such that
l|wi|| < 1, ||w; Y| < 1/a and w; Pg is a product of k < c3/(1 —a) < cg/(1 — ||ul|)
projections.

To produce such a wy, consider the restriction of the projection Pr onto E (Pr|g)
and the polar decomposition of this operator: there exist orthonormal bases (e;),
and (g;), in E and F, respectively, such that Ppe; = b;g; (0 < b; < 1). Since
Pre; =3 (€i,9;)9; = bigi, spanle;, g;] is orthogonal to spanle;, g;] if i # j. Define
a; (1 <i<m) as follows:

@ def 1, €i = Gi,
‘ a, otherwise.

Define wy : E — F by setting wye; = a;g;. Then ||jwi|| < 1, [Jw; || < 1/a and, by
Lemma 4, wy Pg can be represented as a product of at most ¢4 /(1—||u||) projections.

Note that ran (wl_lu) = E. Hence we can write wl_lu|E = wows, where ws : £ —
E is a unitary, w3 : E — E is selfadjoint and ||ws|| = |Jw;  u|p|| < |Jw]|||u]] =
a? < 1. Then, awyPr and ¢~ 'wsPg are normal operators of rank m and norm
< a. By Lemma 3, each of them can be represented as a product of < con/
((n—=m)(1—a)) <csn/((n—m)(1—||u|]])) projections. However, u can be written

as u = (w1 Pg)(aws Pr)(a~ w3 Pg). Therefore, u can be factored into a product of
C4 csn n 1
k< +2 <C
L= {ful] ~(n—=m)(1 — [[ul])

projections. This establishes the upper estimate for M (u). The optimality of this
estimate follows from Lemma 5. O

n—m1l—|ul|

Corollary 6. Suppose u: £y — {5 is a contraction with nontrivial kernel. Then u
is a norm limit of products of projections.

Corollary 7. Suppose X is a finite-dimensional Banach space of dimension more
than 2. Then the following are equivalent:

(1) X is isometric to a Hilbert space.

(2) There exists 0 < a < 1 such that for every operator w : X — X with 1-
dimensional kernel and ||u|| < a and for every € > 0, there exist contractive
idempotents Py, ..., P, € B(X) for which ||u— Py ... Pl| <e.

Proof. (1) = (2) follows from Corollary 6. We need to prove (2) = (1). Suppose,
for the sake of contradiction, that X is not isometric to a Hilbert space. Then, by
the result of Papini (see [P] or Theorem 12.8 of [A]), there exists a subspace E — X
of codimension 1 which is not 1-complemented in X. If E’ is another subspace of
X, define a “quasidistance”
dist(E,E') 4t sup  inf ||z —y]|.
z€E,||z||<1YEE

By Lemma 2.c.8 of [LT], if codim E’ > 2, dist(F, E') > 1. Moreover, dist(E, E') is
equivalent to the Hausdorff distance between ENBy and E'NBy, where Bx stands
for the unit ball of X. By compactness, there exists 4 > 0 such that, whenever
dist(E, E') < §, E’ is not 1-complemented.

We also know there exists a projection P : X — E with ||P]| < 2. Let u =
aP/2. We will show that if Py,... , P, € B(X) are contractive idempotents, then
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[lu—Pi...Pg|| > ad/2. Indeed, let F' =ran P;. Then dist(E, F') > §. On the other
hand, (a/2)Bx N E C uBx. Since, for every x € Bx, P; ... Pyz € F,

2
dist(E,F) = max minlle— f||=-  max min|le— f]||
e€E |le]|[<1 feF G e€FE,|le||[<a/2 fEF

2 2 2
< — max min|le — f|| < = max ||lux — Py ... Pgx|| < =||u— Py ... Pll.
a zeBx feF a r€Bx a

Therefore, ||lu — Py...Pg|| > ad/2 for every choice of contractive idempotents
Py, ..., P;. This contradicts (2). Thus, (2) implies (1). |

Remark. Products of idempotents on a Hilbert space have also been studied (see
[D] or [E]). In particular, J. A. Erdos proved in [E] that every operator u : £5" —
¢5' with nontrivial kernel is a product of idempotents. However, the products
of norms of these idempotents might be very large. More precisely, let F(u) =
inf{||Py|| ... [|Px||| P ... P1 = u} (here, the infimum runs over all positive integers
k and over all k-tuples of idempotents Pi,...,P;). Let E be an n-dimensional
subspace of K;‘H, and denote the orthogonal projection onto it by Pg; let G(b,n) =
F(bPg). If ||u : €5 — €3]] < b, ranku = n < m and b > 1, then, by Theorem 1,
G(b,n) > F(u).

Proposition 8. In the notation of the Remark above, if b > 1 and n is a positive
integer, then G(b,n) = b".

Proof. Suppose E is an n-dimensional subspace of E’ZH'I, I an identity map on
FE, and b is as in the formulation of the proposition. Suppose, furthermore, that

Pi,..., P, : 6571 — 57! are idempotents, for which Py, ... P|g = bI. Clearly,
Py, ..., P, have rank n. Set Fg = E, E; =ranP;, and Q; = Pi|g,_, (1 <i<k).
We will view Ey, ... , E) as copies of £5, and Q; (1 <1 < k) as linear maps between

E;_1 and E;. Note that Q; coincides with the identity map on a subspace H; of
FE;_;1 of dimension n — 1. Moreover, one can show that, if x € E;_; is orthogonal
to H;, then Q;x is orthogonal to Q;H;. Hence, we can identify F; and E;;; in
such a way that Q; = diag{1,...,1,y;,1,...,1} (y; stands on k;-th place). Thus,
|detQ;| = yi| < |Qill < |[|Pi]]. Tf Qg ... Q1 = bl,

0" < [det(Qr ... Q)| < [T |det@i| < TTI|2]]-

On the other hand, fix § > 0, and let Q; = diag{1,...,1,b+4,1,...,1} (b +
0 stands on i-th place, 1 < i < n). Let Pi,...,P; be idempotents such that
ranP; = E; = (kerPiH)J' and Q; = Pi‘Ei .- In this case, ||[P]| = [|Qill = b+ 6
and, for any z € E, ||Py...Piz|| > (b + J)||z||. By Theorem 1, we can find
orthogonal projections Pjy1,..., P, such that Py... PPy .. .P1|E = bI. Thus,
Py...Pyy1 Py ... PPy = bPg. This completes the proof, since § can be chosen to
be arbitrarily small. O

3. INFINITE-DIMENSIONAL RESULTS

In this section we consider products of projections on a separable Hilbert space.
We start by quoting Proposition 2.4 of [KW2]:

Proposition 9. If T is a product of projections, then T = I & S with respect to
KLt® K, where I is the identity on K+ and S is a completely nonunitary contraction
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and a product of projections. In this case, either dimker S = dimker S* = co or
dim K < oo and S is noninvertible with ||S]| < 1.

We have not been able to formulate necessary and sufficient conditions for an
operator on a Hilbert space to be representable as a product of projections. It
turns out that this problem may be quite complicated (see Proposition 14 and the
Remark preceding it). We were, however, able to characterize all the operators of
the form T'= I & S with ||S|| < 1 that are products of projections, and to estimate
the minimal number of projections M (T') necessary to represent such an operator.

Theorem 10. Suppose T : ly — {o is a linear operator and T = I & S with
respect to K+ @ K with ||S|| < 1. Then T is a product of projections if and only if
either dim K < oo and S has nontrivial kernel, or dimker .S = codimran.S = oo.
Moreover, there exists a constant C' such that

M(T) < Cdim K/((dim (ker S))(1 = [|S]]))
if dm K < oo, and M(T) < C/(1 —||5]]) if dim K = oo. These estimates are
optimal: for every a, 0 < a < 1, and for every subspace K — {y of infinite
codimension, there exist operators T = I ® S with ||S|| = a such that M(T) >
dim K /(2(dim (ker S))(1 — a)) (K finite-dimensional) or M(T) > 1/(2(1 —a)) (K
infinite-dimensional).

Here and below, A stands for the norm closure of A C B(s).
Corollary 11. Let P be the set of all products of projections in B(f2). Then
P={I}u(I+K)NBi)U((S+K)nD).
Here, I stands for the identity on €2, K is the set of compact operators, K1 is the
set of compact operators u for which there exists x € {9 such that ux = —x, S is the

set of operators with infinite-dimensional kernel and infinite codimensional range,
and By is the open unit ball of B({3).

To prove Theorem 10, we need the following

Lemma 12. Suppose u : by — o is a linear map and uw = 0 @ aU with respect to
K+ @ K, where dim K = dim K+ = oo, U is a unitary and 0 < |a| < 1. Then u is
a product of projections and M (u) < cg/(1—|a|), where cg is a constant. Moreover,
this estimate is optimal: if 0 < a < 1, Ik is the identity on K and u = 0® (—alk),
then M(u) > 1/(2(1 — a)).

It follows from Theorem 2.5 of [KW2] that u is a product of projections. However,
Kuo and Wu did not estimate the number of projections necessary to represent w.

Proof. Fix orthonormal bases e, es,... and f1, fa,... in K and K=, respectively.
By Lemma 2, there exist projections Py,..., P, (k < ¢1/(1 — y/]a[)) such that
Py ... Pe; = \/m fi for every i. Applying Lemma 2 again, we find projections
Peityoo s Po (6 —k < e1/(1 — +/]a])) such that Py...Pyy1+/lalfi = aUe;. Thus,
u= PgPy... P Pk, where Pk is the projection onto K. This proves that M (u) <

co/ (1 — al).

Now fix a, 0 < a < 1, and set u = 0 ® (—alg) = —aPk. Fix a nonzero x € K.

Then uz = —ax. Define @ : f5 — {3 by setting 4z = —ax, Ulspany)r = 0. Then
M (u) > M(u) and, by Lemma 5, M (@) > 1/(2(1 — a)). This establishes the lower
estimate for M (u). O
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As a direct corollary of Lemma 12 and the proof of Theorem 2.5 of [KW2] we
obtain

Theorem 13. If T = S ® 0 € B({3), where ||S|| < 1 and 0 acts on an infinite-
dimensional space, then T is a product of projections and M(T) < ¢7/(1 — ||S]]),
where ¢7 is a constant.

Proof of Theorem 10. We only need to prove the “only if” part and estimate M (7).
Lemma 2(b) implies that M(T) = M(S), where S is viewed as an element of
B(K). If K is finite-dimensional, ||S|| < 1 and S has nontrivial kernel, S is a
product of projections by Theorem 1; the same theorem gives us the estimates
for M(S). Consider now the case dim K = dimker S = codimranS = oco. Let
E; = (ker S)*, By =ranS. If E; and E5 are finite-dimensional, S is a product of
at most C'/(1 — ||S]|) projections by Theorem 1.

Otherwise, both E; and E5 are infinite-dimensional. It suffices to show that there
exist infinite-dimensional subspaces F; «— E; and F5 — F5 and an isomorphism
U : Fy — F» such that UPp, (here and below, P denotes the projection mapping
K onto its subspace G) is a product of at most ¢; /(1 — ||S||'/3) projections acting
on K and ||U]| < 1, |[UTY]| < ||S]]'/3. Indeed, then there exist operators V; :
Ey — Fy and Va : Fy — Ej such that |[V3]] < [|S]|Y/3, [|[Va|| < ||S]]*/? and S =
VoUVi Pg, = Vo Pr,UPr, Vi Pg, . By Theorem 13, Vi Pg, and V5 Pp, are products of
at most ¢z /(1 —||S||'/3) projections each. Hence S is a product of projections, and
M(S) < M(ViPg,) + M(UPg,) + M(VaPr,) < C/(1 — ||S]).

To produce Fy, F5; and U as above, we begin by selecting orthonormal sys-
tems ey, eq,... and ¢1,92,... in E; and Fs, respectively, in such a way that e;
is orthogonal to g; if ¢ # j. First pick a unit vector ey € Ei. If e € Ey,
set g1 = e;. Otherwise, choose a unit vector gy € FEs arbitrarily. Now consider
E§1) = E1 N (span[ey, fl])L and Eél) = F> N (spanfey, fl])L. In the same fashion,
find unit vectors ep € E%l) and gz € Eél). Proceeding further in this manner, we
obtain two systems of orthonormal vectors — ey, es,... € E1 and g1,9s2,... € Es
such that spanle;, g;] is orthogonal to span[e;, g;] if i # j. We can assume w.l.o.g.
that (e;,g;) > 0. Set F} = spanley,es,...] — Fj and F» = span[g1, g2,...] — Eo.
Let a; = 1 if e; = g;, and a; = ||S]|'/? otherwise. Define U : F; — Fj by setting
Ue; = a;9;. By Lemma 4, UPp, can be represented as a product of no more than
c1/(1 —||S||*/?) projections. Thus, U is the isomorphism we need.

It follows from Lemma 12 that our estimate on M (T') is optimal. O

Proof of Corollary 11. Let Py be the set of products of projections with nontrivial
finite-dimensional kernel, and let P, stand for the set of products in which at least
one projection has infinite-dimensional kernel. Note that if u; € P; and us € P,
then ||u; — uz|| > 1. Therefore, P = I UP; U Ps.

We start by showing that P; = (I+/K;)NB;. By Corollary 6, P; C (I+K1)NB;.
To show the converse inclusion, consider u € P;; then there exists a sequence of
operators u; = I + v; such that [|u;|| < 1, v; is finite-dimensional, u; has nontrivial
kernel (in other words, —1 € o(v;)) and u = lim; o u;. Then u = I + v, where
v = lim;—, o0 vy; ||ul| <1, and v is compact. Moreover, since u is a limit of operators
with nontrivial kernels and the set of noninvertible operators is closed, u itself is
not invertible. In other words, —1 € o(v), and, by F. Riesz’s theorem (see, e.g.,
Theorem VIIL.7.1 of [C]), there exists x € {3 such that va = —z.
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Now we are going to prove that Py = ((S +K) ﬁB_l) Clearly, P, C SNB;. On
the other hand, by Theorem 10, SN By C P3. Therefore, Py =8SNB;. To complete
the proof, we will show that S = S + K. Since, if u € S and w is a finite rank
operator, u+w € S, it is clear that S+ C S. We will prove the opposite inclusion.
Consider v € S. Note first that, for any € > 0, there are projections P and @ with
infinite-dimensional kernels such that ||u — QuP|| < ¢/2 and ||u — Qul| < €. Indeed,
there exists v € S for which ||u—v|| < /4. Let P and @ be projections onto (ker v)*
and Tanv, respectively. Then u—QuP = u—v+QuP —QuP = (u—v)+Q(u—v)P.
Hence |ju — QuP|| < 2||u — v|| < €/2. Moreover, ||Qu — QuP|| < |lu — QuP]|.
Therefore ||u — Qu|| < |[u — QuP|| + ||QuP — Qu|| < e.

Fix u € S. By the reasoning above, we can find projections P; and Q; with
infinite-dimensional kernels such that ||u — QiuP1|| < 1/6 and ||Q1u — QruP|| <
1/3. Pick rank 1 projections p1, ¢ such that ker(I — p1) C ker Py, ker(I — q1) C
ker Q1. Let u1 = (1 — ¢1)u(l —p1) = u — wy, where wy = u — (1 — g1)u(l — p1) =
q1u + upy — quup; is a finite rank operator. Thus, u; € S. We will show that
[lwi]| < 1/2. Indeed,

wi =upr + qu(l —p1) = (u— QruP)p1 + a1 (I — Q1)u(l — p1).

Therefore, ||w1]| < ||u — QruPr|| + ||(I — Q1)u|| < 1/2.

Similarly, there exist projections P and ()2 with infinite-dimensional kernels
such that |ju; — Qau1 P2l < 1/(2-6). We can assume w.l.o.g. that ker (I —p1) C
ker P> and ker (I — q1) C ker Q2. As before, we find rank 1 orthogonal projections
p2 and ¢o orthogonal to p; and ¢1. Set us = (1 — g2)u1(1 — p2) and wy = uy — ua.
As above, we can show that ws is a finite rank operator and ||ws|| < 1/22.

Proceed further in the same manner. After n steps we obtain two sets of mu-
tually orthogonal projections pi,...,p, and ¢i,...,q, and finite rank operators
wy, ... ,wy, such that ||Jwg|| < 1/2F, and u,, = u—w; —...— w, satisfies the condi-
tions keru,, C ker((I —pn)...(I —p1)) and ranu, C ker((I —qn)...(I — q1)), i.e.
dim(keru,) > n and codim(ranwu,) > n. Clearly, the sequence ), wy converges
to a compact operator w. Moreover, dim(ker(u — w)) = codim(ran(u — w)) = occ.
This shows that S € K + S. This completes the proof. O

Remark. In [KW2] it was noted that if T : H — H is a product of k nonnegative
contractions, then, for every x € H,

17 = T)zl* < K2(||]* — | T2]*).

Kuo and Wu conjectured that if T is a product of idempotents and the above
inequality holds for some k, then T is a product of nonnegative contractions (Con-
jecture 3.3). According to [D], T is a product of idempotents if and only if either
of the following holds:

L) T=1I

(2) dimker T' = dimker T = oo;

(3) 0 < dimker T = dimker 7* and dim({z : T2 = 2}*) < <.

Below, we present a counterexample to this conjecture of Kuo and Wu.

Proposition 14. There exists an operator T = u @ 0 : ly Bg o — Lo B2 o such
that ||(I —T)z||? < ||z||> = ||T=||? for every x € £a, but T' cannot be represented as
a product of finitely many nonnegative contractions.
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Proof. Consider a block-diagonal operator

u — dia { (n?—1)/n?> —vn2—-1/n? }OO

- a8 vn2 —1/n?  (n%?—-1)/n?

and set T'=u @ 0. Then v is normal and has eigenvalues a,, and @, (1 <n < o),
where

: 62 - 527
n=1

n?—1 ) i

n? ( + n? —1 ) '

Note that |a,|? =1 —1/n? and |1 — a,| = 1/n. Therefore, for every x € fo ®q lo,
||(I —T)x||*> < ||z||*> — ||Tz||>. Clearly, it suffices to consider the complex case (in
the case of real space, we need to consider its complexification). Then, there exist
eigenvectors ey, ea, ... such that Te, = ane,. We will show that if T7,... , T €
B(H) are nonnegative contractions (H is a Hilbert space) and, for some nonzero
vector e € H, Ty, ... Tie = aqe, then k > v/n2 — 1. This will imply that T' cannot
be represented as a product of nonnegative contractions.

We will assume, w.l.o.g., that ||e]| = 1. Let fo =e, fi =T;...Tre (1 <i < k)
and g; = fit1 — fi (0 < i <k —1). Then (g;, i) = —((I — Tix1)fi, fi) < 0. We
know that Zf;ol gi = (an, — 1)e. Hence

k

Ay =

|
—_

21
S(gi e) = Slan — 1) = T —

n

Il
o

i

(here Sz stands for the imaginary part of z). However, e = f; — Z;;é g;. Thus,

(g9ir€) = (g0 fi) — Yi—0(gi,9;). Hence, S{gie) < |lgill 2325 [lg;|l. Therefore,
(Xiso lloil)? = v =1/n?.

On the other hand, it was shown in [KW2] (see the proof of Proposition 2.1)
that [|gil|* < |Ifil[2 = || fial 2. Thus, 3235 llgil|* < 1—|an|* = 1/n2, which implies
(Zf;ol llg:])? < k/n?. Therefore, k > v/n? — 1. This shows that T defined above
cannot be represented as a product of finitely many nonnegative contractions. [
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