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ABSTRACT. A basic result of B. Maurey and G. Pisier states that Gaussian
and Rademacher averages in a Banach space X are equivalent if and only if X
has finite cotype. We complement this for linear bounded operators between
Banach spaces. For T € L(X,Y), let o(T|Gn,Rn) be the least ¢ such that

n 1/2 n 1/2
(EII > T:vkgk||2> <c (EII > xwkll2> ;
k=1

k=1
where G, = (91,... ,9n) and Ry = (r1,... ,7n) are systems of n independent
standard Gaussian and Rademacher variables, respectively. Let o(T'|Zn, Rn)
be the Rademacher cotype 2 norm of T' computed with n vectors. We prove in-
equalities showing that the asymptotic behaviour of the sequence o(T'|Gn, Rn)
is almost determined by the asymptotic behaviour of the sequence o(T'|Zy, Rn).
In particular, we get

o(T|Gn, Rn) = o(y/1 +logn) if and only if o(T|Zn, Rn) = o(v/n).

1. INTRODUCTION

This paper is motivated by a classical result of B. Maurey and G. Pisier [4]
stating the equivalence of Gaussian and Rademacher averages in Banach spaces of
finite cotype. We investigate in which sense and to what extent this remains true
in the case of linear and bounded operators between Banach spaces.

We use standard Banach space notation. Throughout this paper, X and Y are
Banach spaces. By operator we always mean a linear and bounded operator between
Banach spaces. £(X,Y") denotes the Banach space of all operators from X into Y.
T will always be an operator from X into Y. Since we will need a couple of ideal
norms arising from averages with respect to different orthonormal systems, let us
introduce some convenient general notation adopted from the monograph [5]. Given
two orthonormal systems of n functions A,, = (a1,...,a,) and B, = (b1,... ,by)
in Hilbert spaces La(M, ) and Lo(N, v), respectively, we define o(T'|B,,, A,) as the
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least constant ¢ such that
1/2 1/2

ay | [ISneralan | <c| [13 o)
N k=1 o k=1

whenever z1,... ,x, € X. We write o(X|B,, A,) for o(Ix|B,,A,), where Ix is
the identity of X. Let Z,, be the unit vector basis in {§. Let G, = (g1,... ,9n)
and R,, = (r1,...,ry) be systems of n i.i.d. Rademacher and standard Gaussian
random variables, respectively. Then o(T|Z,, R, ) is the Rademacher cotype 2
norm of 7' computed with n vectors. We use the notation géq) (T\Z,, Ry) for the
Rademacher cotype ¢ norm of T' computed with n vectors, that is, the least ¢ such
that

1/2

n 1/q n
(z mcw) <o (Eu zw)
k=1 k=1

for all z1,...,z, € X.

It is well-known that the sequence o(X|R,, G, ) is bounded for any Banach space
X by a universal constant; see [4]. The mentioned result of B. Maurey and G. Pisier
[4] is the following dichotomy. For a Banach space X, either o(X|G,,, R,,) is bounded
or o(X|Gn,Ryn) < /1 +1logn. The first case occurs iff X has finite cotype, which
means that the sequence ng (T\Zp, Ry) is bounded for some ¢ > 2. In the second
case X has to contain the spaces I uniformly, or, equivalently, o(T|Z,, R.) = /1
for all n. Such a dichotomy is not true for operators. There are examples of diagonal
operators in lo, for which o(T|G,, Ry) =< (1 + logn)® for given 0 < a < 1/2; see
also the examples given in section 4. Nevertheless, the gap between Gaussian and
Rademacher averages in terms of the sequence o(T|G,,R,) is closely related to the
behaviour of the Rademacher cotype norms of T'. In section 3, we show that the
behaviour of the sequence o(T'|G,,R,) for n — oo is almost determined by the
Rademacher cotype 2 norms.

2. BASIC FACTS ON IDEAL NORMS

An ideal norm « assigns to any operator T a nonnegative number «a(T") such
that « is a norm on each component £(X,Y’) and satisfies the ideal norm property

a(BTA) < ||B|la(T)|| Al for A€ L(Xo,X),T € L(X,Y) and B € L(Y,Y)).

We will simply write «(X) for a(Ix). For a systematic treatment of ideal norms
and, in particular, for the facts quoted in this section, we refer the reader to [5].
The maps

Q(BmAn) T — Q(T|Bn7~/4n)

with orthonormal systems A4,, and B;, defined in the introduction are examples of
ideal norms. The index n on an orthonormal system always denotes the cardinality
of the system. To write (1.1) in a more comprehensive way, we use the abbreviation

1/2

bl = {15 as()anlPduts)
k=1

M
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for an orthonormal system A, = (a1,...,a,) C Lo(M,u) and z1,... ,2, € X.
Then (1.1) reads as follows:

I(Tzk)|Bnl| < cll(zx) | Anl|-

Given ideal norms «, § and v, we write a < B oy if a(ST) < B(S)y(T) for any
Banach spaces X, Y, Z and T € L(X,Y) and S € L(Y,Z). Let (a,) and (5,) be
sequences of ideal norms. Then «,, < 3, means that there exists a constant ¢ > 0
such that a,(T) < ¢B,(T) for all operators T and n = 1,2,.... Moreover, a,, =< 3,
is written for a,, < B, and 8, < «,. Similar notation is used for sequences of real
numbers.

Given three orthonormal systems A,,, B,, and C,, the triangle inequality

0(Cn, Arn) < 0(Cyr, Br) © 0(Bn, Ar)

is an immediate consequence of the definition. Furthermore, we have the general
estimate

0(Bn, An) < v/n.

We say that the orthonormal systems A, = (ai1,...,a,) C La(M,u) and B,, =
(b1,...,bn) C Lao(N,v) have identical distributions if for all Borel sets Q C K"

(2.1) u{s € M: (ar(s)) € Q}) =v({t € N: (bi(t)) € Q}).
Here K is the scalar field of either real or complex numbers. In this case
1/2 1/2
1 a@alduts) | = [13 belopmlPavte
o k=1 N k=1
for all x1,...,x, in a Banach space. Hence, for any third orthonormal system C,,,

Q(Anacn) = Q(Bnacn) and Q(CnvAn) = Q(CnaBn)

Let (Xj) be a sequence of Banach spaces. We denote the l5-sum of these spaces
by [l2, Xk], i.e. [l2, Xk] consists of all sequences & = (x) with x; € X for which

1/2
[[2][l2, Xl = <Z kale|2>

k
is finite. If T}, € L(Xy,Yy) for k = 1,2,... with sup ||Tk|| < oo, we let [l2,Tx] €
L([l2, Xk], [l2, Yr]) be the diagonal operator that maps a sequence (xg) to the se-
quence (Tixy). «is said to be ly-stable if a([la, Tk]) = supy, a(T}) for every sequence
Ty € L(X, Yy) such that sup,, a(Tx) < oo. The ideal norms o(B,,, A,,) are lo-stable.
3. GAUSSIAN AND RADEMACHER AVERAGES

Let v, be the canonical Gaussian measure on R™ defined by

Zaﬁ)dal ...doy,
k=1

N =

1m(B) = (2m) " [ exp(-
B
for Borel sets B C R". We simply write v for ;. We consider the Gaussian system
Gn = (g1,--. ,9n) as the system of coordinate functionals on (R™,v,), gi(s) = ok
for s = (01,... ,0,) € R™
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First of all, we provide some elementary facts about the distribution function
2 2
D(u) =~v{oc €R:|o| > u} =1/ = [ exp(—0°/2)do for u > 0.
m

D is decreasing and D(0) = 1. It follows from

o0

D(u) = \/g exp(—u?/2) / exp(—ur — 72)dr

0
that

(3.1) D(u) < exp(—u?/2).
Hence, for ¢ > 1,

o0

(3.2) 7D(u)1/qdu < /exp(—u2/2q)du = \/?
0 0

Moreover, it follows with the substitution

2
v™' = D(u) and v 2*dv = \/jexp(—u2/2)du
™
and (3.1) that

/D(u)l/Qdu = g / v_5/2exp(u2/2)dv§\/§ / v ™32

D(a)~? D(a)~1
(3.3) = V2rxD(a)"?
Integration by parts yields
o0 1 o0
/exp(—a2/2)do = —exp(—u?/2) —/0_2 exp(—0?/2)do
U
_ (1oL exp(—u?/2) + 3/0‘4 exp(—o?/2)do.
u  ud

Consequently, we arrive at the classical estimate
1 1 9 I 1 9
(3~ ) et/ <\ /5000 < J e/
Since
2 /1 1
2 2
exp(l —u?) < - <E - $> exp(—u“/2) for u > 3,

we conclude that
\/gv_l exp(u?/2) <u™' < (1 +logv) /2

Defining 0 = uy < ug < ... by D(u,,)~! = m, we get
(3.4) Um > (1 + logm)!/?
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and
Wt m+1 m+1
/D(u)l/zdu = \/§/0_5/Zexp(u2/2)dv< /U_3/2(1+10gv)_1/2dv

< m73 1+ logm)_l/2
for m large enough to ensure w,, > 3. This proves that
Um+1
(3.5) / D) 2du < m=32(1 + log m)~1/2.

The next two lemmas lead to the inequalities between the ideal norms 0(G,,, Ry)
and o(Z,,R,) in Theorem 3.3. The idea of the proof goes back to Kwapien; see
[3], pp. 251-252.

Let A be a measurable subset of R such that m—+1 < v(4) < L for some
=1,2,.... We denote the indicator function of A by c4. Now we define functions
c‘f‘,... ,c2 on R by

A (s) = y(A)"Y2¢ (op) for s = (01,... ,0n) and k=1,... ,n

The system CA®R, = (c{'®r1,... ,cA®r,) is orthonormal in Ly (R™ x [0, 1], 7, X A),
where A is the Lebesgue measure on [0, 1].

Lemma 3.1. With the above introduced notation, we have
0(CL @Ry, Ru) < V20(Zin, Ron).

Proof. We choose mutually disjoint subsets A; = A, As,... , A, in R such that
v(Ap) = v(A) for h = 1,...,m. Since the systems CA* ® R, have identical
distributions, we conclude that

1 m
Tap)|Ch @ Rull® = — Tap)|Ch" @ Ry ?
I(T24)[Col ® Rn* = — > [[(T2k)|Ci" @ Ra

h=1
m//ZHZka )i ()|[2dry (5)dt
0 g h=1 k=l
< oM R) ///nzm ch ) (w)|2dudn (5)dt
En 0 k=

We observe that
<y(A)7H2,

ch

since Aq,... , A, are mutually disjoint. Then the contraction principle tells us that

/ I3 aur3 el G 50 Rl

Hence

[(Tz1)[C;t @ Rull < (my(A)) ™ 20(T| T, Ron) | () IRl
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implies that

1
m

Finally, m;-i-l <v(A) <

1 2
— < < 2v(A).
m - m+1 7(4)
So we get
[(Tr)|C;t @ Rl < V20(T|Zon, Ron) || (1) | R
A look at the definition of o(T'|C2 ® R, R,) finishes the proof. |
oo Um+1
Lemma 3.2. 0(Gn,Rn) <vV2 Y. [ /DWw)duo(Zpm, Rum).
m=1 wu,,

Proof. We let A, = {0 € R: |o| > u} for u > 0 and note that D(u) = y(A,). Now
we observe that

lgr(s)| = |ok] :/\/W(Au)c?“(s)du for s=(01,...,0n) €ER"and k=1,... ,n.
0

Letting |G| @ Ry = (|g1] ® 71, -+, |gn] @ r2), it follows from Lemma 3.1 that
ITalignl o Rall < [ VAT T ) ICR @ R
0
0o Um+1
< V2Y [ VAR T R 1) Rl
m=1 U

The observation that the systems |G,| ® R, and G,, have identical distributions
finishes the proof. O

We now come to the announced inequalities.

Theorem 3.3.

 nax (IHloem)20(T, Rim) < 0(Gny Rn) < Z m_3/2(1 + logm)_l/QQ(Im,Rm).
sm=n m=1

Moreover, there exists a constant ¢ > 1 such that for 2 < ¢ < 0o

Q(gna Rn) < C\/EQSJ) (Ina Rn)

Proof. Let M be an n-dimensional subspace of X and denote the inclusion map of
M in X by J5X. John’s theorem (see [6], p. 54) tells us that d(M,13) < y/n. Hence

o(T I3 T Rm) < TN d(M,15)0(13 | Tim, Rin) < V/nl|T |



RADEMACHER AND GAUSSIAN AVERAGES AND RADEMACHER COTYPE 209

for m =1,2,.... Then it follows from Lemma 3.2 and (3.3) that

n Um+1
o(TTig|Gn R) <vV2 > [ D) ?dug(T I3 | T, Run)
m=1 u

m

0o Um+1
+ V2 Y D(w)?duo(T IS\ T, Run)
m=n+1 U,

u
n m-+1

VIS, [ D@ et R + B0 [ DO T

m=1
Um, Un+1

IN

n Um 41

VEY. [ D@ duglT T Ro) + 20T

m=1 U,

IN

Since
o(T|Gn, Ry) = sup{o(TJ3%|Gn, Rn) : M n-dimensional subspace of X},

we obtain

n Um+1

(3.6) o(T|Gn, Ri) < > /D(u)1/2dug(T|Im,Rm).

m=1
Um,

Then the upper estimate in the first part of the assertion is a consequence of in-
equality (3.5). The second assertion can be seen as follows. For ¢ > 2, we conclude
from Holder’s inequality that
(T, Rim) < ml/Q_l/ngQ) (Zn, Rin).-
Moreover,
m'/27Y9 < D(uy)V 72 < D(w)Y7Y? for w > .

By (3.2) and (3.6),

Un 41

0(Gny Rn) < / D(u)V1duos (T, Rn) < /305 (Tn, Ron).

0

Finally, we make use of the estimate
ml/2

(1+ logm)1/2
which we state without proof. This well-known fact can be found in [5]. Then the
triangle inequality implies

0(Zm, Gm) <

ml/2

0(Zin, Rim) < 0(Zim, Gm) © 0(Gm, Rim) < 173 2(Gn, Ran)

(1 +logm)
which proves the lower estimate. O

Remark 3.4. The factor /g in the second inequality of the preceding theorem gives
the right order of magnitude for ¢ — oco. In fact, using the identity of I, for some
n satisfying e?=! < n < e9, we conclude from Example 4.4 that

0(I|Gn, Rn) = (1 +logn)/? > /g and ng) (I |Zn, Ry) =0t/ < e.
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The lower and upper estimates in the first assertion of the theorem are quite close
as will be also indicated in the next section. However, in all checked examples
actually the lower estimate is attained up to a constant. So the question arises
whether the Rademacher cotype ideal norms exactly determine the behaviour of
the sequence 9(G,,R,). More precisely, do we even have

_ (1 +logm)'/2
oGn Rn) = % i

4. APPLICATIONS

It is well-known that

0(Gns Ra) < /T + logn.

This also follows from Theorem 3.3. Indeed, we conclude from the right hand
inequality in this theorem that

0(Gn,Rn) =< Z m~3/2(1 4 logm) Y2 0(Zm, Rm) < Z m~ (1 4 logm) /2

m=1 m=1

= (1+1logn)t/2

For a convenient formulation of the main result of this paper let us introduce the
following operator ideals. For 2 < ¢ < oo, let RC, denote the ideal of Rademacher

cotype ¢ operators, that is, 7' € RC, if the sequence géq) (TZn, Ry) is bounded.
We say that T has Rademacher subcotype if o(T|Z,,R,) = o(y/n). The ideal of
Rademacher subcotype operators is denoted by RC. Finally, let GR and QGR be
the ideals of all operators T satisfying

o(T|Gn, Ry) = O(1) and o(T|Gn, Rn) = o(+/1 + logn), respectively.

Theorem 4.1. |J RC, CGR C QGR =TRC.

2<g<o0

Proof. The second assertion in Theorem 3.3 implies that

U Rrc,cgr

2<g<o0

GR C QOGR is trivial. The lower estimate in the first assertion in Theorem 3.3
yields QGR C RC. Finally, the reverse inclusion is a consequence of the upper
estimate there. Indeed, given T' € RC and £ > 0, we successively choose mg and
ng such that

1 +logmg <2

o(T| T, Rin) < em'/? for m > mo and T logny =
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Then we get for n > ng that

mo
o(T|Gn,Rn) < Zm_3/2(1+10gm)_1/2Q(T|Im,Rm)

m=1

+ > mT (1 4 logm) T2 o(T | T, Ron)

m=mo+1
n

mo
< > omT M1 +logm) 2T+ Y mT(1+logm)
m=1

m=mo+1
< (14 logmo)Y?||T| + e(1 4+ logn)*/2 < &(||T|| + 1)(1 4 logn)*/2.
O
Remark 4.2. Note that Theorem 4.1 implies the dichotomy due to Maurey and
Pisier mentioned in the introduction. Indeed, it is well-known from [4] that, for a

Banach space X, Idx € RC implies Idx € RC|, for some ¢ < co. We also refer to
[1] for an elementary proof of this fact. Hence we get from Theorem 4.1

Idx € RC <= Idx € QGR <= Idx € GR <= Idx € RC for some ¢ < c0.

Moreover, these conditions are equivalent to the condition that X does not contain
the spaces 7, uniformly.

We now prepare examples of diagonal operators in {lg,lgﬂ showing that the

inclusions in Theorem 4.1 are strict. The following examples should be well-known.
For a proof of the first one, we refer the reader to [5].

Example 4.3. o(IN|Z,,,R,,) = min{v/N, /n}.
Example 4.4. o(IY|G,, R,) < min{y/T +log N, /T + logn}.
Proof. Let M = min{N,n}. It follows from Theorem 3.3 and Example 4.3 that

Q(lévolgnaRn) = Z m_3/2(1 + log m)_1/29(l(]>vo|ImaRm)

m=1
n

= Z m~32(1 +logm)~? min{V'N, vm}

m=1

m~ (1 +logm)" Y2+ VN Z m3/?

NE

<
m=1 m=N+1
< /1+logM.
For the reverse estimate, let uy, ... ,ux be the unit vector basis of [ and observe
that || (ux)|Ras|| = 1. Since
o 1/2
M
l(ue) Gl = 1> 9™ (s)unlPdas (s)
g k=1
1/2

_ (M) 2
= nax lgn (s)|dvar(s) ,
RM
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we conclude that

1/2
N > (M > (M) y[2
0(lso1Gn, Rn) = 0(log|Gars Rar) = (Dax g () "dya (s)
RM
Finally, we have
1/2
max |g,(€M) (5)[2dyas(s) < /1+log M;
1<k<M
RM
see [3], p. 80. O

Now the following example shows that the inclusions in Theorem 4.1 are strict.
Example 4.5. For 0 < o < 1/2, we consider the diagonal operator
Dy : [12,122] — [zg,zgj]
(k) — (K" %p).
Then
Dy €GR\ |J RC,and D, € QGR\GR for 0 < < 1/2.

2<g<oo

Proof. Tt follows from the l-stability of o(G,,R,) and Example 4.4 that

0(Do|Gn,Rr) = sup k_o‘g(lgz |Gy Rin) = sup k™% min{\/1 + logn, Vk}
k k
= (1+logn)/? e,
Hence

Dy € GRand D, € QGR\GR for 0 < o < 1/2.
Furthermore, the lo-stability of o(Z,, R,) and Example 4.3 imply that

0(DalZn, Ru) = sup k= 0(1% | Za, Ron)
k
= sup k™ min{y/n, 2"/2} < \/n(1 + logn) .
k
Then we conclude from Hélder’s inequality that

8 (DT, R) = 09712 0(Dy|T0, Ry) = 0/ (1 + logn) ™.
This shows that D, ¢ RC, for any ¢ < oco. O
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