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Abstract. This paper answers a question on the existence of free actions on
products of symmetric powers of even-spheres. The main objective is to show
that a finite group G acts freely on a finite product of symmetric powers of
even-dimensional spheres iff it can act freely on a suitable product of even-
dimensional spheres themselves.

1. Introduction

Let S2d, d ≥ 1, denote the 2d-dimensional sphere, and for any h ≥ 1, let
SPh(S2d) denote the orbit space of the Cartesian product

∏h
1 (S2d) under the ob-

vious action of the symmetric group of degree h. Then this orbit space SPh(S2d) is
called the h-fold symmetric power of S2d (see Dold [6], p. 60). In case h = 1, it is
obviously the sphere S2d itself, and in case h > 1 and d = 1, SP h(S2) is the com-
plex projective space CP h. In general, it is well known that its rational cohomology
algebra H∗(SP h(S2d); Q) is a truncated polynomial algebra Q[x]/(xh+1) where the
degree of x is 2d and the height of x is h, in the sense that xh 6= 0 but xh+1 = 0
in H∗(SP h(S2d); Q) (see Dold [7]). As in the familiar case of the even-dimensional
sphere S2d, it follows from the Lefschetz Fixed Point Theorem that the only finite
group G which can act freely on SPh(S2d) is G ∼= Z2; and in that case h has to be
an odd integer. Conversely, M. Hoffman [8] has shown that there is a free action of
G = Z2 on SP h(S2d) for any h-odd and any positive integer d.

Cusick [3], [4] has shown that if a finite group G acts freely on
∏m

1 (CP hi)si

or
∏m

1 (S2di)si , then G is a 2-group. Generalizing this result M. Hoffman [8] has
shown that if G is a finite group acting freely on an arbitrary product of symmetric
powers of even-dimensional spheres, then G is a 2-group. It appears that perhaps,
different 2-groups can act freely on different symmetric powers of even-dimensional
spheres depending on their degrees 2di and heights hi. In this paper we show that
the class of finite groups which can act freely on any product of symmetric powers of
even spheres is precisely the class of finite groups which can act freely on a suitable
product of even-dimensional spheres.
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Let X be a product of symmetric powers of even-dimensional spheres. First we
note that such an arbitrary product will be of the form

X =
m∏

i=1

ni∏
j=1

(SP hij (S2di))sij

where we allow di to vary in strictly increasing order, and for each fixed di, we allow
hij to also vary in strictly increasing order: The powers sij represent the number
(or size) of generators of the rational cohomology algebra of X which are of degree
2di and height hij and are given for every given pair (hij , di) of positive integers.
The special case of product of even-dimensional spheres (viz. when hij = 1) will
look like

Y =
m∏

i=1

(S2di)si

whereas the case of product of complex projective spaces (viz. di = 1) will look like

Z =
m∏

i=1

(CP hi)si .

With these notations, M. Hoffman’s result says that if a finite group G acts freely
on a CW-complex having the same homotopy type as X , then G must be a 2-group.
As mentioned earlier, the same result, for the special cases of CW-complex having
the homotopy type of Y and Z, was proved by L. Cusick [3], [4].

Given the space X , let Y be the product of even-dimensional spheres, defined
by

Y =
m∏

i=1

ni∏
j=1

(S2dihij+(2d1h1n1+···+2di−1hi−1ni−1 ))sij ,

with the assumption that 2d1h1n1 + · · · + 2di−1hi−1ni−1 = 0 if i = 1. The main
result of this paper (Theorem 3.1) will assert that a finite group G acts freely on
a CW-complex having the homotopy type of X iff it acts freely on a CW-complex
having the homotopy type of Y . In particular, the class of finite groups which
can act freely on an arbitrary finite product of symmetric powers of even spheres is
precisely the class of finite groups which can act freely on a suitable finite product of
even-dimensional spheres. In other words, the apparent enlargement of the class of
CW-complexes by taking products of symmetric powers of even-dimensional spheres
does not really enlarge the class of finite groups which can act freely on such spaces
as compared to the class, which can act freely on only products of even-dimensional
spheres.

The authors are thankful to the referee for suggesting some improvements in our
exposition.

2. Automorphism groups of rational cohomology algebras
acting on a space

In this paper, we consider only finite (more generally, discrete) group actions
on topological spaces unless stated otherwise. Let X , Y be two topological spaces,
and H∗(X ; Q), H∗(Y ; Q) denote the rational cohomology algebras of X and Y re-
spectively. Suppose G′ is a discrete topological group acting on Y and the group
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Aut(H∗(X ; Q)) of automorphisms of the rational cohomology algebra of X is con-
tained in G′. Then for any discrete group G which acts on X , there is an induced
action of G on Y defined as follows:

g.y = g∗.y.(1)

Here g∗ is the automorphism of H∗(X ; Q) induced by the homeomorphism x → g.x
defined by the action of G on X ; the action on the right is the given action of G′

on Y .

Proposition 2.1. Let X, Y be two spaces. Suppose for some coefficient Λ, the
groups Homeo(X) and Homeo(Y ) have faithful induced representations in the au-
tomorphism groups Aut(H∗(X ; Λ)) and Aut(H∗(Y ; Λ)), each of which is isomor-
phic to a group G′ which acts effectively (resp. freely) on X as well as Y . Then a
group G can act effectively (resp. freely) on X iff it can act effectively (resp. freely)
on Y.

Proof. Case I. Suppose G acts effectively on X . Then the induced homomorphim
ρ : G → Homeo(X) is injective. This implies, by our hypothesis, that the induced
homomorphism ρ′ : G → Aut(H∗(X ; Λ)) = G′ is an injection. Since G′ acts on Y
effectively, the induced homomorphism ρ′′ : G′ → Homeo(Y ) is also injective. This
means that the composite homomorphism ρ′′ ◦ρ′ : G → Homeo(Y ) is injective, and
so equation (1) defines an effective action of G on Y . The converse is now similarly
obvious.

Case II. Suppose G acts freely on X . Since G′ acts freely on Y , every nonidentity
element of G′ moves every point of Y . Since G acts freely on X , the homomorphism
ρ′ : G → G′ is a faithful representation of G in G′, and so it follows that every
nonidentity element of G also acts freely on Y . The converse is now similarly
obvious.

The proof of the following is now evident and hence omitted.

Proposition 2.2. Suppose X and Y are two spaces. For some coefficient Λ, sup-
pose the groups Homeo(X) and Homeo(Y ) have faithful induced representations
in the automorphism groups Aut(H∗(X ; Λ)) and Aut(H∗(Y ; Λ)) each of which is
isomorphic to a group G′, which acts on X and Y both. Let G be a finite group
which acts on spaces X and Y and let ρ : G → G′ be the induced representation.
Suppose S is a subset of G′ satisfying the condition that if g ∈ G acts freely on
X or Y , then ρ(g) ∈ S and every element of S acts freely on X and Y under the
induced action from G′. Then G acts on X freely iff it acts on Y freely.

Recall that if G is a finite group, then the symmetric group
∑

n of degree n acts
on the n-fold direct product group

∏n
1 G. The semidirect product of Gn and

∑
n

is denoted by
∑

n

∫
G and is called the n-fold Wreath product of G by itself. Let

G act on a space X freely. Then the Wreath product
∑

n

∫
G acts on the product

space Xn by the action

(g1, . . . , gn; σ).(x1, . . . , xn) = (g1.xσ−1(1), . . . , gn.xσ−1(n)).

More generally, if a finite group G acts freely on the spaces X1, . . . , Xk and
n1, . . . , nk are positive integers, then the direct product group

∑
n1

∫
G × · · · ×∑

nk

∫
G acts on the product space Xn1

1 × · · · ×Xnk

k by the product action.
It is easily seen that even if G acts on X freely, the Wreath product

∑
n

∫
G need

not act freely on Xn, but some elements of
∑

n

∫
G can act freely on Xn, i.e., can
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move every element of Xn. To determine such elements we require the following
definition.

Definition 2.1. We say that an element (g1, . . . , gn; σ) ∈ ∑
n

∫
G satisfies the

cycle condition if for some cycle (i, σ(i), . . . , σl−1(i)) of σ,

gi.gσ−1(i). · · · .gσ1−l(i) 6= identity.

Observe that if groups G1, . . . , Gn act on spaces X1, . . . , Xn respectively, then
the product group G1 × · · · × Gn acts on the product space X1 × · · · ×Xn under
the product action. Also note that an element (g1, . . . , gn) moves every point of
X1×· · ·×Xn iff there exists a gi which moves every element of Xi: to see this note
that if gi moves every point of Xi, then clearly (g1, . . . , gi, . . . , gn) will move any
point (x1, . . . , xi, . . . , xn) of the product because xi 6= gi.xi. Conversely suppose
there is no such gi. This means for all j = 1, . . . , n, ∃ aj ∈ Xj such that gj .aj = aj .
But then, by definition, (g1, . . . , gn).(a1, . . . , an) = (a1, . . . , an), a contradiction to
the fact that (g1, . . . , gn) moves every point of the product.

Now we consider the product group∑
n1

∫
G× · · · ×∑

nk

∫
G

where n1, . . . , nk are any k positive integers. Since all of the symmetric groups∑
n1

, . . . ,
∑

nk
can be considered as subgroups of the symmetric group

∑
n where

n = n1 + · · ·+ nk (by making symbols disjoint), an element

((g1, . . . , gn1 ; σn1), . . . , (h1, . . . , hnk
; σnk

))

of the product group can really be considered as

((g1 · · · gn1), . . . , (h1 · · ·hnk
); σn1 ◦ · · · ◦ σnk

)

which is an element of
∑

n

∫
(G1 × · · · ×Gk). Note that σn1 , . . . , σnk

all commute
among themselves. Now to say that the above element satisfies a cycle condition
really means there exists a cycle of

∑
n (and hence a cycle of

∑
ni

for some i) such
that the product of required elements of the group G for the cycle condition is
not the identity element of Gi. This, in turn, will mean that Gi satisfies the cycle
condition. Conversely, if

∑
ni

∫
Gi satisfies the cycle condition for some i, then

evidently, the above product group
∏ ∑

ni

∫
Gi also satisfies the cycle condition.

Now we prove the following known (cf. [8, p. 380]) general result in which we
characterize the elements of the direct product

∑
n1

∫
G×· · ·×∑

nk

∫
G which can

act freely on Xn1
1 × · · · ×Xnk

k , in terms of the cycle condition.

Theorem 2.1. Suppose G acts freely on each of the spaces X1, . . . , Xk and let
n1, . . . , nk be positive integers. Then a subgroup of the direct product

∑
n1

∫
G ×

· · ·×∑
nk

∫
G acts freely on Xn1

1 × · · ·×Xnk

k iff all its nonidentity elements satisfy
the cycle condition.

Proof. Let S be a subgroup of the direct product group
∑

n1

∫
G× · · · ×∑

nk

∫
G

and γ = (γ1, . . . , γk) ∈ S be a nonidentity element of the group S satisfying the
cycle condition. This means there exists a j, 1 ≤ j ≤ k, such that γj ∈

∑
nj

∫
G

satisfies the cycle condition. We show that γj moves every point of the space X
nj

j . If
possible suppose γj = (g1, . . . , gnj ; σj) ∈

∑
nj

∫
G fixes some (x1, . . . , xnj ) ∈ X

nj

j ,
i.e.,

(g1, . . . , gnj ; σj).(x1, . . . , xnj ) = (x1, . . . , xnj ).
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This implies

(g1.xσ−1
j (1), . . . , gnj .xσ−1

j (nj)
) = (x1, . . . , xnj ).

If σj is a cycle of length l, satisfying the cycle condition, then we find that

xi = gi.xσ−1
j (i) = · · · = gigσ−1

j (i) · · · gσ1−l
j (i).xi.(2)

This shows that gigσ−1
j (i) · · · gσ1−l

j (i) = identity, a contradiction. Thus γj acts freely

on X
nj

j and hence γ = (γ1, . . . , γk) acts freely on X .
Conversely suppose S is a subgroup of the direct product

∑
n1

∫
G×· · ·×∑

nk

∫
G

which acts freely on X , and γ = (γ1, . . . , γk) is any nonidentity element of the group
S. Then we show that γ satisfies the cycle condition. For this we have to show that
for some j, 1 ≤ j ≤ k, γj satisfies the cycle condition. If possible, suppose for all
j, 1 ≤ j ≤ k, γj = (g1, . . . , gnj ; σj) ∈

∑
nj

∫
G does not satisfy the cycle condition.

This means for every cycle (i, σj(i), . . . , σl−1
j (i)) of σj , we have

gigσ−1
j (i) · · · gσ1−l

j (i) = identity.

Now we choose x0 ∈ Xj and define an element (x1, . . . , xnj ) ∈ X
nj

j by xi =
x0, xσj(i) = gσj(i).x0, xσ2

j (i) = gσ2
j (i)gσj(i).x0, . . . , and so on, for every cycle

(i, σj(i), . . . , σl−1
j (i)) of σj . Then from equation (2), we find that gi.xσ−1

j (i) = xi,

i.e., xj = (x1, . . . , xnj ) ∈ X
nj

j is a fixed point of γj = (g1, . . . , gnj ; σj). For
each j, we choose such a point xj ∈ X

nj

j such that γj .xj = xj . This shows that
x = (x1, . . . , xk) ∈ X is a fixed point of γ = (γ1, . . . , γk) ∈ S, a contradiction to
the free action of S on X .

3. Free actions on products of symmetric powers of even spheres

Let us first consider the two product spaces

X =
m∏

i=1

ni∏
j=1

(SP hij (S2di))sij

and

X ′ =
m∏

i=1

ni∏
j=1

(SP h′ij (S2d′i))sij ,

where without loss of generality we can assume that both di and d′i are arranged
in strictly increasing order, and for each given di (resp d′i), hij (resp h′

ij) are also
arranged in strictly increasing order. Note that powers sij for each symmetric
product remain the same. Obviously the rational cohomology algebras of both X
and X ′ need not be isomorphic since they depend on the degrees 2di as well as
heights hij of symmetric powers. However, we have:

Proposition 3.1. Given the two spaces X and X ′ as above, the group of automor-
phisms of their rational cohomology algebras are isomorphic.

Proof. Recall that for a given integer n, Σn denotes the symmetric group of degree
n, and Σn

∫
Z2 denotes the n-fold Wreath product of the multiplicative group Z2.

If
Q[x1, ...., xn]/(xh

1 , xh
2 , ...., xh

n)
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is a truncated rational polynomial algebra where degrees of each generator xi are d
and heights are h, then any mapping which takes an xi to aixσ(i), where σ ∈ Σn and
ai ∈ Q∗, the set of nonzero elements of Q, will evidently define an automorphism
of the above truncated polynomial algebra. Since automorphisms of the above
algebra cannot change the degrees of elements, and are themselves completely de-
termined by generators, the converse is also easily verified [5]. Therefore, it should
now be clear that an automorphism of the above truncated polynomial algebra is
independent of the degree as well as height of the generators.

Note that the rational cohomology algebra of the space X is simply the tensor
product of the rational cohomology algebras of the symmetric powers viz. Xij =
(SP hij (S2di))sij . We know that the rational cohomology algebra of the space Xij

is a truncated polynomial algebra on sij generators each of degree 2di and height
hij , i.e.,

H∗(Xij ; Q) = Q[x1, . . . , xsij ]/(xhij

1 , . . . , xhij
sij

).

Therefore, in view of our beginning remarks, the group of automorphisms of
H∗(Xij ; Q) is isomorphic to the Wreath product

∑
sij

∫
Q∗ which is independent

of the degree 2di and height hij . Also, if A and B are two Q-algebras and every
automorphism of their tensor product maps elements of A into A and elements of
B into B, then clearly

Aut(A⊗B) ' Aut(A)×Aut(B).

It follows, therefore, that

Aut(H∗(X ; Q)) ∼=
m∏

i=1

ni∏
j=1

Aut(H∗(Xij ; Q))

=
m∏

i=1

ni∏
j=1

(
∑

sij

∫
Q∗).

By a similar argument, we have

Aut(H∗(X ′; Q)) ∼=
m∏

i=1

ni∏
j=1

(
∑

sij

∫
Q∗),

which completes the proof.

Let us denote the direct product group
∏m

i=1

∏ni

j=1

∑
sij

∫
Z2 by G. Then we

note that the group G being the direct product of a finite number of finite groups is
finite and is a subgroup of the above automorphism group because Z2 ⊆ Q∗. Next,
we have:

Proposition 3.2. Let

X =
m∏

i=1

ni∏
j=1

(SP hij (S2di))sij

and

X ′ =
m∏

i=1

ni∏
j=1

(SP h′ij (S2d′i))sij
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be two spaces. If hij and h′
ij are odd for all i and j, then there is a natural action

of the finite group G on X and X ′ both induced by Hoffman’s free action of Z2 on
SP hij(S2di) and SP h′ij(S2d′i) respectively.

Proof. For each pair (i, j) since hij is odd, there is a free action of Z2 on SPhij (S2di)
(see Hoffman [8], p. 385). Consequently, for every positive integer sij the group∑

sij

∫
Z2 acts on the product space (SPhij (S2di))sij by the action

(a1, . . . , asij ; σ).(x1, . . . , xsij ) = (a1.xσ−1(1), . . . , asij .xσ−1(sij)).

But then the group G acts on the product space X =
∏m

i=1

∏ni

j=1(SP hij (S2di))sij

by the product action.
A similar argument gives an action of the group G on X ′.

Next we have:

Proposition 3.3. Let X and X ′ be the two spaces as defined above. Then a finite
group G acts on X freely iff it acts on X ′ freely.

Proof. By Proposition 3.1 first we note that the automorphism group of the rational
cohomology algebras of X and X ′ are isomorphic. In fact

Aut(H∗(X ; Q)) ∼= Aut(H∗(X ′; Q)) ⊃
m∏

i=1

ni∏
j=1

(
∑

sij

∫
Z2) = G.

From Proposition 3.2, it is clear that the group G acts on both the spaces X and
X ′. Let S be the set of elements in G which satisfy the cycle condition. Now
suppose G acts freely on X . Let ρ : G → G be the representation of G in G. For
any g(6= e) ∈ G, assume that ρ(g) =

∏m
i=1

∏ni

j=1(a1, . . . , asij ; σsij ). Since G acts
freely on X , the Lefschetz number L(g∗) of the automorphism g∗ : H∗(X ; Q) →
H∗(X ; Q) must vanish, i.e., L(g∗) = 0. Then from Theorem 3.2 of Hoffman [8] it
follows that for some i, j we have a1. · · · .asij = −1. This means that the element
(a1, . . . , asij ; σsij ) ∈ G satisfies the cycle condition, which implies that ρ(g) in G
satisfies the cycle condition and so ρ(g) ∈ S and also ρ is faithful. Since every
element of S satisfies the cycle condition, from Theorem 2.1, it follows that every
element of S acts freely on X and X ′ under the induced action of G. Therefore
from Proposition 2.2, G acts freely on X ′.

By a similar argument we can prove that, if G acts freely on X ′, then it acts
freely on X .

Finally we have our main result:

Theorem 3.1. Let

X =
m∏

i=1

ni∏
j=1

(SP hij (S2di))sij

and

Y =
m∏

i=1

ni∏
j=1

(S2dihij+(2d1h1n1+···+2di−1hi−1ni−1 ))sij

be two spaces, where the hij’s are all odd. Then a finite group G acts on X freely
iff it acts on Y freely.
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Proof. First we observe that the rational cohomology algebra of the space Y is
a tensor product of the truncated polynomial algebra on sij generators of degree
2dihij + (2d1h1n1 + · · ·+ 2di−1hi−1ni−1) and of height 1. Hence as explained in the
proof of Proposition 3.1, we have

Aut(H∗(Y ; Q)) ∼=
m∏

i=1

ni∏
j=1

(
∑

sij

∫
Q∗).

Also
Aut(H∗(X ; Q)) ∼= Aut(H∗(Y ; Q)) ⊃ G.

Since Z2 acts freely on any even-dimensional sphere, the group G acts on the space
Y . Let S be the set of elements in G satisfying the cycle condition. Then from
Theorem 2.1, every element of S acts freely on both the spaces X and Y under the
induced action from G.

Now suppose G acts freely on X or Y . Let ρ : G → G be the representation of G
in G. Then for any nonidentity element g ∈ G, the Lefschetz number of the induced
automorphism g∗ must be zero. From this it follows that ρ(g) in G satisfies the
cycle condition and the representation ρ is faithful. Thus we find that ρ(G) ⊂ S.
Hence by Proposition 3.3, we find that G acts freely on X iff it acts freely on Y .

Corollary 3.1. Let X be the product of odd-dimensional complex projective spaces,
i.e.,

X = (CP h1)s1 × · · · × (CP hm)sm

where the hi’s are all odd integers and Y is the product of even-dimensional spheres,
viz.

Y = (S2h1)s1 × · · · × (S2hm)sm .

Suppose G is a finite group. Then G acts freely on X, iff it acts freely on Y .
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