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ABSTRACT. In this paper, we obtain equivalent conditions relating oblique pro-
jections to biorthogonal Riesz bases and angles between closed linear subspaces
of a Hilbert space. We also prove an extension theorem in the biorthogonal
setting, which leads to biorthogonal multiwavelets.

1. INTRODUCTION

In recent developments in wavelet analysis, many significant results have been
obtained using the powerful tool of Fourier transform on the Hilbert space L?(R?) of
square integrable complex-valued functions on R®. However, it is not clear whether
analogous results are still valid in domains, other than L?(R%), where Fourier trans-
form is no longer available.

In an effort to get a better understanding of the problem, in a series of papers ([5],
[9] and [6]) we try to extract the essence of the underlying problem by considering
wavelets in a general Hilbert space. This paper is another step in this direction.
A recent paper [3] by Dai and Larson is in the same spirit, though with different
emphasis.

One of the earliest papers concerning wavelets in Hilbert spaces is that by J. B.
Robertson [10], before the birth of modern wavelet theory. While our papers [9]
and [6] can be viewed as an extension of the results in [10], the present paper is in
turn an extension of [9] and [6] in the following respect. Theorem 2 in [10] leads
to orthonormal wavelets associated with orthonormal multiresolutions, whereas an
analogous result, [6, Theorem 2.5] (see also [9, Theorem 3.2]), leads to prewavelets.
One of our main results in this paper, namely Theorem 3.6, leads to biorthogonal
wavelets associated with biorthogonal multiresolutions.

We recall some definitions and set up some notation. Throughout this paper,
H denotes a complex Hilbert space. A sequence {v,} in H is a Riesz basis for its
closed linear span V := span{v,} if there exist positive constants A and B such
that

L) Al < aenl? < BY Jan, Han} € E(2).
Two sequences {v,} and {0,} in H are biorthogonal if
(1.2) (Vs Om) = Opm, Y0, m.
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Chapters 1 and 4 of [12] provide much information on these concepts.

If V and W are closed linear subspaces of H such that V N W = {0} and
V +W = H, then we write H =V & W and call this a direct sum. In this case, we
can define a map P: H — H by

(1.3) Pv+w)=v, veViweW,

and call P the projection (sometimes obligue projection) of H on V along W. For
the special case when W = V1, the orthogonal complement of V in H, we shall call
P the orthogonal projection of H on V', which is related to the orthogonal direct
sum V @+ VL. Theorem 2.3, a main result in this paper, gives equivalent conditions
relating oblique projections to biorthogonal Riesz bases and angles between closed
linear subspaces of H.

We now give a summary of the contents of this paper. In Section 2, we dis-
cuss various relations between oblique projections and biorthogonal Riesz bases.
In Section 3, in the biorthogonal setting we obtain an extension theorem (The-
orem 3.6), which leads to the existence of biorthogonal multiwavelets. The final
section describes briefly the construction of biorthogonal wavelets associated with
biorthogonal scaling vectors.

2. OBLIQUE PROJECTIONS AND BIORTHOGONALITY

Let us first state a probably folk result on the vector sum of two closed linear
subspaces of a Hilbert space. We leave its proof to the reader.

Theorem 2.1. Let V and W be closed linear subspaces of a complex Hilbert space
H. The following conditions are equivalent:

(i) sup{|[{(v,w)| : v € Viw € W, ||v|| = |Jw| =1} < 1.

(ii)  There exists a positive constant C such that

lv+wl* > C([v]l* + [w]?), veV,weW.
(ili) V + W is closed in H, and V "W = {0}.
Moreover, if VAW = {0}, and X andY are Riesz bases for V. and W respectively,
then (i), (ii) and (iii) are each equivalent to:
(iv) X UY is a Riesz basis for V + W.

The proof of (iii)==(i) in the above theorem is implicit in [4, pp. 339-340]. Note
that there exist closed linear subspaces V and W of a Hilbert space H for which
VNW = {0}, but V + W is not closed in H (see [7, pp. 28-29]).

Corollary 2.2. Let Uy and Us be closed linear subspaces of H and Uy NUs = {0}.
If Uy + Us is closed, then Vi + Vs is closed for any closed linear subspace V; of
U;, 1=1,2.

The expression in condition (i) of Theorem 2.1 is closely related to the concept
of the angle 6(V, W) (0 < 6(V,W) < T) between two closed linear subspaces ' and
W of a Hilbert space H, which is defined by

(2.1) cos(Q(V,W)) := 125 [Pwoll,
leli=1

where Py is the orthogonal projection of H on W. (See [1], [4, pp. 339-340] and
[11] for related properties and engineering interpretations of (V, W).) It is easy to
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see that
(2.2) cos?(O(V,W))=1— sup [{v,w)]?.

veV,wew-Ll
loll=llwll=1

Note that in general 8(V, W) and (W, V) are not necessarily equal, but by (2.2)
we always have O(V, W) = (W, VL). If Vo W = H, then 0(V,W) = (W, V).

Theorem 2.3. Let V and V be closed linear subspaces of H. The following con-

ditions are equivalent:

i) VeV:=H.

i) VeVi=H. i

(iii)  There exist Riesz bases {v,} and {0,} for V and V respectively such that
{vn} is biorthogonal to {vn}.

(iv)  cos(6(V,V)) > 0 and cos(6(V,V)) > 0.

Proof. (iii)==(ii): Suppose that {v, : n € Z} and {0, : n € Z} are Riesz bases for

V and V respectively such that

(2.3) (Un, O) = Ok, M,k € Z.

Then

(2.4) Vz{fEH:szanvn,Z|an|2<oo}
and

(2.5) Vz{géH:gsznﬁn,Z|bn|2<oo}.

Let g € VN VL. By (2.5) and (2.3),
9= {9,va)n =0.
Hence V N V+ = {0}.
Let f € H. By the Riesz basis property of {v,} and {0,},
(2.6) Pf:=> (f,00)0n
is a well-defined vector in V. By (2.3) and (2.6),
(f — Pf,up) =0, keZ
Hence f — Pf € V*, and so
f=Pf+(f-PfleV+V™

Therefore V + VL = H. B
(ii)==(iii): Suppose that V @& V+ = H. Let {v,} and {u,} be dual Riesz bases
for V, i.e., {v,} and {u,} are both Riesz bases for V' and

(Un,uk) = Op ok, Vn,k.
Recall that ([12], p. 185 and p. 188) if F': V. — V is the frame operator defined
by
(2.7) Fv) = Z(v, Up)Up, VEV,
then
(2.8) up, = F~Hv,), Vn.
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Consider the map Py : H — H defined by

(2.9) Pyf:=> (fon)un, f€H

Then Py is the orthogonal projection of H on V. Let G := Py | be the restriction
of Py to V. If f € V and G(f) =0, then f € VNV = {0}. So G is injective, and

G(V)=Py(V)=Py(V+V*)=Py(H)=V.
Hence G is an invertible bounded operator from V onto V. Define
(2.10) U = G Huy,), Vn.
Then {#,} is a Riesz basis of V, and for every n,

Un = G(Tn) = Y (U, k)t
k
Hence (Up, vg) = 0n i, Y1, k. Therefore (ii)<=(iii).
Interchanging the roles of V' and V', we also have (i)<=>(iii). N
(i)==(iv): Suppose that (i) holds. Since V + V= is closed and V N V+ = {0},
by Theorem 2.1,

sup{|(v, )| : v € Viw € V4, [Jo] = [Jw]| = 1} < 1.

Hence by (2.2), cos(d(V, V)) > 0. Since (ii) also holds, interchanging the roles of V'
and V in the above argument, cos(8(V,V)) > 0, too.

(iv)==(i): Suppose that (iv) holds. Since cos(6(V,V)) > 0,
sup{|{v,w)| : v € Vw € vt [[v]] = |Jw|| =1} < 1.

By Theorem 2.1, V + V1 is closed and V N VL = {0}. Since cos(8(V,V)) > 0 also,
by the above argument, V + V+ is closed and V N V+ = {0}. Hence

V4VE=v4+VvhHtt=wtnv)t =H.
O

Let U = (Uy,...,U;) be an ordered d-tuple of distinct unitary operators on a
Hilbert space H such that UpU; = U;Uy, k,j = 1,... ,d. We shall use the multi-
index notation U™ = U™t --- U™ for m = (ma, ...,mq) € Z4, with the convention
that UJQ is the identity operator on H, j = 1,...,d. We also assume that U™ is the
identity operator only if m = 0.

Corollary 2.4. Suppose that one of the conditions in Theorem 2.3 holds for the
closed linear subspaces V and V of H.
(a)  Given a Riesz basis {v,} for V, there exists a Riesz basis {0,} for V such
that {v,} is biorthogonal to {v,}.
(b) If{Urwj :n € Z%j = 1,...,r} is a Riesz basis for V for some positive
integer r, and
UVYCV, k=1,....d,

then there exist W1,... , 0, in V such that {UMb; :neZj=1,...,r} is
a Riesz basis for V, and it is biorthogonal to {UMw; :n € Z4,j =1,... ,r}.
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Proof. We follow the proof of the implication (ii)==-(iii) in Theorem 2.3, which
gives (a) directly.

For (b), suppose now that V has a Riesz basis of the form {U"w; : n € Z4,j =
1,...,7r}. By (2.7), F commutes with each Uy, k = 1, ... ,d. Using this observation
and (2.8), the dual Riesz basis in V is given by {U"z; : n € Z4,j = 1,...,r},
where z; = F~!(w;),j = 1,...,r. Likewise, by (2.9), G commutes with each
Uk, k=1,...,d. Using (2.10), {U™0; : n € Z% j = 1,...,r} is then the desired
Riesz basis for ‘7, where w; = G 1(z;),j =1,...,7. O

Corollary 2.5 ([1, Theorem 3.2 (iii)]). Let T be a unitary operator on H. Let V
and W be closed linear subspaces of H, and let {T"v; :n € Z,j=1,...,r} and
{IT"w; :n € Z,j=1,...,r} be Riesz bases for V. and W respectively, for some
positive integer r. Then the oblique projection of H on'V along W is well defined
(i.e., VO WL = H) if and only if cos(0(V,W)) > 0.

Proof. This follows from Theorem 2.3 and the result [1, Theorem 3.2(i)] that for
such V and W, cos(8(V, W)) = cos((W,V)). |

Corollary 2.6. Let 'V, V,W and W be closed linear subspaces of H, and let ViW
and WLV. Let {v,}, {0}, {w,}, and {w,} be Riesz bases for V,V,W and W
respectively, let {v,} be biorthogonal to {0, }, and let {wy} be biorthogonal to {wy,}.
Then VW ={0},V + W is closed, and {v,} U {w,} is a Riesz basis for V& W.

Proof. By Theorem 2.3, VN VL = {0}, and V + VL = H. In particular, V + V=
is closed. Since W C V+, we have VN W = {0}, and by Corollary 2.2, V + W is
closed. Hence the desired result follows from Theorem 2.1. O

3. AN EXTENSION THEOREM AND BIORTHOGONAL MULTIWAVELETS

Let Vo,f/o, Vi and Vi be closed linear subspaces of a Hilbert space H, let Vy C
Vi, Vo € Vi, and for i = 0,1, let V; and V; have biorthogonal Riesz bases. By
Theorem 2.3,

(3.1) VonVg- ={0}, Vo+ Vi =H,
and

(3.2) vinvVi-={0}, Vi+V+=H.
Define

(3.3) Wo=WVinVg-

and

(3.4) Wo = Vi NVt

We collect below some properties of W, and WO.

Proposition 3.1. Wy and WO have the following properties:

(i) Wy is the unique closed linear subspace of H satisfying the conditions Vi =
Vb ® Wo and WOJ.VO .

Gi) W =V + Vi,

(iii) Wo® Wg = H.

(iv) If P, Q and R are the projection on Vi along ‘~/1J-, the projection on Vjy along
1701‘, and the projection on Wy along ﬁ//(f‘ respectively, then P = @Q + R.
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Proof. We omit the proof of (i), which follows from some simple arguments using
(3.1) and (3.3).
Since Vp C Vi, by (3.2) and Corollary 2.2, Vy + Vi is closed. Hence
Wi =(VinV)t =ViE + Vo = Vo + Vit

Now Wy N W+ = (~\/1ﬂ‘~/0l)ﬂ(%+‘~ﬁl). Let 2 € Vi N V- and = v +w for some
vin Vp and w in Vit Then w is in Vi, and v = 2 — w € V55 N Vg = {0}. Hence
r=w e ViNVit ={0}. Thus Wy N W3- = {0}, and

Wo+ Wi =Wo+ (Vo + Vi) =V + Vi = L.
Finally, (iv) is an easy consequence of the above properties. |

We recall some notation and terminology from [6]. Let U := (U, ...,Uy) be an
ordered d-tuple of commuting distinct unitary operators on a Hilbert space H. For
a subset S of H, let (S) denote the closed linear span of S, and

Uzd(S) ={U"s:neZisecS}.
IV ={v,...,v.} and W = {ws, ..., wp} are finite subsets of H such that

(3.5) {(e, UMw;)}, cqa € C(ZY), k=1,...,r, j=1,....p,
then the function ®y - defined almost everywhere on R? by

3.6 Dy (0) = ( U wj)e )

(36) v (6) ;d@k wi)e 1<k<r, 1<5<p

is an r x p matrix function with entries in L2([0,27)%). It is easy to verify the
following properties:

(3.7) (@v,w(0))" = Pw,v(0);
(3.8) VIUZ' (W) < By (0) =0 ae.;
and if r = p, then
(3.9)
(U, UM w;) = 6p om0k, k,j=1,...,1r, n,m€ 74— Syw(0) = I ae.,

where I, is the r x r identity matrix.
A deeper result is the following [6, Theorem 2.1]:

Theorem 3.2. If a finite subset V = {vy,...,v,.} of H satisfies

(3.10) > Ko, UM < oo, kyj=1,....m

nezd

then Uzd(V) is a Riesz basis for (Uzd(V)> if and only if there exist positive con-
stants C1 and Cy such that

(3.11) Cy < Pyy(0) <O

for almost every 6 € R,
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Assume now that Y = {y1,...,ys} and Y = {71, ..., §is } are finite subsets of H such
that UZ* (V) and UZ"(Y) are Riesz bases for (UZ" (Y)) and (UZ" (Y)) respectively,
and UZd(Y) and UZ* (Y') are biorthogonal, i.e.,

(3.12) Uy, U™;) = SOy koj=1,...,s, nmeZ%.
In particular, since UZ" (V) and UZ"(Y) are Bessel sequences in H (see [12, pp.

154-155]), the entries of the matrix functions ®v,y and @, are L2-functions for
any finite subset V of H. By (3.9) and (3.12),

(3.13) by y =Py y =1 ae,
where I is the s x s identity matrix, and we have the biorthogonal expansions
s } . B
(3.14) F=22 D (£UMUMy; feUP(Y)),
j=1nezd
and
s 3 4 o~
(3.15) g9=>_Y (gU"y)U"G;, ge U (Y)).
j=1nezd

We also have the following results.

Proposition 3.3. Let V = {vq,....,v.} and W = {w1,...,wp} be finite subsets of
H satisfying condition (3.5).

()  IfV C (UZ(Y)), then
(3.16) Pyw =0y Py, Pwyv =Pwy®)
and

(3.17) @V)y = (I)V_’};(I)y_’y.

11

(i) IfV C (UZ(Y)), then

(3.1

(i) IfV c (UZ'(Y)) and condition (3.10) holds, then

(3.19) Dyy = Dyy ] = By g0y, = By Dy, o

Proof. By (3.14),forv € Z¢, k=1,...,r, £=1,...,p,

18) By = Duy @y o, Dy = By o0y

(og, U we) = 7>~ (or, U5) (g, U™ we).
j=1neZd
Hence &y, = @, Pyw = (I)vf/q)?/v,Y' The second equality in (3.16) follows by
taking adjoints. For (3.17), take W =Y. (ii) is proved similarly using (3.15), and
(iii) follows directly from (i). O

We should emphasis that our present setting is more general than that of [6].
There we assumed that (UZ"(Y)) = (UZ"(Y)), but here we don’t. Hence some of
the results in [6] may not be valid in this new setting.

Using Theorem 3.2 and Proposition 3.3 above, the proof of [9, Proposition 3.3]
can be carried over verbatim for our present setting to give
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Proposition 3.4. Let V = {v1,...,v.} C (Uzd(Y)>, where v < s. The following
conditions are equivalent:

(1) Uzd(V) is a Riesz basis for (Uzd(V)>.

(ii) There exist positive constants A and B such that

A S (I)V,Y(I)*‘ZY S B a.e.
(iii) ~ There eist positive constants A and B such that
A< (I)V,f/q)tm? < B a.e.

We record one more useful result from [6, Theorem 2.4] (see also [9, Theorem
3.1]) that can still be applied here.

Theorem 3.5. Let V = {v1,..,v.} and Y = {y1,...,ys} be finite subsets of H
and suppose that UZd(V) and Uzd(Y) are Riesz bases for <Uzd(V)> and (Uzd (Y))
respectively. If (U2 (V)) C (UZ(Y)) and r = s, then (UZ"(V)) = (UZ"(Y)).

We now state and prove the main result of this section, which is an extension of
[6, Theorem 2.5] to the biorthogonal setting.

Theorem 3.6. Let X = {x1,...,2,}, X = {Z1,.., %}, Y = {y1,...,ys} and Y =
{1, .. Gs} be finite subsets of H. Let UZ"(X),U%"(X),U%"(Y) and UZ'(Y) be

Riesz bases for their closed linear spans Vy, Vo, Vi and Vi respectively, Uz (X)
biorthogonal to Uzd(X), Uzd(Y) biorthogonal to U%" (Y), and
VocVi, VocCWi

Let Wy =V1 N VOJ- and Wg = ‘71 NVgh. If r < s, then

(i)  there exists a subset T' := {z1,..., 25—y} of Wy such that UZ' (") is a Riesz
basis for Wy and Uzd(X UT) is a Riesz basis for Vi, and

(ii)  there exists a subset T' := {1, ..., Z_r} of Wy such that U%"(T') is a Riesz ba-
sis for Wy and Uzd(X UT) is a Riesz basis for Vi, and Uz’ (T) is biorthogonal
to UZ" ().

Proof. Since the r x s matrix ® . (f) has at most rank 7, choose an (s —7) x s

matrix Y'(#) such that

(3.20) Y(9)<I>)~()Y(6‘)* =0
and
(3.21) Y(O)Y(0) = I, .

(The measurability of one such function Y is assured by some standard arguments
in measure theory; see, e.g., [8, Lemma 2.4].) Let the (k,j)-entry of Y (6) be
Yi;(0), k=1,....,s—r, j=1,...,s. By (3.21),

S W@ =1, k=1,.,s-mn
j=1

and so all Y}, j are bounded functions in L?([0, 2m)4). Fork =1,....s—7r, j=1,..., s,
let

(3.22) Yij(0) = Y arj(n)e™?

neZzd
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where {ay (1)}, cza € (*(Z%), and let

(3.23) 25 = Z Z ai,;j(n)U"y; .

Jj=1neZd
Then zi is in V3, and by (3.22), (3.23) and (3.6),
(3.24) Y(0) =P 5(0) ae,
where I' := {21, ..., zs—}. By (3.16) and (3.20),
oy = <I>F))~,<I>},Y =0 ae.

Hence by (3.8), [ L UZ(X). By (3.21) and (3.24),

CI)FY@;Y I,_, a.e.

Hence by Proposition 3.4, UZ"(T') is a Riesz basis for (UZ" (I')).
By Proposition 3.1, Vi & Wy = Vi, which is closed in H. Since

(UZ(I1)) € Vi NV = W,

using Corollary 2.2, Vo + (UZ"(T")) is also closed in H and Vy N (UZ"(T)) = {0}.
Hence by Theorem 2.1, Uzd(X UT) is a Riesz basis for Vp + (Uzd(I‘)>. Since

U (X UD) =Vo + U (D)) € Vi = (UZ (V)
and #(X UT) = #(Y) = s, by Theorem 3.5 we have
Vo ® (U2 (1)) = Vi = Vo © Wh.

Since (UZ"(I')) C Wy, we then actually have (UZ*(I')) = Wy, and as proven above,
Uz (X UT) is a Riesz basis for V;. This completes the proof of (i).

For each k = 1,...,d, since Uy is unitary, Uk(Vl) Vi, and U;.C(XN/O) ‘70, we
have Uk(WO) WO By Proposition 3.1, Wy & W0 = H. Hence the results of (ii)
follow from (i), Corollary 2.4 and Theorem 2.1. O

Remark 3.7. Letting Vp = ‘70 and V; :jl in Theorem 3.6, we recover the results
of [6, Theorem 2.5]. In this case, Wy = Wy, and V; is the orthogonal direct sum of
Vo and Wy.

4. BIORTHOGONAL WAVELETS

We follow the notation in Section 3. Let U := (Uy, ..., Uy) be an ordered d-tuple of
commuting distinct unitary operators on a Hilbert space H. Let X = {ml, ey Ty }
and X = {#i,...,#} be finite subsets of H such that UZ" (X) and UZ"(X) are

biorthogonal Riesz bases for their closed linear spans Vy and Vb respectively. Now
suppose that there is a unitary operator D on H such that

(4.1) Vo CVi:=D(Vo), Vo CVi:=D(Vp)
and
(4.2) U"D =DUM" neZ?,

where M is a d x d matrix with integer entries and |det(M)

| > 1. Under this
setting, Theorem 3.6 yields analogous results to parts (1) and (2)

of [6, Theorem
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3.1], leading to the existence of biorthogonal multiwavelets in the Hilbert space
setting. A special case of this is when H = L?(R%),

(Urf)(@) = fz = ex),

where e, = (&c,j)j:l,...,d, k=1,...,d, and
(Df)(x) = |det(M)|? f(Mz),

for z in R? and f in L?(R%). We shall not go into this any further. Instead, let us
consider the special case when d = 1,7 =1 and s = 2.
Let T and D be unitary operators on a Hilbert space H such that

(4.3) TD = DT?.

Let T%({¢}) and TZ({(;;}) be biorthogonal Riesz bases for their closed linear spans
Vo and Vj respectively such that (4.1) holds. For j = 0,1, let ¢; := DT7¢ and
¢; := DT7¢. Then

T%({¢o,¢1}) = {DT"¢ :n € Z}
and

T%({do,p1}) = {DT"¢ : n € Z}
areriorthogonal Riesz bases for V7 and ‘71 respectively. Since ¢ is in V7 and q~5 is
in V1,

(4.4) ¢=> DT ¢
nez

and

(4.5) ¢=> d,DT"$
nez

for some sequences {¢,} and {d,} in ¢*(Z).

Theorem 4.1. Let

(4.6) ni=>» (-1)7"d_,  DI"¢
nez

and

(4.7) = (-1)"ME DT .
nez

Then TZ({n}) and TZ({7i}) are biorthogonal Riesz bases for Wy := V4 N V- and
Wo := Vi N Vgt respectively.

We omit the details here. The proof is a minor modification of the arguments in
Section 4 of [9], by first establishing analogous results for our present biorthogonal
setting.

Remark 4.2. If H = L*(R), Tf(z) = f(x — 1), and Df(z) = V2f(2z), for z in R
and f in L?(R), then Theorem 4.1 recovers the explicit formulae of the biorthogonal
wavelets, constructed in [2], that are associated with biorthogonal scaling functions.
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